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On the Fourier coefficients of nonholomorphic
Hilbert modular forms of half-integral weight

Kamal Khuri-Makdisi

Introduction.

Let f(z) =
∑

n≥1 ane
2πinz be a Hecke eigenform of half-integral weight m+1/2,

and let g(z) =
∑

n≥1 bne
2πinz be the corresponding even-weight form, in the sense

of [Sh 73]. In particular, g has weight 2m, and belongs to the same eigenvalues
of Hecke operators as f . If n = q2r with squarefree r, then an is expressible in
terms of ar and the {bj}. At the end of [Sh 77], Shimura suggested that ar should
be related to special values of Dirichlet series associated to g. This was borne out
in [Wa 81], where Waldspurger proved the striking relation that for squarefree r,
a2

r is essentially proportional to
∑

n≥1 ϕr(n)bnn−s
∣∣
s=m

. Here we have twisted the
standard Dirichlet series for g by a character ϕr obtained from the character of f
and the quadratic character

(
r
·
)
.

The purpose of this paper is to derive generalizations of Waldspurger’s relation,
with an explicit proportionality constant, in the case where f and g are nonholo-
morphic Hilbert modular forms over a totally real number field F . If F = Q, such
forms are also called Maass forms. The method of proof, which ought to generalize
to arbitrary number fields, follows, with some simplifications, that in [Sh 93a], which
treats the case of holomorphic Hilbert modular forms. Previous investigations into
this topic have included work by Kohnen and Zagier ([Ko-Za 81] and [Ko 85]) in the
holomorphic case, and Katok and Sarnak ([Ka-Sa 93]) in the nonholomorphic case.
Both of these treatments deal only with forms on the upper half-plane (i.e. F = Q),
with some additional restrictions. Recent (not yet published) work of M. Furusawa
suggests that the method in [Sh 93a] and in this paper should generalize to yield a
similar formula, in the case of the correspondence between automorphic forms on
Sp(n) and on O(2n+ 1).

Extending Shimura’s work in [Sh 93a] to the nonholomorphic case involves two
main difficulties. First, as the Fourier expansions of Maass forms involve Whittaker
functions instead of exponentials, Mellin transforms and Rankin-Selberg convolu-
tions produce more complicated “Gamma-factors” than usual; these factors must
be explicitly evaluated, in order to yield precise versions of Waldspurger’s relation.
Second, whereas the Fourier expansions of holomorphic forms are indexed only by
totally positive elements of the field F , the expansions of Maass forms are indexed
by field elements of arbitrary signature; this makes the calculations rather more del-
icate. Section 3 of this paper explains in explicit detail how one overcomes both of
these problems in constructing a Dirichlet series from Hilbert modular forms of ar-
bitrary integral weight. The results in section 3 are in principle known from [Ma 53],
[J-L], and [W], but are not found in this form in the literature (see the discussion
at the beginning of section 3). This applies particularly to the appendix to sec-
tion 3, where we explicitly compute the Mellin transforms of all possible Whittaker
functions at the archimedean places.

Sections 1 through 4 contain nothing new, but rather set up precise definitions
and normalizations of all automorphic forms, special functions, and parameters
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used in the calculation — this is essential for obtaining the explicit formulas in
section 8. Section 5 presents the main results on the Shimura correspondence,
which are well-known in outline, but which need to be stated quite precisely for
our purposes. The central work is done in sections 6–8. Section 6 carries through
a calculation originally due to Niwa [Ni 74] over Q, following Shimura in [Sh 87],
where he treats holomorphic Hilbert modular forms. Section 7 contains a careful
analysis of certain Gauss sums, using which we are able to remove the technical
restrictions (3.20b, c) of [Sh 93a]. This replaces Lemmas 5.4 and 5.5 of that paper.
(The remaining technical restriction (3.20a) is quite minor, according to Lemma 1.2
of [Sh 93a].) Section 8 contains the main results of this paper, Theorem 8.1 and
Theorem 8.4. These generalize respectively Theorems 3.4 and 3.2 of [Sh 93a], and
follow closely Shimura’s method there. We refer the reader to the introduction of
Shimura’s paper, pages 502–503, for an overview of his method.
Acknowledgements: This paper is a revised version of my Ph.D. dissertation
at Princeton University. I would like to thank my advisor, Goro Shimura, for
suggesting this thesis problem, for guiding it to completion, and for having been
a great help throughout in matters both mathematical and nonmathematical. My
thanks also go to Peter Sarnak for many helpful discussions. I am greatly indebted
to my family for their constant support and encouragement. My thesis research
and graduate study were supported by an NSF graduate fellowship and by a grant
from the U.S. department of education. This paper was produced during a yearlong
visit to the Institute for Advanced Study (supported by NSF grant number DMS
9304580 to the Institute).

0. Notation.

Our notation follows closely that of [Sh 93a]. For any ring R with identity
element, R× is its group of units. Throughout this paper, we let F be a totally real
number field of finite degree over Q, with ring of integers o, absolute different d,
and absolute discriminant DF . We write a and f for the sets of archimedean and
nonarchimedean primes of F , respectively, and write FA for the adeles of F (and,
consequently, F×A for the ideles). Generally speaking, for any algebraic group G over
F , Gv is the completion of G at the prime v ∈ a ∪ f , which we view implicitly as
a subgroup of the adelization GA of G. G injects into GA diagonally, and we write
Ga and Gf for the archimedean and nonarchimedean factors of GA. For any set X,
Xa is the set of tuples (xv)v∈a, where each xv ∈ X. In particular, we view F as
being embedded into Ra (which is of course identified with Fa). We introduce the
following notation, for arbitrary x, y ∈ Ca:

(0.1) xy =
∏
v∈a

xyv
v , ‖x‖ =

∑
v∈a

xv, ea(x) = exp(2πi‖x‖) =
∏
v∈a

e2πixv .

(The powers are taken according to context.) Also let u = (1, 1, . . . , 1) ∈ Za. Thus
‖u‖ = [F : Q] and xu = NF/Qx for x ∈ F . We will also let x in the above equations
be an element of FA or of F×A , in which case one should interpret ea(x) and xy by
first projecting x to Fa = Ra. We also write eA(x) for the fundamental additive
character of FA:

(0.2) eA(x) = ea(xa)
∏
v∈f

ev(xv), eA(F ) = 1,
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where ev : Fv → T is the usual local additive character that is trivial on d−1
v (see

equations (3.1a,b) of [Sh 83]). T is the circle group {z ∈ C | |z| = 1}.
For x, y ∈ Ra (or FA), we write x ≥ y if xv ≥ yv for all v ∈ a, and x� 0 if

xv > 0 for all v ∈ a (in other words, if x is totally positive). We shall write o×,
o×+, and (o×)2 for the units, the totally positive units, and the squares of units in
o. (Trivially, o× ⊃ o×+ ⊃ (o×)2.) For x ∈ F×a or in F×A , define |x| ∈ Ra and the
signature sgnx ∈ {±1}a by

(0.3) |x|v = |xv|, (sgnx)v = xv/|xv|, for v ∈ a.

We also write |x|A =
∏

v∈a∪f |xv|v, where |xv|v is the normalized valuation of xv.
For a finite idele t ∈ F×f and a fractional ideal x of F , let N(x) be the norm of
x, and let tx be the fractional ideal such that (tx)v = tvxv for all v ∈ f . Then
|t|A = N(to)−1.

For a matrix x =
(
a b
c d

)
, we write ax = a, . . . , dx = d. We define the groups

(0.4) G = SL2(F ), G̃ = GL2(F ), P = {α ∈ G | cα = 0},

(0.5)
G̃a+ = GL+

2 (R)a = {α ∈ G̃a | detα� 0}, G̃A+ = G̃a+G̃f , G̃+ = G̃ ∩ G̃A+.

If xy ⊂ o for two fractional ideals x and y of F , we define the following congruence
subgroups of G, G̃,GA, G̃A:

(0.6) D̃[x, y ] = G̃a+

∏
v∈f

D̃v[x, y ], D̃v[x, y ] = ov[x, y ]×,

where ov[x, y ] is the subring of M2(Fv) given by

(0.7) ov[x, y ] = {
(
a b
c d

)
∈ M2(Fv) | a, d ∈ ov, b ∈ xv, c ∈ yv};

(0.8) D[x, y ] = GA ∩ D̃[x, y ], Γ̃[x, y ] = G̃ ∩ D̃[x, y ], Γ[x, y ] = G ∩D[x, y ],

(0.9) C ′ = D[2d−1, 2d ], C ′′ = C ′ ∪ C ′ε,

(0.10) ε ∈ GA, εa = 1, εv =
(

0 −δ−1
v

δv 0

)
for v ∈ f ,

where we pick once and for all δ ∈ F×f with δo = d. In general, Γ ⊂ G is a congruence
subgroup if it contains as a subgroup of finite index the principal congruence sub-
group Γ(z) of matrices congruent to the identity mod z, as in [Sh 85b], (1.7b). Let H
be the complex upper half-plane. Then G̃a+ acts on Ha in the usual way, by compo-
nentwise linear fractional transformations, and the stabilizer of i = (i, . . . , i) ∈ Ha

is SO2(R)a. This action extends to G̃A+ and to the adelic metaplectic group MA,
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which projects to GA; see section 3 of [Sh 85a], section 1 of [Sh 87], and section 4
of this paper.

A Hecke character ψ : F×A → T is any continuous unitary character which is
trivial on F×, and which may be of infinite order. If c is the conductor of ψ, we
define an ideal character ψ∗(x), for x a fractional ideal prime to c, by ψ∗(x) = ψ(x),
where x ∈ F×f is such that x = xo and xv = 1 if v | c. If x is not prime to c, we set
ψ∗(x) = 0. We write ψv, ψa, and ψf for the restrictions of ψ to F×v , F×a , and F×f .
Moreover, for x ∈ F×A and an ideal z divisible by the conductor c of ψ, we write
ψz(x) =

∏
v|z ψv(xv). Typically xv ∈ o×v for v | z, in which case ψz(x) = ψc(x).

So far, all our notation has been the same as that in [Sh 93a], except that we
use H, f , o here, as opposed to H,h, g there. Also note that the groups D[x, y ] and
D̃[x, y ] are slightly different than in [Sh 87], where their archimedean factors are
defined to be compact. We now introduce some more notation. Define the “floor”
and “ceiling” of x ∈ R by

(0.11) bxc = sup{n ∈ Z | n ≤ x}, dxe = inf{n ∈ Z | n ≥ x},

and define the Pochhammer symbol (z)n, for z ∈ C and 0 ≤ n ∈ Z, by

(0.12) (z)n = z(z + 1) · · · (z + n− 1),

where we understand that (z)0 = 1. We also define, for all z ∈ Ca and 0 ≤ n ≤
m ∈ Za,

(0.13)
(
m

n

)
=

∏
v∈a

(
mv

nv

)
, Γ(z) =

∏
v∈a

Γ(zv), (z)n =
∏
v∈a

(zv)nv
,

where
(
mv

nv

)
is the binomial coefficient and Γ is the Gamma-function.

1. Hilbert Modular Forms on Ha.

We summarize some basic facts about (nonholomorphic) Hilbert modular forms
f : Ha → C, as presented in the first two sections of [Sh 85b].

Definition. A weight n will be either an element of Za, in which case it is called
integral , or it will be an element of Za + u/2, in which case it will be called half-
integral .

The weight n factor of automorphy Jn(τ, z) is defined for integral n by

(1.1) Jn(τ, z) = j(τ, z)n, τ ∈ G̃a+, z ∈ Ha.

Here j(τ, z) = (j(τv, zv))v∈a and j(α, z) = (detα)−1/2(cz + d) for α =
(
a b
c d

)
∈

GL+
2 (R) and z ∈ C.
If n is half-integral, we restrict ourselves to τ ∈ G ∩ PAC

′′. In Proposition 3.2
of [Sh 85a] and Proposition 2.3 of [Sh 87], Shimura defines for such τ a quasi-factor
of automorphy h(τ, z) of weight u/2; that is,

(1.2) h(τ, z)2 = ζ · j(pr(τ), z)u, some ζ ∈ T.
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The set of such τ includes the congruence subgroup Γ1/2 = G ∩ C ′′ ⊃ Γ[2d−1, 2d ].
Then define for half-integral n

(1.3) Jn(τ, z) = h(τ, z)j(τ, z)n−u/2, τ ∈ G ∩ PAC
′′, z ∈ Ha.

For n integral or half-integral, and for f : Ha → C, define

(1.4) (f‖nτ)(z) = Jn(τ, z)−1f(τz),

where τ ∈ G̃a+ or G∩PAC
′′, so that Jn(τ, z) is defined. For an archimedean place

v ∈ a, and for a given weight n, we define differential operators εv, δn
v , and Ln

v ,
which act on C∞ functions f : Ha → C by equations (2.3a-c) of [Sh 85b]:

(1.5) εvf = −y2
v ∂f/∂zv, δn

v f = y−nv
v ∂(ynv

v f)/∂zv,

(1.6) Ln
vf = 4δn−(2)v

v εvf = −nv + 4εvδn
v f.

Here n−(2)v means a weight whose w-component at a place w 6= v is nw, and whose
v-component is nv − 2. (Alternatively, (2)v is the injection of 2 into the additive
group Ra at the v-place.) We quote relations (2.5a-c) of [Sh 85b]:

(1.7) δn
v (f‖nτ) = (δn

v f)‖n+(2)v
τ, εv(f‖nτ) = (εvf)‖n−(2)v

τ,

(1.8) Ln
v (f‖nτ) = (Ln

vf)‖nτ.

Now according to our definitions, we should have τ ∈ G∩PAC
′′ if the weight is half-

integral. We note, however, that these relations continue to hold for any τ ∈ Ga,
in the sense that we can arbitrarily (but noncanonically) pick some holomorphic
function h(τ, z) satisfying (1.2), and then use the same choice of h in interpreting
‖n and ‖n±(2)v

above.
Let n be a weight, and let λ ∈ Ca. Let Γ ⊂ G be a congruence subgroup

(contained in Γ1/2 if n is half-integral).

Definition. The space of automorphic eigenforms of weight n and eigenvalue λ
with respect to Γ, written Mn,λ(Γ), is the set of C∞ functions f : Ha → C
satisfying conditions (2.7a-c) of [Sh 85b]:

(1.9) ∀τ ∈ Γ, f‖nτ = f, ∀v ∈ a, Lvf = λvf,

and the third requirement that f grow slowly at all cusps. This means that given
τ ∈ G, there exist positive numbers A, B, and C, depending on f and τ , such that

(1.10) yn/2|(f‖nτ)(x+ iy)| ≤ AyCu, if yu ≥ B.

If n is half-integral, we may need to interpret f‖nτ in (1.10) in terms of a noncanon-
ically chosen h(τ, z), as in the remark following (1.8). We call f‖nτ the expansion of
f at the cusp corresponding to τ . We define Mn,λ to be the union of the Mn,λ(Γ)
over all congruence groups Γ. If the Fourier expansion of f at all cusps has no
constant term (see Proposition 1.1 below), then f is called a cusp form. The set
of all cusp forms in Mn,λ (respectively in Mn,λ(Γ)) is denoted Sn,λ (respectively
Sn,λ(Γ)). Cusp forms decay rapidly at the cusps (Proposition 2.1 of [Sh 85b]).
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Proposition 1.1. Any f ∈Mn,λ has the Fourier expansion

(1.11) f(x+ iy) = c0(y; f) +
∑

ξ∈F×

c(ξ; f)Wβ,γ(ξy)ea(ξx),

for z = x+ iy ∈ Ha, with complex numbers c(ξ; f) for ξ ∈ F×, and a constant term
c0(y; f). c(ξ; f) is nonzero only for ξ in a fractional ideal depending on f , but ξ is
not constrained to be totally positive, as in the case of holomorphic forms.

This is well-known; see for instance section 2 of [Sh 85b]. Here β, γ ∈ Ca are
parameters chosen so that

(1.12) ∀v ∈ a, βvγv = λv, βv + γv = 1− nv.

Wβ,γ is a certain Whittaker function, defined as a product of local Whittaker func-
tions at the archimedean places: Wβ,γ(y) =

∏
v∈aWβv,γv

(yv). To define these local
Whittaker functions, let β, γ ∈ C and y > 0. Define the auxiliary function

(1.13) V (y;β, γ) = e−y/2yβΓ(β)−1

∫ ∞

0

e−yt(1 + t)−γtβ−1 dt.

(The integral converges only if β has a positive real part, but it can then be an-
alytically continued to all β.) Then, for 0 6= y ∈ R, the local Whittaker function
is

(1.14) Wβ,γ(y) =
{
V (4πy;β, γ), if y > 0,
(−4πy)β+γ−1V (−4πy; 1− β, 1− γ), if y < 0.

These are the same definitions as in [Sh 85b], equations (2.16-2.19), except that the
parameter α there is replaced by the parameter 1− γ here. With this notation, W
and V become symmetric in β and γ. (This is not immediate from (1.13); see section
10 of [Sh 85b].) We remark that the constant term c0(y; f) is a linear combination
of terms of the form yp, where pv = βv or γv at each archimedean place v; if β = γ,
then a term of the form yβ log yu may also occur. (Refer to section 3 of [Sh 85b] for
more details.)

By Proposition 2.2 of [Sh 85b], the operators δn
v and εv send automorphic

eigenforms to forms with a related weight and eigenvalue. Namely,

(1.15) εvMn,λ(Γ) ⊂Mn−(2)v,λ−(nv−2)v
(Γ),

(1.16) δn
vMn,λ ⊂Mn+(2)v,λ+(nv)v

(Γ).

The same statements hold for cusp forms. If f has parameters β and γ for its
Whittaker functions, then εvf has parameters β + (1)v and γ + (1)v, and δn

v f has
parameters β − (1)v and γ − (1)v. We quote equations (10.13a-b) of [Sh 85b]. For
ξ ∈ F× and x+ iy ∈ Ha,

εv(ea(ξx)Wβ,γ(ξy))(1.17)

=
{
βvγv(8πiξv)−1ea(ξx)Wβ+(1)v,γ+(1)v

(ξy), if ξv > 0,
(8πiξv)−1ea(ξx)Wβ+(1)v,γ+(1)v

(ξy), if ξv < 0;
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δn
v (ea(ξx)Wβ,γ(ξy))(1.18)

=
{

(2πiξv)ea(ξx)Wβ−(1)v,γ−(1)v
(ξy), if ξv > 0,

(βv − 1)(γv − 1)(2πiξv)ea(ξx)Wβ−(1)v,γ−(1)v
(ξy), if ξv < 0.

This gives the effect of εv on the Fourier coefficients of f ∈Mn,λ (similarly for the
effect of δn

v ):

(1.19) c(ξ; εvf) =
{
βvγv(8πiξv)−1c(ξ; f), if ξv > 0,
(8πiξv)−1c(ξ; f), if ξv < 0.

Given two C∞ functions f and g on Ha which are invariant under the weight
n action of a congruence subgroup Γ, we define their inner product

(1.20) 〈f, g〉 = vol(Γ\Ha)−1

∫
Γ\Ha

f(z)g(z)yn dHz,

whenever the integral converges. Here the volume is computed with respect to the
invariant measure dHz = y−2u

∏
v∈a dxvdyv. 〈f, g〉 is independent of the choice of

Γ, and converges, for example, if f grows slowly at the cusps and g is a cusp form.
For any τ ∈ G̃+,

(1.21) 〈f, g〉 = 〈f‖nτ, g‖nτ〉.

(If n is half-integral, we may have to pick a noncanonical h(τ, z), as before.) If
v ∈ a, then the operators δn

v and εv are adjoints with respect to this inner product:
if f transforms by weight n + (2)v, and g transforms by weight n, then, as shown
in Proposition 2.4 of [Sh 85b],

(1.22) 〈εvf, g〉 = 〈f, δn
v g〉.

In particular, if f ∈ Sn,λ and λv = 0, then f is holomorphic in zv, since 〈εvf, εvf〉 =
(1/4)〈Ln

vf, f〉 = 0; hence εvf = 0. We see that Ln
v is positive and self-adjoint

with respect to this inner product, on the space of cusp forms; its eigenvalues are
therefore real and positive, and its different eigenspaces are mutually orthogonal.

In addition to the δn
v and εv operators, which shift the weights of automorphic

eigenforms, there are certain “flipping” operators Kn
v , which change the signs of

the weights. As these operators are most useful on integral weight forms, we will
assume in the rest of this section that n is an integral weight. These operators were
originally introduced by Maass in [Ma 53], in the case F = Q. Our treatment in
the case of Hilbert modular forms follows a suggestion of Shimura.

Definition. For any v ∈ a and C∞ function f : Ha → C, define Kn
v f by

(1.23) (Kn
v f)(z) = ynv

v f(z′),

where z′w = zw for w 6= v, and z′v = −zv. Kn
v commutes with δn

w and εw, for w 6= v,
but it exchanges the roles of εv and δn

v :

(1.24) Kn−(2)v
v εv = δ(−1)vn

v Kn
v , εvK

n
v = Kn+(2)v

v δn
v .
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(These identities are equivalent, since K(−1)vn
v Kn

v is the identity.) Here (−1)vn
is just notation for the weight whose w-component at a place w 6= v is nw, and
whose v-component is −nv. (Alternatively, (−1)v is the injection of −1 into the
multiplicative group (R×)a at the v-place.) If Ln

vf = λvf , then (1.6) and (1.24)
imply that

(1.25) L(−1)vn
v Kn

v f = (λv + nv)Kn
v f.

As it turns out, K does not take automorphic eigenforms to eigenforms, because it
fails to preserve invariance by a congruence subgroup. Indeed, for any τ ∈ G̃a+,

(1.26) (Kn
v f)‖(−1)vnτ = Kn

v (f‖nevτev),

where ev =
(

(−1)v 0
0 1

)
∈ G̃a. Thus if f transforms under a congruence group Γ,

Kn
v f will transform under evΓev, which is not even a subgroup of G, unless F = Q.

To circumvent this difficulty, take any β ∈ G̃ such that sgn detβ = (−1)v, and
define for f ∈Mn,λ(Γ)

(1.27) Kn
β f = Kn

v (f‖nβev) ∈M(−1)vn,λ+(nv)v
(β−1Γβ).

By (1.25) and (1.26), Kn
β f satisfies (1.9); one also easily checks that Kn

β f grows
slowly at the cusps. Note that Kn

β respects cusp forms. Typically, we take β =(
b 0
0 1

)
, where b ∈ F× has signature (−1)v. Then we can compare the Fourier

coefficients of f and Kn
β f :

(1.28) c(ξ;Kn
β f) = |b|n/2|4πξv|−nvc(ξb−1; f).

This uses the following consequence of (1.14):

(1.29) ∀y ∈ Ra, Wβ,γ((−1)vy) = |4πyv|−nvWβ′,γ′(y).

Here β and γ are the parameters of f , as in (1.12), and β′ and γ′ are the parameters
of Kn

β f . (One should be careful not to confuse the parameter β ∈ Ca with the

matrix β =
(
b 0
0 1

)
.) In other words, for w 6= v, {β′w, γ′w} = {βw, γw}, and

{β′v, γ′v} = {1 − βv, 1 − γv} = {γv + nv, βv + nv}. (In the notation of (1.6) and
(1.24), we could write β′ = (1)v + (−1)vβ and γ′ = (1)v + (−1)vγ, or alternatively
β′ = β + (nv)v and γ′ = γ + (nv)v, but this is cumbersome.)

Given a form f , we can thus apply an operator of the form Kn
β at all places v

where nv < 0, and thus obtain a form of positive weight, with essentially the same
Fourier coefficients. After applying εv to f enough times at each v ∈ a, we see that
any cusp form of integral weight has essentially the same Fourier coefficients as a
cusp form which, at each v ∈ a, is either of weight 0, of weight 1, or holomorphic.

A similar statement holds for forms of half-integral weight, where a given cusp
form is essentially the same as a form which is either of weight 1/2, of weight 3/2,
or holomorphic, at any v ∈ a. If nv = 3/2 but f is not holomorphic in zv, we may
be tempted to apply εv to f , thereby replacing nv with −1/2; we would then apply
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Kn
β , to get a form of weight 1/2 at the v-place. This would be slightly misleading,

because it would limit the Fourier coefficients that we could study. Essentially,
the point of view taken in this paper only allows us to study directly the Fourier
coefficients c(ξ; f), where f is of half-integral weight, and ξ is totally positive. Thus,
once we have brought f to the form where it is either holomorphic or of weight 1/2
at each place v, let us say that we want to study the Fourier coefficient c(ξ; f). At
the places v ∈ a where f is holomorphic, ξv > 0 (otherwise (1.19) would imply
that c(ξ; f) = 0). There may be some places, however, where the weight is 1/2 and
ξv < 0. At these places, we have to apply εv and a flipping operator Kn

β , in order
to express c(ξ; f) as a Fourier coefficient indexed by a totally positive ξ. Indeed,
(1.28) tells us that flipping at the place v replaces the ξth Fourier coefficient with
the bξth, where sgn b = (−1)v. This will bring back weight 3/2 at these places.

2. Integral Weight Forms on G̃A.

We now consider forms f which are functions on G̃A, and relate them to the
integral weight forms of the previous section. The discussion here follows section 6
of [Sh 87] and section 3 of [Sh 93a], with some references to Shimura’s earlier paper
[Sh 78]. Fix an integral weight n ∈ Za, and let λ ∈ Ca be a set of eigenvalues. Let
y and z be integral ideals, and let Ψ be a Hecke character with conductor dividing
z, such that

(2.1) ∀x ∈ F×a , Ψa(x) = sgn(x)n|x|2iµ

for some µ ∈ Ra such that ‖µ‖ = 0. (For our purposes, the ideal y will usually just
be o, but it will be more convenient in section 5 to allow any integral y.)

Definition. Sn,λ(y, z,Ψ) (respectively Mn,λ(y, z,Ψ)) is the set of functions f :
G̃A → C such that for all p ∈ G̃A,

(2.2) ∀s ∈ F×A , f(sp) = Ψ(s)f(p);

(2.3) ∀α ∈ G̃ and w ∈ G̃f ∩ D̃[yd−1, zd ], f(αpw) = Ψz(dw)f(p);

and for each q ∈ G̃f , there exists a form fq ∈ Sn,λ (respectively Mn,λ) such that

(2.4) ∀p ∈ G̃a+, f((det q)−1qp) = (det p)iµ(fq‖np)(i).

We will occasionally relax requirement (2.3) to require merely that f(αpw) = f(p)
for α ∈ G̃ and w in a sufficiently small open subgroup of G̃f .

Now G̃A splits into a disjoint union of double cosets indexed by the ideal classes
λ mod a:

(2.5) G̃A =
⊔
λ

G̃t−1
λ xλD̃[yd−1, zd ],

where xλ =
(

1 0
0 tλ

)
and the tλ ∈ F×f are a set of representatives for the idele

classes F×A/F
×F×a+

∏
v∈f o×v . (Thus the ideals tλ = tλo are a set of representatives
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for the ideal classes of F mod a.) This means that f is completely determined by
the collection of forms fλ on Ha which are given by

(2.6) ∀p ∈ G̃a+, f(t−1
λ xλp) = (det p)iµ(fλ‖np)(i).

(Strictly speaking, to adhere to the notation of (2.4), fλ ought to be called fxλ
.)

We will write f = (fλ)λ. The transformation properties of f imply

(2.7) ∀γ ∈ Γ̃[yd−1t−1
λ , zdtλ ], fλ‖nγ = Ψz(aγ)(det γ)iµfλ.

Conversely, given {fλ}λ satisfying (2.7), they fit together to give a function f on
G̃A satisfying (2.3) and (2.4). (2.2) then corresponds to the following condition:
for any s ∈ F×A and any ideal class λ, write st−1

λ xλ = αt−1
µ xµw, for some α ∈ G̃+,

w ∈ D̃[yd−1, zd ], and ideal class µ. We then require that

(2.8) Ψ(s)fλ = Ψz(dw)(detwa)−iµfµ‖nwa.

(Note that the action of wa on forms is the same as that of α−1 ∈ G̃+.)

Definition. Given an ideal m and a signature σ ∈ {±1}a, define the (m, σ)th
Fourier coefficient of f ∈Mn,λ(y, z,Ψ) by

(2.9) c(m, σ; f) = |ξ|−n/2−iµ
c(ξ; fλ), with ξ ∈ F×, sgn ξ = σ, ξt−1

λ = m.

(The requirement on ξ and λ determines ξ only up to a totally positive unit u ∈ o×+,

but the automorphy of fλ by
(

1 0
0 u

)
implies that c(m, σ; f) is well-defined.) Note

that c(ξ; fλ) is nonzero only if ξ ∈ y−1tλ; hence c(m, σ; f) is nonzero only if m ⊂ y−1.
Similarly, we define constant terms for f by

(2.10) c0(m, t; f) = (ξ−1t)n/2+iµc0(ξ−1t; fλ),

for t ∈ Ra and an ideal m. Here ξ and λ are chosen so that sgn ξ = sgn t and
ξt−1

λ = m. This definition of the Fourier coefficients is independent of the choice of
tλ, since we can obtain the Fourier coefficients directly from the expansion

f
((

y x
0 1

))
(2.11)

= c0(yo, ya; f) +
∑

ξ∈F×

|ξya|n/2+iµ c(ξyo, sgn ξya; f)Wβ,γ(ξya)eA(ξx).

Here x ∈ FA and y ∈ F×A ; the archimedean component ya of y may have any
signature. β and γ are the usual parameters for the Whittaker functions.

We will later have use for the following

Lemma 2.1. If f ∈Mn,λ(y′, z,Ψ), and if c(m, σ; f) = 0 unless m ⊂ y−1 for some
y ⊃ y′, then f ∈Mn,λ(y, z,Ψ).

Proof: The assumption above implies that each fλ is invariant under
(

1 b
0 1

)
, for

b ∈ yd−1t−1
λ . By Lemma 3.4 of [Sh 87], the set of such matrices and the elements of

the group Γ̃[y′d−1t−1
λ , zdtλ ] generate Γ̃[yd−1t−1

λ , zdtλ ]. This implies the automorphy
of f with respect to the larger group.

10



We extend the differential operators δv and εv to act on forms on G̃A. For
v ∈ a and f = (fλ)λ ∈Mn,λ(y, z,Ψ), define

(2.12) εvf = (εvfλ)λ ∈Mn−(2)v,λ−(nv−2)v
(y, z,Ψ).

The εvfλ inherit relations (2.7) and (2.8), so they do indeed fit together to yield a
form εvf as claimed. If f is in fact a cusp form, then so is εvf . We can similarly
define δvf ∈ Mn+(2)v,λ+(nv)v

(y, z,Ψ) to be (δn
v fλ)λ, where we omit the superscript

n from δv because the weight n is known from the transformation of f under SO(2)a,
as seen from (2.4).

Equations (1.19) and (2.9) yield

(2.13) c(m, σ; εvf) =
{

(8πi)−1βvγv c(m, σ; f), if σv > 0,
−(8πi)−1 c(m, σ; f), if σv < 0.

The corresponding formulas for the Fourier coefficients of δvf are easy to write
down, since 4δvεvf = λvf = βvγvf . This shows that the definition of εv and δv is
independent of the choice of tλ. It follows by induction that for any r ≥ 1,

(2.14) c(m, σ; (εv)rf) =
{

(−1)r(βv)r(γv)r(−8πi)−r c(m, σ; f), if σv > 0,
(−8πi)−r c(m, σ; f), if σv < 0.

(We have used the Pochhammer symbol of (0.12).)
Given two forms f = (fλ)λ and g = (gλ)λ of the same weight, with one of them

a cusp form, we define their inner product to be

(2.15) 〈f ,g〉 =
∑

λ

〈fλ, gλ〉,

This is independent of the choice of representatives tλ, and the operators δv and
εv are, as before, adjoints with respect to this inner product. Moreover, for any
w ∈ G̃f ,

(2.16) 〈f(pw),g(pw)〉 = 〈f(p),g(p)〉.

Indeed, the above equality and the independence of 〈f ,g〉 of the choice of tλ both
follow from (1.21) and from the following observation: if q ∈ G̃f , and (det q)−1q ∈
G̃t−1

λ xλD̃[yd−1, zd ], then there exist α ∈ G̃ and ζ ∈ T such that for any f , fq =
ζfλ‖nα. (Here fq is as in (2.4).)

We shall assume in the rest of this section that y = o. We define Hecke
operators as in section 2 of [Sh 78]. This yields, for any integral ideal n, an operator
T(n), which maps Mn,λ(o, z,Ψ) to itself and preserves the subspace of cusp forms.
These Hecke operators commute with each other and with the operators εv and δv,
for any v ∈ a. Their action on the Fourier coefficients of forms is given by

(2.17) c(m, σ;T(n)f) =
∑

a⊃m+n,a+z=o

Ψ∗(a)N(a−1n) c(a−2mn, σ; f),

for all ideals m and signatures σ. If f is an eigenform of all the T(n), with T(n)f =
χ(n)f , we call χ the system of eigenvalues for f . The Fourier coefficients of such an

11



f then satisfy c(m, σ; f) = N(m)−1χ(m) c(o, σ; f). If c(o, u; f) = 1, then we call our
eigenform normalized . (Recall that u = (1, 1 . . . , 1) ∈ Za.) As usual, we have the
identity of formal Dirichlet series∑

m

χ(m)M(m)(2.18)

=
∏
p|z

(1− χ(p)M(p))−1
∏
p†z

(1− χ(p)M(p) + Ψ∗(p)N(p)M(p2))−1,

where the M(m) are a formal system of multiplicative symbols in the ideals of F ;
that is to say, M(o) = 1, M(mn) = M(m)M(n) for any two ideals m and n, and the
M(p) are independent indeterminates for different prime ideals p.

We conclude this section by defining the inverter Jz, which sends Sn,λ(o, z,Ψ)

to Sn,λ(o, z,Ψ−1). Namely, define the matrix π =
(

0 −1
δ2s 0

)
∈ G̃f , with an idele

s ∈ F×f such that so = z. Then define

(2.19) (Jzf)(p) = Ψ(det p)−1f(pπ), ∀p ∈ G̃A.

As observed in [Sh 93a], equations (3.16) and (3.17), this definition is independent
of the choices of δ and of s. Moreover, the inverter interacts nicely with the Hecke
operators: if n is prime to z, then

(2.20) JzT(n)f = Ψ∗(n)T(n)Jzf .

3. Dirichlet Series from Integral Weight Forms.

Let f = (fλ)λ ∈ Mn,λ(y, z,Ψ) be a form on G̃A, as in the previous section. In
this section, we will use the “flipping operators” of section 1 to impose conditions
on f , which will cause all of the Fourier coefficients of f to be expressible in terms of
the Fourier coefficients c(m, u; f) with a totally positive signature. For example, if f
is holomorphic, then c(m, σ; f) = 0 unless σ = u. We will then express the Dirichlet
series

(3.1) D(s, f , χ) =
∑
m

c(m, u; f)χ∗(m)N(m)−s

in terms of the Mellin transforms of the various fλ, with a completely explicit
expression for the Gamma-factors at the archimedean places. Here χ is a certain
unramified Hecke character, which we use in order to be able to be able to recover
the c(m, u; f) from a knowledge of D(s, f , χ) for all such χ.

Although the material in this section is in principle known, it does not seem to
be explicitly stated in the literature, except to some extent in [Ma 53], for F = Q.
Maass does not quite calculate the Gamma-factor Y (s, β, γ, σ) of (3.15) and (3.16)
in the general case, but instead reduces first to the case of forms that are either of
weight 0, of weight 1, or holomorphic (as explained at the end of section 1, this is
not a loss of generality). Jacquet and Langlands [J-L] and Weil [W] deal with this
topic over arbitrary number fields, but avoid explicitly calculating Y (s, β, γ, σ).
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We first generalize the “flipping operator” Kv to G̃A. For v ∈ a and f ∈
Mn,λ(y, z,Ψ), define Kvf ∈M(−1)vn,λ+(nv)v

(y, z,Ψ) by

(3.2) (Kvf)(p) = f(pev), p ∈ G̃A.

(Recall that ev =
(

(−1)v 0
0 1

)
∈ G̃a or G̃A, according to context, as was defined

in section 1.) It is immediate that Kvf satisfies (2.2) and (2.3). As for (2.4), for
each ideal class λ define an ideal class µ = µ(λ), such that bt−1

λ = t−1
µ with b ∈ F×

such that sgn b = (−1)v. Let Kn
β be the flipping operator of (1.27), with respect to

β =
(
b 0
0 1

)
. Then

(3.3) Kvf = (gλ)λ, gλ = |b|iµKn
β fµ ∈M(−1)vn,λ+(nv)v

.

(The exponent µ is determined by Ψa, as in (2.1).) As in the case of forms on Ha,
the operator Kv commutes with δw, εw and Kw, for w 6= v, and Kvδv = εvKv. Kv

also respects cusp forms, and treats Fourier coefficients well:

(3.4) c(m, σ;Kvf) = (4π)−nv c(m, (−1)vσ; f).

This follows either from (1.29) and (2.11), or from (3.3) and (1.28). From now on,
we will assume, without loss of generality, that n ≥ 0. (Otherwise, apply Kv to f
at each place v where nv < 0.) We will also assume that f is a cusp form, even
though this is not always necessary; it will sometimes be enough to assume that the
constant terms c0(m, t; f) are zero.

Definition. We define another flipping operator Zv, acting on f ∈ Sn,λ(y, z,Ψ), by

(3.5) Zvf = Kv(εv)nv f ∈ Sn,λ(y, z,Ψ).

As before, the weight n is determined by f , so there is no need to include it as a
superscript on Zv. We will be more interested in Zv than in Kv. (To see why Zvf
has the same weight n and eigenvalue λ as f , compare their β and γ parameters.)

Now ZvZv = Kv(εv)nvKv(εv)nv = (δv)nv (εv)nv , since Kvεv = δvKv and KvKv

is the identity. Thus, by induction, or by comparing Fourier coefficients,

(3.6) ZvZvf = 4−nv (βv)nv
(γv)nv

f = E2
v f ,

where we use our choice of βv and γv to pick a square root Ev of 4−nv (βv)nv
(γv)nv

:

(3.7) Ev = (i/2)nv (βv)nv
= (−i/2)nv (γv)nv

.

If we exchange βv and γv, Ev gets multiplied by (−1)nv . Thus, if nv is even,
Ev is symmetric in βv and γv, and is thus expressible in terms of nv and λv.
(Indeed for any r, (βv)r(γv)r =

∏r−1
k=0(λv + (1− nv)k+ k2); also, if nv is even, then

Ev = 2−nv (βv)nv/2(γv)nv/2.)
Since the {Zv}v∈a and the Hecke operators all commute, it is sensible to break

up Sn,λ(y, z,Ψ) into simultaneous eigenspaces for the Zv, with eigenvalues ±Ev.

13



This can be done, as Zv is certainly semisimple if Ev 6= 0. On the other hand,
if Ev = 0, then (δv)nv (εv)nv f = 0, so 〈(εv)nv f , (εv)nv f〉 = 0 for f is a cusp form.
Hence Zvf = Kv(εv)nv f = 0, and f is already trivially an eigenform of Zv. It is
straightforward to show from (2.14) and (3.4) that Zvf = ±Evf if and only if for
all ideals m and all signatures σ with σv > 0,

c(m, (−1)vσ; f) = ±(βv)nv
c(m, σ; f)(3.8)

= ±(−1)bnv/2c(βv)dnv/2e(γv)bnv/2c c(m, σ; f).

Thus if f is an eigenfunction of the Zv, we can retrieve all the Fourier coefficients of
f from a knowledge of only the c(m, u; f). Our definition of D(s, f , χ) in (3.1), which
makes reference only to the Fourier coefficients with signature u, gives a meaningful
Dirichlet series only in this case.

In particular, if nv is even for all v, then a form satisfying Zvf = Evf for
all v will be called even. We will be paying special attention to this case when
we discuss the Shimura correspondence between forms of half-integral weight and
“even” forms. Note that a holomorphic form of weight n ≥ 2u is automatically
even, since then Zvf = 0. The following result is easy:

Lemma 3.1. f is even if and only if for any v ∈ a, and for any signature σ with
σv > 0, one of the following three equivalent conditions holds,

(3.9) c(m, (−1)vσ; f) = (−1)nv/2(βv)nv/2(γv)nv/2 c(m, σ; f);

(3.10) c(m, (−1)vσ; (εv)nv/2f) = c(m, σ; (εv)nv/2f);

(3.11) Kv(εv)nv/2f = (εv)nv/2f .

Moreover, if f is even, then so is its “inversion” Jzf , as defined in (2.19).

Proof: The equivalence of the above three conditions with being “even” is immedi-
ate. The last statement is therefore true, since Jz commutes with Kv and εv.

We are now ready to construct Dirichlet series attached to automorphic forms
which are simultaneous eigenforms of all the Zv. We thus fix a parity P ∈ {0, 1}a,
and assume that

(3.12) ∀v ∈ a, Zvf = (−1)PvEvf .

Let µ be determined by Ψa as in (2.1), and let χ be an unramified Hecke character
of F such that

(3.13) ∀x ∈ F×a , χa(x) = |x|iρ,

for some ρ ∈ Ra such that ‖ρ‖ = 0. Let K = {y ∈ Ra | y� 0}/o×+, and let the real
part of s ∈ C be sufficiently large. We first evaluate the Mellin transform

(3.14) Iλ(s) =
∫

K

fλ(iy)yn/2+su−u+iρ+iµ dy, dy =
∏
v∈a

dyv.
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Proposition 3.2. For σ ∈ {±1} and for s, β, γ ∈ C such that β + γ = 1− n with
0 ≤ n ∈ Z, define Y (s, β, γ, σ) by

(3.15) Y (s, β, γ, 1) =
∫ ∞

0

V (y;β, γ)ys+n/2−1 dy,

(3.16) Y (s, β, γ,−1) = (−1)bn/2c(β)dn/2e(γ)bn/2c

∫ ∞

0

V (y; 1−β, 1−γ)ys−n/2−1 dy.

Then for f satisfying (3.12),

Iλ(s) =
∑

ξ∈F×/o×+

c(ξt−1
λ , u; f)χ∗(ξo)N(ξo)−s(4π)‖−n/2−su‖(3.17)

×
∏
v∈a

(sgn ξv)PvY (s+ iρv + iµv, βv, γv, sgn ξv).

An explicit expression for Y is given in Proposition 3a.1 below.

Proof: (1.11) and (2.9) immediately yield

Iλ(s) =
∑

ξ∈F×/o×+

c(ξt−1
λ , sgn ξ; f)|ξ|−su−iρ(3.18)

×
∫

y�0

Wβ,γ(y sgn ξ)yn/2+su−u+iρ+iµ dy.

(Note that |ξ|−su−iρ can be written as χ∗(ξo)N(ξo)−s.) By (3.8) and (3.12),
(3.19)

c(ξt−1
λ , sgn ξ; f) = c(ξt−1

λ , u; f)
∏

v∈a,ξv<0

(−1)Pv (−1)bnv/2c(βv)dnv/2e(γv)bnv/2c.

The proposition follows upon writing Wβ,γ in terms of the V function.

Now let us assemble the Iλ into the Dirichlet series D(s, f , χ) of (3.1).

Proposition 3.3. Under the assumptions and notation of Proposition 3.2,∑
λ

χ∗(t−1
λ )N(t−1

λ )−sIλ(s)(3.20)

= (4π)‖−n/2−su‖D(s, f , χ)

×
∏
v∈a

(
Y (s+iρv+iµv, βv, γv, 1) + (−1)PvY (s+iρv+iµv, βv, γv,−1)

)
.

Moreover, the last factor above is a nonzero meromorphic function of s, unless
nv = 0 and Pv = 1 for some v ∈ a.

Proof: Apply Proposition 3.2, and observe that for any ideal m and signature σ,
there is exactly one tλ and ξ ∈ F×/o×+ such that sgn ξ = σ and ξt−1

λ = m. It then
follows from the explicit evaluation of Y in Proposition 3a.1 that Y (s, βv, γv, 1) +
(−1)PvY (s, βv, γv,−1) is always a nonvanishing meromorphic function of s, unless
nv = 0 and Pv = 1. We remark that if this is the case for some “bad” places v ∈ a,
we can apply (2πi)−1δv to f at all such places. This replaces f with another form
f ′ with c(m, u; f ′) = c(m, u; f) and Zvf ′ = (−1)Pv f ′. Then D(s, f ′, χ) = D(s, f , χ),
and f ′ now has weight 2 at the previously “bad” archimedean places.
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Appendix: Calculation of Y in Terms of Gamma-functions.
We wish to obtain an explicit formula for the function Y (s, β, γ, σ) defined in

(3.15) and (3.16). Recall that β + γ = 1− n with 0 ≤ n ∈ Z. We shall prove:

Proposition 3a.1. If n is even, then

Y (s, β, γ, σ) = 22s−1π−1/2

n/2∑
q=0

(
n/2
q

)
2qσq(s+ 1− n/2 + q)n/2−q(3a.1)

× Γ((s+ n/2 + q + β)/2)Γ((s+ n/2 + q + γ)/2).

If n is odd, then

Y (s, β, γ, σ) = 22s−1π−1/2

bn/2c∑
q=0

(
bn/2c
q

)
2qσq(s+ 1− n/2 + q)bn/2c−q(3a.2)

×
(

Γ((s+ 1 + n/2 + q + β)/2)Γ((s+ n/2 + q + γ)/2)

+ σΓ((s+ n/2 + q + β)/2)Γ((s+ 1 + n/2 + q + γ)/2)
)
.

Moreover, Y (s, β, γ, 1)±Y (s, β, γ,−1) is a nonzero meromorphic function of s, with
the one exception that if n = 0, then Y (s, β, γ, 1)− Y (s, β, γ,−1) = 0.

Proof: We first reduce the above formulas to the case where n = 0 or n = 1. (1.13)
implies the following equations (which are equivalent to (1.17) and (1.18)):

V (y;β, γ) = (1/2)V (y;β + 1, γ + 1)(3a.3)

+ (β + γ + 1)y−1V (y;β + 1, γ + 1)− ∂

∂y
V (y;β + 1, γ + 1),

(3a.4) −βγy−2V (y; 1− β, 1− γ) = (−1/2)V (y;−β,−γ)− ∂

∂y
V (y;−β,−γ).

Thus Y satisfies the recurrence

(3a.5) Y (s, β, γ, σ) = (s+1−n/2)Y (s, β+1, γ+1, σ)+(σ/2)Y (s+1, β+1, γ+1, σ),

where we note that β+1 and γ+1 correspond to n−2. It then follows by induction
that for any integer r ≥ 0,

(3a.6) Y (s, β, γ, σ) =
r∑

q=0

(
r

q

)
2−qσq(s+ 1− n/2 + q)r−qY (s+ q, β + r, γ + r, σ).

In particular, picking r = bn/2c, we can reduce the problem to evaluating Y for
n = 0 or n = 1. In the former case V is essentially a K-Bessel function, and its
Mellin transform Y is well-known; we nonetheless include a derivation of the result,
as it shall be useful in the latter case.
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Let us thus deal with the case n = 0. Then β + γ = 1, so Y (s, β, γ, 1) =
Y (s, β, γ,−1) from the definition. We may assume that the real parts of β and s
are sufficiently large, express V as in (1.13), and invoke analytic continuation. We
then obtain (remembering that −γ = β − 1)

(3a.7) Y (s, β, γ,±1) = Γ(β)−1Γ(s+ β)
∫ ∞

0

(t+ 1/2)−s−β(1 + t)β−1tβ−1 dt.

Substituting u = 4t(1 + t) = 4(t+ 1/2)2 − 1 now yields

(3a.8) Γ(β)−1Γ(s+ β)2s−β

∫ ∞

0

uβ−1(1 + u)(−s−β−1)/2 du.

This last integral is known, being a Beta-integral (see [H], (8.7-4)). Simplify the
resulting expression using Legendre’s duplication formula for the Gamma-function
([H], (8.4-18)). This yields

(3a.9) Y (s, β, γ,±1) = 22s−1π−1/2Γ((s+ β)/2)Γ((s+ γ)/2), if n = 0.

It remains to evaluate Y in the case n = 1; this time, we will have to proceed
differently according to the sign of σ. If σ = 1, we obtain as before

Y (s, β, γ, 1)(3a.10)

= Γ(β)−1Γ(s+ 1/2 + β)
∫ ∞

0

(t+ 1/2)−s−1/2−β(1 + t)−γtβ−1 dt.

Since −γ = β, (1 + t)−γtβ−1 = (t + 1/2)(1 + t)β−1tβ−1 + 1/2(1 + t)β−1tβ−1. This
reduces us to a sum of integrals of the same kind as the integral in (3a.7), which
we know how to evaluate. Working similarly for σ = −1, we obtain the final result
that if n = 1,

Y (s, β, γ,±1) = 22s−1π−1/2(3a.11)

×
(

Γ((s+3/2+β)/2)Γ((s+1/2+γ)/2)± Γ((s+1/2+β)/2)Γ((s+3/2+γ)/2)
)
.

This concludes our evaluation of Y in the cases n = 0 and n = 1, and, together with
the inductive relation (3a.6), completes our proof of equations (3a.1) and (3a.2).

It now follows from these explicit expressions for Y that if P ∈ {0, 1}, then
Y (s, β, γ, 1) + (−1)PY (s, β, γ,−1) is a nonzero meromorphic function of s, unless
n = 0 and P = 1. For instance, if n is even, then this function is the product of
22sΓ((s + n/2 + P + β)/2)Γ((s + n/2 + P + γ)/2) with a polynomial in s whose
leading coefficient is positive.

4. Half-integral Weight Forms on the Adele Group.

We now turn our attention to forms of half-integral weight on the adelic meta-
plectic group MA, following sections 1 and 2 of [Sh 93a] and sections 3 and 5 of
[Sh 87]. Throughout this section, let 0 ≤ m ∈ Za, and let k = m + u/2 be a
half-integral weight. Let λ ∈ Ca be a collection of eigenvalues, and let β, γ ∈ Ca

be the parameters for the Whittaker functions corresponding to (k, λ).
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Definition. Given two integral ideals b and b′, and a Hecke character ψ whose
conductor divides c = 4bb′, define Sk,λ(b, b′, ψ) (respectively Mk,λ(b, b′, ψ)) to be
the set of f ∈ Sk,λ (respectively in Mk,λ) satisfying

(4.1) f‖kγ = ψc(aγ)f, ∀γ ∈ Γ[2bd−1, 2b′d ].

It should be noted that for a given f , ψ is only determined up to multiplication
by a Hecke character that is unramified at all v ∈ f . As observed in Lemma 1.2
of [Sh 93a], and in the paragraph preceding it, it is no loss of generality for us to
assume that ψ is normalized for f ; namely, we shall assume from now on that

(4.2) ∀x ∈ F×a , ψa(x) = sgn(x)m|x|iµ,

for some µ ∈ Ra such that ‖µ‖ = 0. Note that if f ∈ Mk,λ(b, b′, ψ), then εvf ∈
Mk−(2)v,λ−(kv−2)v

(b, b′, ψ), for any v ∈ a, and similarly for δk
v ; also, ψ is still

normalized for εvf and δk
vf .

As described in equations (3.5) through (3.12) of [Sh 87], and equations (1.7)
through (1.10) of [Sh 93a], we can associate to f ∈Mk,λ(b, b′, ψ) a function fA on
MA, defined by

(4.3) fA(αx) = ψc(ax)−1(f‖kx)(i), ∀α ∈ G and x ∈ pr−1(D[2bd−1, 2b′d ]).

Here MA is the adelic metaplectic group, and pr : MA → GA is the projection. This
projection map splits on certain subgroups of GA, and there are lifts r : G → MA

and rP : PA → MA, which agree on P . We use r to view G as a subgroup of
MA, and write ax = apr(x); similarly for the other matrix entries of x. We note
that the factor of automorphy h(τ, z) mentioned in (1.2) is in fact defined on all of
pr−1(PAC

′′). In this context, the action of x on Ha and the factor of automorphy
j(x, z) are both defined using the projection of x to GA and from thence to Ga.
Thus f‖kx makes sense for x ∈ pr−1(PAC

′′). fA then satisfies

(4.4) fA(αxw) = ψc(aw)−1Jk(w, i)−1fA(x),

whenever x ∈ MA, α ∈ G, and w ∈ pr−1(D[2bd−1, 2b′d ]) such that wi = i. Con-
versely, given fA satisfying (4.4), we can retrieve f as a function on Ha from (4.3);
this f will then satisfy (4.1). We remark that the correspondence between f and
fA extends to any f ∈Mk,λ, as in [Sh 87].

We now turn to the Fourier expansion of a form f ∈Mk,λ(b, b′, ψ).

Proposition 4.1. Let f ∈ Mk,λ(b, b′, ψ). For ξ ∈ F× and a fractional ideal m,
one can define Fourier coefficients µ(ξ,m; f, ψ) ∈ C — which we will sometimes
write µf (ξ,m), even though they depend on the choice of ψ — and constant terms
µ0(m, y; f, ψ) for y ∈ Ra, y� 0. These coefficients and constant terms satisfy

fA

(
rP

(
t s
0 t−1

))
= tma |t|

1/2
A ψf (t)−1µ0(to, t2a; f, ψ)(4.5)

+ tma |t|
1/2
A ψf (t)−1

∑
ξ∈F×

µ(ξ, to; f, ψ)Wβ,γ(ξt2a/2)eA(ξts/2),
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for t ∈ F×A and s ∈ FA. Furthermore, µf (ξ,m) = 0 unless ξ ∈ m−2b−1 (but ξ may
have any signature), and

(4.6) µf (ξb2,m) = bmψa(b)µf (ξ, bm) = |b|m+iµ
µf (ξ, bm), ∀b ∈ F×.

Also, µ0(m, y; f, ψ) = bmψa(b)µ0(bm, b2y; f, ψ). We can obtain the µ and the µ0

from the expansion

ψc(dβ)−1Jk(β, β−1z)f(β−1z) = |r|1/2
A

ψf

ψc
(r)−1µ0,f (ro, y)(4.7)

+
∑

ξ∈F×

|r|1/2
A

ψf

ψc
(r)−1µf (ξ, ro)Wβ,γ(ξy/2)ea(ξx/2),

for r ∈ F×f , β ∈ G ∩
(
r 0
0 r−1

)
D[2bd−1, 2b′d ], and z = x+ iy ∈ Ha.

Proof: This is a generalization of Proposition 3.1 of [Sh 87] and Proposition 1.1
of [Sh 93a] to the nonholomorphic case. The proof proceeds as in [Sh 87], with
virtually no modification. Observe that for v ∈ a, (1.17) and (4.7) imply

(4.8) µ(ξ,m; εvf, ψ) =
{
βvγv(8πiξv)−1µ(ξ,m; f, ψ), if ξv > 0,
(8πiξv)−1µ(ξ,m; f, ψ), if ξv < 0.

We note that [Sh 87] and [Sh 93a] use the notation λ(ξ,m; f, ψ) for the Fourier
coefficients, but we are already using the symbol λ to denote simultaneously an
ideal class (as in tλ) and the eigenvalue of the operators Lk

v .

Propositions 1.4 and 1.5 of [Sh 93a] also generalize straightforwardly to non-
holomorphic forms:

Proposition 4.2. (1) Let f ∈ Mk,λ(b, b′, ψ), and take a fractional ideal y and
a totally positive τ ∈ F . Let ετ be the Hecke character associated to the quadratic
extension F (

√
τ)/F . Then there exists a form h ∈Mk,λ(τy−2b∩o, τ−1y2b′∩o, ψετ )

which corresponds to f , in the sense that

(4.9) µ(ξ,m;h, ψετ ) = µ(τξ, y−1m; f, ψ),

(4.10) µ0(m, y;h, ψετ ) = µ0(y−1m, y; f, ψ),

for every ξ ∈ F×, fractional ideal m, and totally positive y ∈ Ra. Also,

(4.11) µh(ξ,m) = 0 unless τξ ∈ b−1y2m−2.

(2) Now suppose τ−1y2b′ ⊂ o, and take h ∈ Mk,λ(τy−2b ∩ o, τ−1y2b′, ψετ )
satisfying (4.11), or even the weaker condition µh(ξ, y) = 0 unless τξ ∈ b−1. Then
h comes from a unique form f via the above correspondence.

(3) If f is a cusp form, then so is the corresponding form h, and

(4.12) 〈f, f〉 = τ−kN(y)〈h, h〉.
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Proof: Note first that ψετ is again normalized for h. The proof of (1) proceeds as
in [Sh 93a], by writing p(z) = f(z/τ) and defining

(4.13) hA(x) = (ψετ )(r)N(y)−1/2pA(xrP

(
r 0
0 r−1

)
),

for some r ∈ F×f with ro = y−1. Alternatively, if β ∈ G ∩
(
r 0
0 r−1

)
U , for a

sufficiently small open subgroup U of C ′′, then for some ζ ∈ T,

(4.14) h(z) = ζN(y)−1/2Jk(β, β−1z)p(β−1z).

The only additional difficulty lies in showing that h is an eigenfunction of the Lk
v

operators. This follows from (1.8), since we can view σ =
(
τ−1/2 0

0 τ1/2

)
as a

matrix in Ga (in other words, σv =
(
τ
−1/2
v 0
0 τ

1/2
v

)
, where we take the positive

square root at each v ∈ a). Then p = τk/2f‖krP (σ). Thus Lk
vp = λvp, and similarly

(4.14) implies that Lk
vh = λvh, for v ∈ a. Incidentally, if h corresponds to f , then

τ−1
v εvh corresponds to εvf , and similarly for δk

v . (4.11) then follows from the fact
that µf (ξ,m) = 0 unless ξ ∈ b−1m−2. Statements (2) and (3) hold by the same
reasoning as in [Sh 93a].

We now introduce the Hecke operators {Tv}v∈f , which depend on b, b′, and ψ.
The operators Tv act on Mk,λ(b, b′, ψ), preserving the space of cusp forms; they
are defined by the same expansion in terms of double cosets as in equation (2.4) of
[Sh 93a], and equations (5.5) and (5.6) of [Sh 87]. (In [Sh 87], the operators were
called Tp, where p is the prime corresponding to v.) For f ∈ Mk,λ(b, b′, ψ), the
same proof as in Proposition 5.4 of [Sh 87] gives us that for ξ ∈ m−2b−1,

(4.15) µ(ξ,m;Tvf, ψ) = µ(ξ,mp; f, ψ), if v | c;

µ(ξ,m;Tvf, ψ) = µ(ξ,mp; f, ψ) + ψ∗(p)N(p)−1

(
ξc2

p

)
µ(ξ,m; f, ψ)(4.16)

+ ψ∗(p)2N(p)−1µ(ξ,mp−1; f, ψ), if v † c.

Here p is the prime corresponding to v; c ∈ Fv generates mv; and
(

d
p

)
, for d ∈ ov, is

the quadratic residue symbol (taken to be 0 when d ∈ pv). Note that if ξ /∈ m−2b−1,
then the left-hand sides of (4.15) and (4.16) are 0, even though the right-hand sides
need not be. As usual, the Hecke operators commute with each other, and with
εv and δk

v , for v ∈ a. Another standard fact, shown in Lemma 2.8 of [Sh 93a] and
Proposition 5.3 of [Sh 87], is that

(4.17) 〈f, Tvg〉 = ψ∗(p)2〈Tvf, g〉, if v † c,

if v corresponds to p, and f and g are C∞ functions on Ha, which transform under
(4.1), under a suitable criterion of convergence. Proposition 2.2 of [Sh 93a] also
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carries over: let f ∈ Mk,λ(b, b′, ψ) be an eigenform of all the Tv, with Tvf = ωvf .
Take a totally positive τ ∈ F×, and define ετ as in Proposition 4.2. Write τb = q2r,
with a fractional ideal q and a squarefree integral ideal r. Then we have the identity
of formal Dirichlet series (ωv is the Hecke eigenvalue corresponding to the prime p):∑

m⊂o

µf (τ, q−1m)M(m) = µf (τ, q−1)
∏
p†rc

(1− (ψετ )∗(p)N(p)−1M(p))(4.18)

×
∏
p|c

(1− ωvM(p))−1
∏
p†c

(1− ωvM(p) + ψ∗(p)2N(p)−1M(p2))−1.

As in the case of integral weight forms, one can define an inverter for forms
of half-integral weight, following Lemma 2.3 and equation (2.5) of [Sh 93a]. Take
ω ∈ G ∩ Uε−1, for U a sufficiently small open subgroup of C ′′, and ε ∈ Gf as in
(0.10). Then define the inversion f∗ of f by

(4.19) f∗ = ψ(δ)f‖kω ∈Mk,λ(b′, b, ψ).

(This is independent of the choice of either ω or δ.) Alternatively, take the unique
ε̃ ∈MA such that pr(ε̃) = ε, and h(ε̃, z) = 1. Then

(4.20) f∗A(x) = ψ(δ)fA(xε̃).

We shall call the operator f 7→ f∗ the inverter . Unlike the inverter of (2.19), this
one does not depend on the level. This inverter commutes with εv and δk

v , and takes
cusp forms to cusp forms. Lemmas 2.6 and 2.7 of [Sh 93a] remain valid:

Proposition 4.3. Let f ∈ Mk,λ(b, b′, ψ), and fix τ and y as in Proposition 4.2.
If h corresponds to f , as in (4.9), then Tvh corresponds to Tvf , for all v ∈ f such
that y2

v = τov. If furthermore y2 ⊂ τb, then Tvh corresponds to Tvf for any v not
dividing τ−1b−1y2. As for the action of the inverter, (Tvf)∗ = ψ∗(p)2Tv(f∗), for
any v corresponding to a prime p † c. Moreover, h∗ corresponds up to a constant to
f∗, with respect to τ−1 and y−1. Namely,

(4.21) µ(ξ,m;h∗, ψετ ) = τkN(y)−1µ(ξ/τ, ym; f∗, ψ).

5. Description and First Properties of the Theta-function.

The purpose of the next few sections is to study the Shimura correspondence
between forms of even weight and forms of half-integral weight. We will express
the correspondence as a convolution with a certain theta-function of two variables.
From now until the end of this paper, fix the following

Notation: Let k = m + u/2 be a half-integral weight, with m ∈ Za and m ≥ 0.
Let λ be a set of eigenvalues, and let b and b′ be integral ideals of o. Put c = 4bb′

and let ψ be a Hecke character with conductor dividing c, which is normalized as
in (4.2). Define µ ∈ Ra by (4.2) (so ‖µ‖ = 0). Pick any totally positive τ ∈ F×,
and write τb = q2r with r a squarefree integral ideal. Let ετ be the Hecke character
associated to the quadratic extension F (

√
τ)/F , and put ϕ = ψετ , which is also

normalized, with the same µ. Let h be the conductor of ϕ, and note that h divides
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rc. (This is because the conductor of ετ divides 4r ∩ 4b, so h even divides 4r ∩ c.)
Take f ∈ Sk,λ(b, b′, ψ), and let h ∈ Sk,λ(o, rbb′, ϕ) be the form corresponding to f
by Proposition 4.2, with y = qr. In other words,

(5.1) µh(ξ,m) = µf (τξ, q−1r−1m), for all ξ,m.

Write β and γ for the parameters of the Whittaker functions corresponding to weight
k and eigenvalue λ, as in (1.12). Then the parameters corresponding to weight 2m
and eigenvalue 4λ are 2β and 2γ.

For z, w ∈ Ha and p ∈ G̃A, we are going to define theta-functions Θ(z, p; η)
and θ(z, w; ηλ), such that Θ(z, p; η) transforms in the z-variable like an element of
Mk,λ(o, 4−1rc, ϕ); Θ(z, p; η) transforms like an element of M2m,4λ(r, 2−1c, ψ2) in
the p-variable; and Θ(z, p; η) = (θ(z, w; ηλ))λ, in the sense of (2.6). (The meaning
of η will be explained after we state Theorem 5.1 and Theorem 5.2 below.)

Theorem 5.1. Let f ∈ Sk,λ(b, b′, ψ), and let h correspond to it as in (5.1). Define
Θ(z, p; η) by (5.8) below, where η is defined as in (5.22), and so depends on τ and
ϕ. Define gτ by

(5.2) Cgτ (p) =
∫

Φ

Θ(z, p; η)h(z)ykdHz, p ∈ G̃A,

(5.3) C = 21+‖m+u‖i‖m‖N(rc), Φ = Γ[2d−1, 2−1rcd ]\Ha.

Then the following assertions hold:
(1) gτ ∈ M2m,4λ(o, 2−1c, ψ2), and gτ is “even” in the sense of Lemma 3.1.

(Note that the conductor of ψ2 divides 2−1c = 2bb′, since a ≡ 1 (mod 2bb′) implies
that a2 ≡ 1 (mod 4bb′).)

(2) We have the identity of formal Dirichlet series∑
m

c(m, u;gτ )M(m)(5.4)

=
∑
m

µf (τ, q−1m)M(m)
∏

prime p†rc

(1− ϕ∗(p)N(p)−1M(p))−1,

where m runs over the ideals of F , and the M(m) are a system of formal multiplica-
tive symbols in the ideals of F (see (2.18)).

(3) If v ∈ f corresponds to p, and Tvf = ωvf , then T(p)gτ = N(p)ωvgτ .
(4) If f is orthogonal to all the weight k theta-series θm(bz) of [Sh 87], (4.5),

with b� 0, then gτ is in fact a cusp form. If, in addition, Tvf = ωvf for every v ∈ f ,
and µf (ξ,m) 6= 0 for some ξ� 0 and some m, then there exists in S2m,4λ(o, 2−1c, ψ2)
a system χ of Hecke eigenvalues, with χ(p) = N(p)ωv. gτ is then µf (τ, q−1) times
the normalized “even” eigenform belonging to χ. Warning: χ need not be a primitive
system of eigenvalues; it could come from a primitive form at lower level.

Theorem 5.2. Let g = (gλ)λ ∈ S2m,4λ(o, 2−1c, ψ2), and set

(5.5) h̃(z) =
∑

λ

〈θ(z, w; ηλ), gλ(w)〉 = 〈Θ(z, p; η),g(p)〉,
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using η and ηλ of (5.22) and (5.23). Then h̃ ∈ Sk,λ(o, 4−1rc, ϕ), and µh̃(ξ,m) = 0
unless ξ ∈ rm−2. This shows that h̃ comes from a form f̃ ∈ Sk,λ(b, b′, ψ), anal-
ogously to (5.1). Moreover, for almost all v ∈ f corresponding to a prime p, if
T(p)g = χ(p)g, then Tv f̃ = χ(p)N(p)−1f̃ .

We shall prove preliminary forms of Theorem 5.1 and Theorem 5.2 in this
section, and fill in the remaining details in the next two sections. For any w, w′,

and z ∈ Ca, and ξ =
(
a b
c d

)
∈ M2(FA), we define the symbols [ξ, w,w′], [ξ, w],

and R [ξ, z, w], all of which are elements of Ca, by:

(5.6) [ξ, w,w′] =
(

(−1 wv )ξv

(
w′v
1

))
v∈a

= (cvwvw
′
v + dvwv − avw

′
v − bv)v∈a,

(5.7) [ξ, w] = [ξ, w,w], R [ξ, z, w] = (zv det ξv +
iyv

2v2
v

|[ξ, w]v|
2)v∈a.

Here y and v are the imaginary parts of z and w, respectively.
Let V = {ξ ∈ M2(F )| trace ξ = 0}, let S(Vf ) denote the space of Schwartz class

functions on Vf , and let S(Vv) denote the space of Schwartz class functions on Vv,
for any v ∈ f . We will view any η ∈ S(Vf ) as a function on VA via the projection
onto Vf . Restricting η to V ⊂ VA, we get a “locally constant function” on V in the
sense of [Sh 85a]. For z, w ∈ Ha, and p ∈ G̃A, we now define our theta-functions

Θm(z, p; η)(5.8)

= yu/2
∑
ξ∈V

η(p−1ξp)ϕ(det p)
[
(p−1ξp)a,−i

]m
ea(2−1R

[
(p−1ξp)a, z, i

]
),

(5.9) θm(z, w; η) = yu/2v−2m
∑
ξ∈V

η(ξ)[ξ, w]mea(2−1R [ξ, z, w]).

(In [Sh 93a], the theta-function of (5.9) is also denoted by Θ.) Again, y and v are
the imaginary parts of z and w. The parameters m and η may be dropped if they
are known from the context. ϕ = ψετ is the Hecke character from before. For
η ∈ S(Vf ), and for tλ and xλ as in (2.5), define

(5.10) ηλ(y) = ϕ(tλ)−1η(x−1
λ yxλ).

Then, analogously to (2.6),

(5.11) ∀p ∈ G̃a+, Θ(z, t−1
λ xλp; η) = (det p)iµJ2m(p, i)−1θ(z, pi; ηλ).

The transformation properties of the theta-functions are given by

(5.12) ∀s ∈ F×A , Θ(z, sp; η) = ϕ2(s)Θ(z, p; η) = ψ2(s)Θ(z, p; η),

(5.13) ∀α ∈ G̃ and w ∈ G̃f , Θm(z, αpw; η) = ϕ(detw)Θm(z, p; ηw−1
),
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(5.14) ∀α ∈ G̃+, J2m(α,w)−1θm(z, αw; η) = θm(z, w; ηα),

(5.15) ∀γ ∈ G ∩ PAC
′′, Jk(γ, z)−1θ(γz, w; γη) = θ(z, w; η).

Here we define ηα by

(5.16) ηq(ξ) = η(qξq−1), q, ξ ∈ G̃A or G̃f .

Equations (5.12), (5.13), and (5.14) are then immediate. For the definition of γη
in (5.15), valid only for γ ∈ G ∩ PAC

′′, see section 7 of [Sh 85a], section 11 of
[Sh 87], section 5 of [Sh 93a], and [Sh 93b]. The action (γ, η) 7→ γη arises from the
representation of MA on S(VA) associated to the quadratic form det on V . We
follow [Sh 93a] (especially the discussion before Lemma 5.1 there) in defining γη
slightly differently from its meaning in [Sh 87]. (The actions agree on G ∩ PAC

′.)
Moreover, ηα = η and γη = η for α and γ in sufficiently small congruence subroups
(depending on η). A stronger result holds:

Proposition 5.2.1. Fix η and m, and write θ(z, w) for the function of (5.9).
Assume f ∈ Sk,λ, and g ∈ S2m,4λ, and define

(5.17) fθ(w) =
〈
θ(z, w), f(z)

〉
, gθ(z) = 〈θ(z, w), g(w)〉, z, w ∈ Ha.

Then fθ ∈M2m,4λ (not necessarily a cusp form!), and gθ ∈ Sk,λ.

Proof: The inner products in (5.17) make sense, thanks to (5.14) and (5.15), and
converge nicely, since f and g are cusp forms. One obtains from the transformation
properties of θ(z, w) that fθ and gθ are C∞ functions on Ha that transform like
automorphic forms of weight 2m and weight k, respectively. By the estimates in
[Sh 82], pages 614 and 615, fθ and gθ grow slowly at the cusps. Moreover, these
estimates imply that gθ decays rapidly at the cusps, by simply expanding θ as a
sum over ξ and integrating termwise in (5.17). Our only possible worry is the
contribution to the inner product from the term for ξ = 0, when m = 0. This
contribution vanishes, being proportional to η(0)yu/2 times the inner product of
g(w) with the constant function 1. (This inner product vanishes because g(w) is a
cusp form of weight 0.) The rest of the proposition will follow once we show that
fθ and gθ are eigenfunctions of the Lv operators, with the stated eigenvalues. This
follows from the self-adjointness of Lv and from the following lemma.

Lemma 5.3. Fix v ∈ a, and write Lk
z and L2m

w for Lk
z,v and L2m

w,v; similarly for
δk
z , δ2m

w , εz, and εw. Then

(5.18) Lk
zθm = 1/4L2m

w θm;

(5.19) πiεzθm = δ
2m−(2)v
w δ

2m−(4)v
w θm−(2)v

, if mv ≥ 2;

(5.20) 4δk−(2)v
z δ

2m−(4)v
w θm−(2)v

= πiεwθm, if mv ≥ 2.

Proof: Note that (5.18) follows from (5.19) and (5.20) (at least if mv ≥ 2), since the
differential operators in w commute with those in z. One proves these identities by
applying the operators term-by-term to θ(z, w), and showing that the above iden-
tities hold for each term yu/2v−2mη(ξ)[ξ, w]mea(2−1R [ξ, z, w]). This is extremely
messy, but presents no conceptual difficulties. We remark that (5.18) already ap-
pears in [S 75].
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We also note the following consequence of (5.20):

(5.21) εwεwfθ = (−4/iπ)εwδ2m−(4)v
w (εzf)θ = (constant)(εzf)θ.

We now define the function η ∈ S(Vf ) that we shall use in our theta-function.
η is the product of local functions ηv ∈ S(Vv), for v ∈ f : η(y) =

∏
v∈f ηv(yv). ηv

is given by ηv

((
a b
c −a

))
= 0 unless a ∈ ov, b ∈ 2c−1

v d−1
v , and c ∈ 2−1cvdv, in

which case

(5.22) ηv

((
a b
c −a

))
=

{
1, if v † rc;∑

t∈2−1r−1
v /2−1cv,2trv=ov

ϕv(t)−1ev(bt), if v | rc.

By (5.10) we similarly get ηλ(y) =
∏

v∈f (ηλ)v(yv), where (ηλ)v

((
a b
c −a

))
= 0

unless a ∈ ov, b ∈ 2(cdtλ)−1
v , and c ∈ 2−1(cdtλ)v, whereupon

(ηλ)v

((
a b
c −a

))
(5.23)

=
{
ϕv(tλ)−1, if v † rc;∑

t∈2−1(r−1tλ)v/2−1(ctλ)v,2t(rt−1
λ

)v=ov
ϕv(t)−1ev(bt), if v | rc.

θ(z, w; ηλ) and Θ(z, p; η) then satisfy

(5.24) ∀γ ∈ Γ[2d−1, 2−1rcd ], Jk(γ, z)−1θ(γz, w; ηλ) = ϕrc(aγ)−1θ(z, w; ηλ),

(5.25) ∀γ ∈ Γ[2d−1, 2−1rcd ], Jk(γ, z)−1Θ(γz, p; η) = ϕrc(aγ)−1Θ(z, p; η),

(5.26)
∀α ∈ Γ̃[rd−1t−1

λ , 2−1cdtλ ], J2m(α,w)−1θ(z, αw; ηλ) = ϕrc(a2
α/detα)θ(z, w; ηλ),

(5.27) ∀α ∈ G̃ and w ∈ G̃f ∩ D̃[rd−1, 2−1cd ], Θ(z, αpw; η) = ψ2
2−1c(dw)Θ(z, p; η).

(5.24) (which implies (5.25)) means that γηλ = ϕrc(aγ)ηλ for γ ∈ Γ[2d−1, 2−1rcd ].
This follows from Proposition 11.7 of [Sh 87], with M , x, y, and z there replaced by
V ∩ o[2rd−1t−1

λ , 2−1cdtλ ], o, 4(rc)−1d−2, and rc. (See also Lemma 5.1 of [Sh 93a],
and the discussion preceding it.) (5.26) and (5.27) mean that

(5.28) ∀α ∈ D̃[rd−1, 2−1cd ], ηα = ϕrc(a2
α/detα)η,

(5.29) ∀α ∈ D̃[rd−1t−1
λ , 2−1cdtλ ], ηλ

α = ϕrc(a2
α/detα)ηλ.

These identities can be proved locally, by direct calculation at each v ∈ f .
We are now in a position to prove part of Theorem 5.1 and Theorem 5.2. The

proofs will be completed in sections 6 and 7.
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Theorem 5.1, preliminary version. Given f ∈ Sk,λ(b, b′, ψ), define gτ as in
Theorem 5.1. Then gτ ∈ M2m,4λ(r, 2−1c, ψ2) and gτ is “even.” The fact that gτ

actually belongs to M2m,4λ(o, 2−1c, ψ2) and the rest of the statement of the theorem
will follow once we prove (in section 6) the identity (5.4) and the fact that gτ is a
cusp form if f is orthogonal to the relevant theta-series.

Proof: Using the notation of Theorem 5.1, define gτλ(w) by

(5.30) Cgτλ(w) =
∫

Φ

θ(z, w; ηλ)h(z)ykdHz.

Then gτλ(w) is a constant times
〈
θ(z, w; ηλ), h(z)

〉
, and so by Proposition 5.2.1,

gτλ ∈M2m,4λ. (5.12), (5.27), and (5.11) imply that gτ = (gτλ)λ satisfies the condi-
tions corresponding to (2.2), (2.3), and (2.6), and so belongs to M2m,4λ(r, 2−1c, ψ2).
By Lemma 3.1, gτ is “even”if for any v ∈ a, (εv)mvgτ (p) (which is of weight 0 at

the v-place) is invariant under replacing p by pev. (Recall that ev =
(

(−1)v 0
0 1

)
.)

Trivially,

(5.31) Θ(z, pev) = Θ(z, p), if mv = 0.

Also, if mv = 1, εvgτ is given by integrating h against εvΘ(z, p), where εv acts on
the p-variable. One can then verify that εvΘ(z, p) equals

yu/2
∑
ξ∈V

η(p−1ξp)ϕ(det p)
[
(p−1ξp)a,−i

]m−(1)vea(2−1R
[
(p−1ξp)a, z, i

]
)(5.32)

× i
[
p−1ξp, i,−i

]
v
(mv −

πyv

2

∣∣[(p−1ξp)a, i
]
v

∣∣2),
which is also invariant under replacing p by pev, provided mv = 1. The case where
mv is arbitrary can be reduced to these two cases by (5.21). Indeed, applying εv
twice to gτ is the same as replacing h by a constant multiple of εvh and decreasing
mv by 2. (Note that ψ and ϕ remain normalized throughout this process.)

Proving (5.4) will imply the remaining statements in the theorem, except
for the first part of assertion (4) (about cuspidality). Indeed, (5.4) implies that
c(m, u;gτ ) = 0 unless m ⊂ o, because on the right-hand side µf (τ, q−1m) = 0 unless
τ ∈ b−1q2m−2, which forces m ⊂ o, since τb = q2r with r integral and squarefree.
Since gτ is “even,” c(m, σ;gτ ) = 0 for all signatures σ, unless m ⊂ o. By Lemma
2.1, gτ ∈ M2m,4λ(o, 2−1c, ψ2). This will complete the proof of assertions (1) and
(2). Assertion (3) is then a direct consequence of (5.4), by comparing Fourier coef-
ficients (this is somewhat messy). Finally, the second part of assertion (4) merely
means that we can find some τ so that gτ 6= 0. By assumption, there exist ξ� 0
and m such that µf (ξ,m) 6= 0. For τ = ξ, (5.4) implies that the formal Dirichlet
series for gτ is nonzero.

Theorem 5.2, preliminary version. (1) Take any g ∈ S2m,4λ, and an ideal
class λ. Put h̃(z) = 〈θ(z, w; ηλ), g(w)〉. Then h̃ ∈ Sk,λ(o, 4−1rc, ϕ).

(2) Now take g ∈M2m,4λ(o, 2−1c, ψ2), and define h̃ by (5.5). Then for almost
all v ∈ f corresponding to a prime p, if T(p)g = χ(p)g, then Tvh̃ = χ(p)N(p)−1h̃.
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Thus, if h̃ corresponds to a form f̃ ∈ Sk,λ(b, b′, ψ), then f̃ has almost all the same
Hecke eigenvalues as h̃, and the rest of Theorem 5.2 follows.

Proof: By Proposition 5.2.1, h̃ ∈ Sk,λ in both cases. (5.24) then implies that h̃ ∈
Sk,λ(o, 4−1rc, ϕ) in both cases. The relation between the Hecke eigenvalues of g
and h̃ follows from Theorem 6.7 of [Sh 88]. (This type of relation goes back to
Shintani’s paper [S 75].) The statement on the Hecke eigenvalues of f̃ then follows
from Proposition 4.3. Note that we can always define a form f̃ by µf̃ (ξ,m) =
µh̃(ξ/τ, qrm), analogously to (5.1). A priori , however, we know only that f̃ ∈
Sk,λ(rb, b′, ψ). Removing r from the level of f̃ will be the job of section 7, and this
will complete the proof of Theorem 5.2.

6. More on Theorem 5.1.

The purpose of this section is to derive the equality (5.4) of section 5. This will
complete our proof of Theorem 5.1, except for some remarks that we shall make at
the end of this section, concerning the conditions under which gτ is a cusp form.
We will keep the same notation as in section 5. It will be enough to show (5.4) in
the case where the multiplicative symbols are of the form

(6.1) M(m) = χ∗(m)N(m)−s.

Here the real part of s is sufficiently large, and χ is any Hecke character with
conductor o, satisfying

(6.2) ∀x ∈ F×a , χa(x) = |x|iρ,

for some ρ ∈ Ra such that ‖ρ‖ = 0. This will imply the desired equality for arbitrary
systems of multiplicative symbols (see page 805 of [Sh 87]).

We prove (5.4) following the argument in section 7 of [Sh 87]. We start with
equation (5.30) from the previous section:

(6.3) Cgτλ(w) =
∫

Φ

θ(z, w; ηλ)h(z)ykdHz.

Up to a constant, this is the same integral as equation (7.6) of [Sh 87]. Namely,
h, ϕ, rc, and Γ[2d−1, 2−1rcd ] here correspond to f , ψ, c, and Γ there; ηλ here is
(ϕrc/ϕ)(tλ)D1/2

F N(2−1ctλ) times the function of [Sh 87], equations (7.7) and (7.8);
and 2−1r−1tλ here corresponds to x there. Note that Shimura assumes in [Sh 87]
that x is prime to c there, which in our case translates to 2−1r−1tλ being prime to
rc. This can be arranged by a suitable choice of the representatives {tλ} of the ideal
classes mod a. In that case, (ϕrc/ϕ)(tλ) becomes equal to ϕ∗(2rt−1

λ ).
The main point is to compute the Dirichlet series of gτ , by taking the Mellin

transform of the gτλ. To this end, recall from (3.14) that K = {y ∈ Ra | y� 0}/o×+,
and consider the integral

(6.4)
∫

K

gτλ(ir)rm+su−u+iρ+iµ dr.
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This integral converges (for the real part of s sufficiently large) if and only if the
constant term c0(y; gτλ) vanishes. In that case, since gτ is “even,” we invoke Propo-
sition 3.2 and Proposition 3a.1 to conclude that the expression in (6.4) is equal to

(6.5) 2−‖u+2m‖π−‖su+m+u/2‖
∑

ξ∈F×/o×+

c(ξt−1
λ , u;gτ )M(ξo)X(s, sgn ξ).

Here, for s ∈ C and σ ∈ {±1}a, we define

X(s, σ) =
∑

0≤q≤m

(
m

q

)
2‖q‖σq(su+ u+ iµ+ iρ+ q −m)m−q(6.6)

×Γ((su+ iµ+ iρ+m+ q)/2 + β)Γ((su+ iµ+ iρ+m+ q)/2 + γ).

Here q runs over elements of Za, and the symbols
(
m
q

)
, Γ(x), and (x)n for x ∈ Ca

and 0 ≤ n ∈ Za are defined as in (0.13). This means that X is the product over all
v ∈ a of the local Gamma-factors Y , after removing the powers of 2 and π. Recall
that gτ has parameters 2β and 2γ.

Replace gτλ in (6.4) with its value as given in (6.3). An ingenious manipulation
of θ(z, w; ηλ), as in equations (7.17) through (7.19) of [Sh 87], then yields that the
expression in (6.4) is equal to∑

0≤n≤m

∑
aβ

(
m

n

)
2‖n−2m+su−2u‖/2π−‖m+su+u‖/2(6.7)

× Γ((su+ u+ n+ iµ+ iρ)/2)M(r−1tλ)L+
rc(s+ 1, ϕχ, 2rt−1

λ aβ)

×
∑

ξ∈F×/o×+

µh(1, ξa−1
β )M(ξa−1

β )

×
∫

y�0

Hm−n(
√

4πy sgn ξ)Wβ,γ(y/2)ea(iy/2)y(su−2u+m+iµ+iρ)/2 dy.

Here aβ runs over a set of representatives for the ideal classes mod a, in such a way
that each aβ is prime to rc. (See page 802 and (6.12b) of [Sh 87]: we are essen-
tially summing over a set of cusps.) Also, L+ is the L-series defined in equation
(6.17b) of [Sh 87]. (We give the definition of L+ below, in (6.10).) We will rewrite
µh(1, ξa−1

β ) as µf (τ, q−1r−1 · ξa−1
β ). Hn(x) is the product of the Hermite polynomi-

als
∏

v∈aHnv
(xv), which are defined in equation (2.1) of [Sh 87]; see also (6a.5) and

(6a.6) in the appendix to this section. The derivation of (6.7) proceeds by showing
that

∫
K
θ(z, ir; ηλ)rm+su−u+iρ+iµ dr is a linear combination of products of Eisen-

stein series with theta-functions of the form θl(z) = y−l/2
∑

b∈oHl(
√

4πyb)ea(b2z/2)
(see (7.14) of [Sh 87]). Thus the Mellin transform of gτλ is the sum of Rankin-Selberg
integrals involving h and θl, which ultimately yield (6.7).

As is shown in the appendix to this section, the sum over n in (6.7) simplifies
miraculously:∑

0≤n≤m

(
m

n

)
2‖n‖/2Γ((su+ u+ n+ iµ+ iρ)/2)(6.8)

×
∫

y�0

Hm−n(
√

4πy sgn ξ)Wβ,γ(y/2)ea(iy/2)y(su−2u+m+iµ+iρ)/2 dy

= (2π)−‖su+m‖/22−‖m‖/2X(s, sgn ξ),
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with the same X as before (!). Replace this in (6.7), and equate it with (6.5), so∑
ξ∈F×/o×+

c(ξt−1
λ , u;gτ )M(ξt−1

λ )X(s, sgn ξ)(6.9)

=
∑
aβ

L+
rc(s+ 1, ϕχ, 2rt−1

λ aβ)

×
∑

ξ∈F×/o×+

µf (τ, q−1r−1 · ξa−1
β )M(r−1 · ξa−1

β )X(s, sgn ξ).

Moreover, the L-series can be rewritten as

L+
rc(s+ 1, ϕχ, 2rt−1

λ aβ) =
∑

n∼2rt−1
λ

aβ

(ϕχ)∗(n)N(n)−s−1(6.10)

=
∑

n∼2rt−1
λ

aβ

ϕ∗(n)N(n)−1M(n),

where n ranges through the integral ideals prime to rc that are in the same ideal
class mod a as (2)rt−1

λ aβ . Now aβ varies through the ideal classes mod a. Thus each
integral ideal n that is prime to rc can be written as αrt−1

λ aβ , with a totally positive
element α ∈ F× and a unique aβ . Rearrange the right-hand side of (6.9) by replacing
the sum over ξ by one over ξ′ = αξ. Since sgn ξ = sgn ξ′ and r−1 · ξa−1

β = ξ′n−1t−1
λ ,

this yields∑
ξ∈F×/o×+

c(ξt−1
λ , u;gτ )M(ξt−1

λ )X(s, sgn ξ)(6.11)

=
∑

n+rc=o

ϕ∗(n)N(n)−1M(n)

×
∑

ξ′∈F×/o×+

µf (τ, q−1 · ξ′n−1t−1
λ )M(ξ′n−1t−1

λ )X(s, sgn ξ′).

Add up this equation over all tλ to obtain∑
m

c(m, u;gτ )M(m)
∑

ξ∈F×/o×+ , tλ

ξt−1
λ

=m

X(s, sgn ξ)(6.12)

=
∑

n+rc=o

ϕ∗(n)N(n)−1M(n)

×
∑
m

µf (τ, q−1m)M(m)
∑

ξ′∈F×/o×+ , tλ

ξ′n−1t−1
λ

=m

X(s, sgn ξ′).

Finally, note that the innermost sum on both sides of the above equation is merely∑
σ∈{±1}a X(s, σ), since for a given ideal m and a given signature, there is exactly

one tλ and exactly one ξ with the given signature (up to a totally positive unit),
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such that ξt−1
λ = m; similarly for the innermost sum on the right-hand side. Fortu-

nately,
∑

σ∈{±1}a X(s, σ) is a nonzero function of s, as observed in the appendix to
section 3, and can be cancelled. This completes the proof of (5.4).

We conclude this section by remarking that the proof in section 7 of [Sh 87] (in
particular, equations (7.24) through (7.25)) shows that the possible constant terms
of gτλ(w) are all linear combinations of expressions 〈h(z), θm(z)〉vu−m, where θm(z)
is a weight k theta-function of the type defined in [Sh 87], (4.5); these amount to
inner products of f with the theta-series of Theorem 5.1, (4). One can show that
for any v ∈ a,

(6.13) Lk
vθm = (mv(mv − 1)/4)θm.

Therefore, since different eigenspaces for Lk
v are mutually orthogonal, the only way

in which we could get a constant term would be if h (hence f) and θm had the
same eigenvalues for Lk

v , for all v ∈ a. In this case, the β and γ parameters of f are
−m/2 and (1−m)/2, and thus f is essentially the same as the holomorphic form

(6.14) fhol =
(∏

v∈a

(εv)bm/2c
)
f.

We see that fhol has weight 1/2 or 3/2 at all archimedean places. By Theorem 6.4
of [Sh 87], there can exist nonzero fhol orthogonal to the theta-series only if fhol

has weight 3u/2. In fact, a stronger result holds:

Proposition 6.1. Let f ∈ Sk,λ(b, b′, ψ) be holomorphic and of weight 1/2 at one
archimedean place v ∈ a, so mv = 0 and λv = 0. Assume that µf (τ,m) 6= 0 for
some τ� 0 and some m (this can be arranged by applying flipping operators to f at
some other archimedean places, if necessary; refer to the discussion at the end of
section 1). Then f is a theta-series of the form θm(bz), with b� 0, as in Theorem
5.1 (4). In particular, f is essentially the same as a holomorphic form, and fhol

(as defined by (6.14)) is a holomorphic theta-series of the above type.

Proof: If f is orthogonal to the space of all θm(bz), then the corresponding form gτ ,
as given by Theorem 5.1, is a cusp form which is holomorphic and of weight 0 at the
v-place. Since εvgτ = 0, we see from (2.13) that c(m, σ;gτ ) = 0 unless σv > 0. Since
gτ is even, however, c(m, (−1)vσ;gτ ) = c(m, σ;gτ ), so all of the Fourier coefficients
of gτ vanish. This contradicts the fact that gτ 6= 0.

Appendix: Proof of (6.8).
The identity (6.8) is the product over all places v ∈ a of the following identity,

where we will drop the v-subscripts and absorb iµv + iρv into s to simplify the
notation:

m∑
n=0

(
m

n

)
2n/2Γ((s+ 1 + n)/2)(6a.1)

×
∫ ∞

0

Hm−n(
√

4πy sgn ξ)V (2πy;β, γ)e−πyy(s+m)/2−1 dy

= (2π)−(s+m)/22−m/2
m∑

q=0

(
m

q

)
2q(sgn ξ)q(s−m+ q + 1)m−q

× Γ((s+m+ q)/2 + β)Γ((s+m+ q)/2 + γ).
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After we rescale y by 2π, this equation will follow from the two identities

(6a.2)
∫ ∞

0

V (y;β, γ)e−y/2ys/2−1 dy =
Γ(s/2 + β)Γ(s/2 + γ)

Γ(s/2 + β + γ)

(where we can replace β + γ by 1/2−m), and

m∑
n=0

(
m

n

)
2n/2Γ((s+ 1 + n)/2)Hm−n(T )(6a.3)

=
m∑

q=0

(
m

q

)
2(q−m)/2Γ((s−m+ q + 1)/2)(s−m+ q + 1)m−qT

q,

where T will be replaced with
√

2y sgn ξ.
We need only prove (6a.2) under the assumption that β and s have sufficiently

large real parts, since we can then invoke analytic continuation. In that case, we
obtain from (1.13) that the integral in (6a.2) equals

(6a.4) Γ(s/2 + β)Γ(β)−1

∫ ∞

0

(1 + t)−s/2−β−γtβ−1 dt.

As in the appendix to section 3, the above integral is a Beta-integral. This yields
(6a.2).

We prove (6a.3) by a tedious brute-force argument, which boils down to com-
puting the coefficient of T q in the left-hand side (which is a polynomial in T of
degree m). To do this, we expand

(6a.5) Hn(T ) =
n∑

k=dn/2e

n! (−2)k−n

(2k − n)! (n− k)!
T 2k−n.

This can be shown by induction from the definition in [Sh 87], (2.1), or by writing

Hn(T ) = exp(T 2/2)
(
− d

dT

)n

exp(−T 2/2)(6a.6)

= exp(T 2/2)
(
−1
T

d

da

)n∣∣∣∣
a=1

exp(−a2T 2/2)

= T−n

(
− d

da

)n∣∣∣∣
a=1

exp((1− a2)T 2/2)

=
∑
k≥0

((
− d

da

)n∣∣∣∣
a=1

(1− a2)k

)
T 2k−n

2kk!
.

(Expand the exponential into its power series.) We can then calculate by Leibniz’
rule that

(6a.7)
(
− d

da

)n∣∣∣∣
a=1

(1− a)k(1 + a)k =
k!n! (−1)n−k22k−n

(n− k)! (2k − n)!
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provided dn/2e ≤ k ≤ n; otherwise, the value is 0. Thus for 0 ≤ q ≤ m, the
coefficient of T q in the left side of (6a.3) is

(6a.8)
∑
n,k

2k−m+n=q

m!
n! (m− n)!

2n/2Γ((s+ n+ 1)/2)
(m− n)! (−2)k−m+n

(2k −m+ n)! (m− n− k)!

where n and k range over integers, under the conditions 0 ≤ n ≤ m, d(m− n)/2e ≤
k ≤ m− n, and (of course) 2k −m+ n = q. We wish to show that the above sum
is equal to

(
m
q

)
2(q−m)/2Γ((s−m+ q + 1)/2)(s−m+ q + 1)m−q. Write p = m− k;

thus n = 2p+ q−m, and p ranges over integers between (m− q)/2 and m− q. The
expression in (6a.8) then becomes(

m

q

)
2(q−m)/2Γ((s−m+ q + 1)/2)(6a.9)

×
m−q∑

p=d(m−q)/2e

(m− q)! 22p+q−m(−1)p+q−m

(2p+ q −m)! (m− q − p)!
((s−m+ q + 1)/2)p.

Now the sum over p in the above expression is (s−m+ q + 1)m−q. To see this,
observe that it can be written as

(6a.10)
∑
p≥0

(
− d

da

)m−q∣∣∣∣
a=1

(1− a2)p

p!
((s−m+ q + 1)/2)p.

By the binomial expansion, this becomes

(6a.11)
(
− d

da

)m−q∣∣∣∣
a=1

(1− (1− a2))−(s−m+q+1)/2.

This last expression is just (s−m+ q + 1)m−q, as desired. This concludes the
calculation.

7. More on Theorem 5.2.

In this section, we will look more closely at the map from forms of even weight
to forms of half-integral weight. Let g = (gλ)λ ∈ S2m,4λ(o, 2−1c, ψ2), and define

(7.1) h̃(z) =
∑

λ

〈θ(z, w; ηλ), gλ(w)〉 = 〈Θ(z, p; η),g(p)〉.

By the preliminary version of Theorem 5.2, h̃ ∈ Sk,λ(o, 4−1rc, ϕ), so µh̃(ξ,m) = 0
unless ξ ∈ m−2. We wish to prove the stronger result that

(7.2) µh̃(ξ,m) = 0 unless ξ ∈ rm−2.

Then, by Proposition 4.2, h̃ comes from a form f̃ ∈ Sk,λ(b, b′, ψ), as in (5.1). This
will complete the proof of Theorem 5.2.
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Lemma 7.1. Let η̃ ∈ S(Vf ) satisfy

(7.3) η̃(α) = 0, unless (detα)o ⊂ r,

for some ideal r. Put h̃(z) = 〈Θ(z, p; η̃),g(p)〉, for g as above. Then

(7.4) µh̃(ξ,m) = 0, unless ξ ∈ rm−2.

Proof: For a given m, Lemma 6.4 of [Sh 88] (or equation (5.22) of [Sh 93a]) implies

(7.5)
∑

ξ∈F×

µh̃(ξ,m)Wβ,γ(ξy/2)ea(ξx/2) = 〈Θ(x+ iy, p; ηm),g(p)〉,

where we define ηm(α) = ϕ(s)−1N(m)−1η̃(sα) for some s ∈ F×f with m = so. By our
assumption (7.3), ηm(α) = 0, unless (detα)o ⊂ rm−2. Hence the desired conclusion
follows by expanding the theta-function into a Fourier series in x (or from Lemma
5.2 of [Sh 93a], in the holomorphic case).

As it turns out, η as defined by (5.22) does not quite satisfy (7.3). However,
we will find an η̃ satisfying (7.3), but which yields the same h̃ as in (7.1). To this
end, notice that Θ(z, p; η) is automorphic in p with respect to D̃[rd−1, 2−1cd ], but
g is automorphic with respect to the slightly larger group D̃[d−1, 2−1cd ]. Thus, if
w ∈ G̃f ∩ D̃[d−1, 2−1cd ], then
(7.6)
h̃(z) =

〈
Θ(z, pw−1; η),g(pw−1)

〉
=

〈
ψ

2

2−1c(dw−1)ϕ(detw)−1Θ(z, p; ηw),g(p)
〉
.

(This uses (2.16) and (5.16).) Of course, if w ∈ D̃[rd−1, 2−1cd ], then we have gained
nothing, since then ψ

2

2−1c(dw−1)ϕ(detw)−1ηw = η. So take a finite set W ⊂ G̃f of
coset representatives for D̃[rd−1, 2−1cd ]\D̃[d−1, 2−1cd ], and define

(7.7) η̃(α) = |W |−1
∑

w∈W

ψ
2

2−1c(dw−1)ϕ(detw)−1ηw(α).

Each term in this sum is independent of the choice of w in its coset. |W | is the
cardinality of W .

Proposition 7.1.1. η̃ as above satisfies (7.3), and h̃(z) = 〈Θ(z, p; η̃),g(p)〉, with
the same h̃ as in (7.1). Combined with Lemma 7.1, this completes the proof of (7.2)
and hence of Theorem 5.2.

Proof: The second assertion is clear from (7.6). We prove (7.3) locally at each v ∈ f .
This is sufficient, since we can pick the representatives in W independently at each
finite prime v, and since η is a product of local Schwartz functions ηv. If v † r, our
assertion follows trivially from the definition of ηv.

We will thus assume that v | r. Since r is integral and squarefree, rv is the
maximal ideal of ov. Although we shall be working locally, we shall for notational
convenience drop all the v-subscripts. For instance, we shall write e(x) instead of
ev(xv) and ϕ instead of ϕv. We recall the local definition of η in this notation. η is
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supported on S =
{(

a b
c −a

) ∣∣∣ a ∈ o, b ∈ 2c−1d−1, c ∈ 2−1cd

}
. For an element of

S, we defined in (5.22) that

(7.8) η

((
a b
c −a

))
=

∑
t∈(o/rc)×

ϕ(2−1r−1t)−1e(2−1r−1bt).

Here we have picked once and for all a uniformizer r; that is, ro = r. We shall
take δ to be the local v-component of the global idele δ (so δo = d). We now
pick our (local) representatives for W . If r | 2−1c (equivalently, r | c), then a set

of representatives for D̃[rd−1, 2−1cd ]\D̃[d−1, 2−1cd ] is just the set
{(

1 δ−1λ
0 1

)}
,

as λ runs through a set of representatives for o/r. If r † c, then we must include

one other representative, namely
(

0 −δ−1

δ 0

)
. With this choice of representatives,

the factors in (7.7) involving ψ and ϕ become 1. (Note especially that if r † c,
then the factor involving ψ2

2−1c makes no local contribution.) Another point is that
conjugating by any of these representatives preserves S, whence η̃ is also supported

on S. So we need to prove (7.3) only for α =
(
a b
c −a

)
∈ S. Using our choice

of representatives, we see that we must show that for a ∈ o, b ∈ 2c−1d−1, and
c ∈ 2−1cd, ∑

λ∈o/r

∑
t∈(o/rc)×

ϕ(t)−1e(2−1r−1t(b− 2aδ−1λ− cδ−2λ2))(7.9)

+if r†c
∑

t∈(o/rc)×

ϕ(t)−1e(−2−1r−1tδ−2c)

= 0, unless a2 + bc ∈ r.

(We have eliminated the irrelevant factor |W |−1
ϕ(2r).) We divide the proof of (7.9)

into several cases.
Case I: c ∈ 2rd. Here e(−2−1r−1tcδ−2λ2) = e(−2−1r−1tδ−2c) = 1, so

we can reduce the calculation considerably. The term in (7.9) corresponding to(
0 −δ−1

δ 0

)
(which is present only when r † c) becomes

∑
t ϕ(t)−1 = 0, since ϕ is

ramified if r † c. (Indeed, we then have c = o, so ψ is unramified, and ϕ coincides
on o× with ετ . Now τb = q2r and b = o, so the local field extension by

√
τ is

ramified; hence ετ is just the quadratic character on (o/r)×. Note that o/r has odd
characteristic, since r † c = 4bb′.) So whether or not r divides c, we are left with the
sum

(7.10)
∑

t∈(o/rc)×

ϕ(t)−1e(2−1r−1tb)
∑

λ∈o/r

e(−r−1taδ−1λ).

The inner sum is 0 if a /∈ r, and is N(r) if a ∈ r. We thus need to show that the
Gauss sum G(b) =

∑
t∈(o/rc)× ϕ(t)−1e(2−1r−1tb) vanishes unless bc ∈ r. Recall that

b ∈ 2c−1d−1 and c ∈ 2−1cd ∩ 2rd.
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Case Ia: ϕ is ramified, with conductor h. Then h | c ∩ 4r, so c ∈ 2−1dh. By
a standard property of Gauss sums, G(b) = 0 unless bo = 2rh−1d−1. Then bc ∈ r,
as desired.

Case Ib: ϕ is unramified. In this case G(b) = 0 unless b ∈ 2d−1, so bc ∈ 4r.
Case II: c ∈ 2−1cd but c /∈ 2rd. Since we are working in a local field, the ideals

are totally ordered by inclusion. Thus 2rd
/
⊆ 2−1cd, so r

/
⊆ 4−1c. Now 4−1c = bb′

is integral, and r is the maximal ideal in o, so c = 4o, and co = 2−1cd = 2d. Write
c = 2δĉ, with ĉ ∈ o×.

Case IIa: r † 2, so c = o and ϕ restricted to (o/r)× is the quadratic character
ετ . Then the left hand side of (7.9) becomes∑

λ∈o/r

∑
t∈(o/r)×

ετ (t)−1e(−4−1r−1tδ−1ĉ−1((2ĉλ+ a)2 − a2 − bc))(7.11)

+
∑

t∈(o/r)×

ετ (t)−1e(−r−1tδ−1ĉ).

Since 2ĉ ∈ o×, we can replace the sum over λ with one over x = 2ĉλ + a ∈ o/r. It
then follows from standard facts about Gauss sums that

(7.12) ετ (t)−1
∑

x∈o/r

e(−4−1r−1tδ−1ĉ−1x2) =
∑

x∈o/r

e(−r−1δ−1ĉ−1x2)

(remember that 4−1tĉ−1 is a unit), and

(7.13)
∑

t∈(o/r)×

ετ (t)−1e(−r−1tδ−1ĉ) =
∑

x∈o/r

e(−r−1δ−1ĉ−1x2).

Apply (7.12) and (7.13) to the first and second terms, respectively, of (7.11). The
expression in (7.11) then becomes the following sum over all t ∈ o/r (not just units):

(7.14)
∑

t∈o/r

∑
x∈o/r

e(−r−1δ−1ĉ−1x2 + 4−1r−1tδ−1ĉ−1(a2 + bc)).

Sum over t first. The expression then vanishes unless a2 + bc ∈ r, as desired.
Case IIb: r | 2. As mentioned above, c = 4o, and c = 2δĉ, with ĉ ∈ o×. The

left side of (7.9) is now

(7.15)
∑

λ∈o/r

∑
t∈(o/4r)×

ψ(t)−1ετ (t)−1e(2−1r−1tb− r−1taδ−1λ− r−1tĉδ−1λ2).

We can ignore the case where a ∈ r, since then e(−r−1taδ−1λ) = 1, and we get an
inner sum

∑
λ∈o/r e(−r−1tĉδ−1λ2), which vanishes. (Recall that o/r has character-

istic 2, so λ 7→ λ2 is an automorphism.) Thus we may as well assume that a ∈ o×.
Now we have no control over ψ, except that it has conductor dividing 4o. Let us
therefore split up the sum over t into the cosets of 1 + 4o. This means that we will
write t = t0(1 + 4u) as t0 ranges over a set of representatives for (o/4o)×, and u
runs through o/r. We will show that the portion of (7.15) corresponding to each t0
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vanishes separately, unless a2 + bc ∈ r. In other words, after removing the factor
ψ(t0)−1ετ (t0)−1, we will show that∑

λ∈o/r

∑
u∈o/r

ετ (1 + 4u)−1(7.16)

× e
(
−4−1r−1δ−1ĉ−1t0(1 + 4u)((2ĉλ+ a)2 − a2 − bc)

)
= 0 unless a2 + bc ∈ r.

We prove (7.16) by proving a formula analogous to (7.12) in characteristic 2. Write
x = a−1ĉλ, which runs over o/r, since a, ĉ ∈ o×. Then we shall show below that

ετ (1 + 4u)−1
∑

x∈o/r

e(−4−1r−1δ−1ĉ−1a2t0(1 + 4u)(1 + 2x)2)(7.17)

=
∑

x∈o/r

e(−4−1r−1δ−1ĉ−1a2t0(1 + 2x)2),

and hence (7.16) becomes∑
x∈o/r

∑
u∈o/r

e(−4−1r−1δ−1ĉ−1a2t0(1 + 2x)2(7.18)

+ 4−1r−1δ−1ĉ−1t0(1 + 4u)(a2 + bc)).

The inner sum over u then vanishes unless a2 + bc ∈ r. Except for (7.17), this
concludes the proof of (7.9) and hence of Proposition 7.1.1.

It still remains to show (7.17). We first prove the following

Lemma 7.2. Assuming Case IIb above, let u ∈ o (although we only care about its
value mod r). Then ετ (1+4u) = 1 if and only if 1+4u = (1+2y)2 for some y ∈ o.

Proof: Since ετ is a quadratic character, ετ ((1+2y)2) = 1. Conversely, if ετ (1+4u) =
1, then 1+4u is a norm from the quadratic extension F (

√
τ)/F . Recall that τb = q2r

and that b = o (since c = 4bb′ = 4o). Hence F (
√
τ) = F (

√
r) for some uniformizer

r, which, without loss of generality, is the same as our old r. Thus we can find
y, z ∈ F , such that 1 + 4u is the norm of 1 + 2y + 2z

√
r; equivalently,

(7.19) u = y + y2 − z2r.

Since u is an integer, we can play around with valuations and conclude that y and z
must also be integers. Then 1+4u ≡ (1+2y)2 (mod 4r). We can then use Hensel’s
Lemma to modify y by an element of r so that this congruence will actually become
an equality.

Note that the multiplicative group of squares of the form (1+2y)2 (with y ∈ o)
is of index 2 in the multiplicative group 1 + 4o, since the former group is the kernel
of ετ , restricted to the latter group. This restriction is not trivial, otherwise we
would always be able to find y such that u = y + y2 in o/r. But the linear map
y ∈ o/r 7→ y + y2 ∈ o/r has kernel {0, 1}. This also implies that as y ranges over

36



o/r, the image of (1 + 2y)2 in (1 + 4o)/(1 + 4r) hits each element of the kernel of ετ
(restricted to 1 + 4o) exactly twice, once for y and once for y + 1.

We can now prove (7.17). First, if 1+4u = (1+2y)2 as above, then ετ (1+4u) =
1. Then for any unit l,∑

x∈o/r

e(4−1r−1δ−1l(1 + 4u)(1 + 2x)2)(7.20)

=
∑

x∈o/r

e(4−1r−1δ−1l(1 + 2(x+ y))2)

=
∑

x∈o/r

e(4−1r−1δ−1l(1 + 2x)2),

proving the equality. On the other hand, if 1+4u is not of the form (1+2y)2, then
ετ (1 + 4u) = −1. In this case, we must show that

(7.21)
∑

x∈o/r

e(4−1r−1δ−1l(1 + 4u)(1 + 2x)2) +
∑

x∈o/r

e(4−1r−1δ−1l(1 + 2x)2) = 0.

By the remark after Lemma 7.2, the left-hand side of (7.21) equals

(7.22) 2
∑

z∈o/r

e(4−1r−1δ−1l(1 + 4z)).

This duly vanishes, as required. This completes the proof of Proposition 7.1.1.
Theorem 5.2 is now completely proved.

8. Generalization of Theorems 3.2 and 3.4 of [Sh 93a].

Using Theorem 5.1 and Theorem 5.2 in the nonholomorphic case, we can
now proceed as in [Sh 93a] to derive relations between the Fourier coefficients of
f ∈ Sk,λ(b, b′, ψ), and the special values of Dirichlet series for the corresponding
normalized Hecke eigenform g ∈ S2m,4λ(o, 2−1c, ψ2).

We begin with some notation. The symbols τ , q, r, and ϕ are the same as
before; h is the conductor of ϕ; and j =

∏
p p, where the product is over prime

ideals p dividing rc but not dividing h. We define the Dirichlet series that interest
us as follows: take an “even” cusp form f ∈ S2m,4λ(o, z,Ψ). Let ω be a Hecke
character, x an integral ideal, and χ a system of Hecke eigenvalues. Then define

(8.1) D(s, f , ω, x) =
∑
m

ω∗(m) c(xm, u; f)N(m)−s,

(8.2) D(s, χ, ω) =
∑
m

ω∗(m)χ(m)N(m)−s−1.

(These are equations (3.15a,b) of [Sh 93a].) The series in (8.2) is normalized so that
0 is the center of its critical strip. We also let µ(m) be the Moebius function on the
integral ideals of F , and denote by hF the class number of F . We define γ(ϕ) to be
the Gauss sum of ϕ; that is,

(8.3) γ(ϕ) =
∑

0 6=t∈h−1d−1/d−1

ϕa(t)ϕ∗(thd)ea(t).

This assumes that h is nontrivial; if h = o, we define the Gauss sum to be ϕ∗(d).
The following theorem generalizes Theorem 3.4 of [Sh 93a].
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Theorem 8.1. Let f ∈ Sk,λ(b, b′, ψ) be an eigenfunction of all the Hecke operators
Tv, with eigenvalues ωv. Assume that f is orthogonal to the relevant theta-series
as in Theorem 5.1, and that it has some nonzero Fourier coefficient µf (ξ,m) with
ξ� 0. Also assume that any form f̃ ∈ Sk,λ(b, b′, ψ), such that Tv f̃ = ωv f̃ for almost
all v ∈ f , is a constant multiple of f . Let g ∈ S2m,4λ(o, 2−1c, ψ2) be the normalized
Hecke eigenform corresponding to f . Let f∗ ∈ Sk,λ(b′, b, ψ) be the “inversion” of
f , as in (4.19), and g∗ = J2−1cg ∈ S2m,4λ(o, 2−1c, ψ

2
) be the inversion of g, as in

(2.19). Then

µ(τ, q−1; f, ψ)µ(τ, q−1b; f∗, ψ)〈g,g〉/〈f, f〉(8.4)

= Q
∑

o⊃t⊃j

µ(t)ϕ∗(t)N(t)−1D(0,g∗, ϕ, t−1h−1rc),

where

Q = hF [o×+ : (o×)2]2‖u/2−m‖−1π−‖m‖τmψa(τ)N(h)−1γ(ϕ)(8.5)

× π−‖u/2‖Γ(β +m)Γ(γ +m).

If furthermore g∗ is an eigenform of all the Hecke operators T(n), with the system
of eigenvalues χ′, then the expression in (8.4) is

(8.6) QN(hr−1c−1)χ′(j−1h−1rc)
∏
p|j

(χ′(p)− ϕ∗(p)) c(o, u;g∗)D(0, χ′, ϕ).

Proof: Before doing anything, we explain why the factor Γ(β+m)Γ(γ+m) is finite,
which amounts to explaining why we are not evaluating the Gamma-functions at
their poles. Indeed, if, say, βv + mv is a nonpositive integer for some v ∈ a,
then γv = 1/2 − βv − mv is strictly positive. Since Lk

v is positive, its eigenvalue
λv = βvγv is nonnegative. This implies that βv = mv = 0, which is a contradiction
by Proposition 6.1. If f is holomorphic, then β = 0 and γ = u/2−m. In that case,
π−‖u/2‖Γ(β +m)Γ(γ +m) = Γ(m), and we recover the statement of Theorem 3.4
of [Sh 93a].

To prove (8.4), we follow the arguments of sections 6 through 8 of [Sh 93a],
making modifications to allow for nonholomorphic forms. We have seen that

(8.7) Cµf (τ, q−1)g(p) = Cgτ (p) =
∫

Φ

Θ(z, p; η)h(z)yk dHz,

with h, Φ, and C as in Theorem 5.1. On the other hand, we have seen in Theorem
5.2 that h̃(z) = 〈Θ(z, p; η),g(p)〉 is a form corresponding to an f̃ ∈ Sk,λ(b, b′, ψ),
and that for almost all v ∈ f , f̃ is an eigenform of Tv, with the same eigenvalue as
f . Hence f̃ = Af for a constant A, and h̃ = Ah. It then follows that

(8.8) A vol(Φ)〈h, h〉 =
∫

Φ

h(z)〈Θ(z, p; η),g(p)〉yk dHz = Cµf (τ, q−1)〈g,g〉.

Since 〈h, h〉 = τkN(qr)−1〈f, f〉, by (4.12), we get

(8.9) A =
21+‖m+u‖i−‖m‖τ−kN(qr2c)〈g,g〉
vol(Γ[2d−1, 2−1rcd ]\Ha)〈f, f〉

µf (τ, q−1).
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This is the same as Proposition 5.8 of [Sh 93a].
Let h∗ ∈ Sk,λ(4−1rc, o, ϕ) be the “inversion” of h. Use Proposition 4.3 and

(4.6), and remember that ψ satisfies (4.2) with −µ instead of µ, to obtain

(8.10) µh∗(ξ,m) = τkN(qr)−1µf∗(ξ/τ, qrm) = τu/2+iµN(qr)−1µf∗(ξτ, q−1bm).

Write g∗ = (g′λ)λ. As shown at the beginning of section 6 of [Sh 93a], Ah(z) =
〈Θ(z, p; η),g(p)〉 implies that

(8.11) Ah∗(z) = 〈Θ(z, p;σ),g∗(p)〉 =
∑

λ

〈θ(z, w;σλ), g′λ(w)〉

for a particular σ ∈ S(Vf ), for which an exact expression is given in equation (6.5)
of [Sh 93a]. (This is basically a matter of computing γ(ηα) for suitable γ and α,
as in (5.16) and (5.15).) Recall that σλ(y) = ϕ(tλ)−1σ(x−1

λ yxλ), analogously to
(5.10).

As in Proposition 6.1 of [Sh 93a], we can express
∑

m µh∗(1,m)N(m)−2s (which
is essentially

∑
m µf∗(τ, q−1bm)N(m)−2s) as a Rankin-Selberg integral of h∗ with

a holomorphic theta-function θ0, defined below. Let Γ = Γ[x, y ] be a congruence
group whose level xy is divisible by rc (and hence by h). We define the following
Eisenstein series, which are a special case of the ones used in section 4 of [Sh 93a]:

(8.12) E(z, s; Γ) =
∑
α∈R

ϕa(dα)ϕ∗(dαa−1
α )N(aα)2sysu+(iµ−m)/2‖mα,

(8.13) C(z, s; Γ) = Lxy(2s, ϕ)E(z, s; Γ).

Here R is a set of representatives for P\(G ∩ PAD[x, y ]); for α ∈ R, we define aα

by writing α = pw with p ∈ PA and w ∈ D[x, y ], and setting aα = dpo. We also
define the L-series

(8.14) Lxy(s, ϕ) =
∑

m+xy=o

ϕ∗(m)N(m)−s.

We note that E transforms by

(8.15) E(z, s; Γ)‖mγ = ϕxy(aγ)E(z, s; Γ), ∀γ ∈ Γ.

Lemma 8.2. Let Γ = Γ[2−1d−1rc, 2d ], and let θ0(z) =
∑

b∈o ea(b2z/2). Then∫
Γ\Ha

h∗(z)θ0(z)E(z, s+ 1/2; Γ)yk dHz(8.16)

= D
−1/2
F 21−‖u‖τu/2+iµN(q−1c)(2π)‖−su−m/2‖

× Γ(su+ (m− iµ)/2 + β)Γ(su+ (m− iµ)/2 + γ)
Γ(su+ (m− iµ)/2 + β + γ)

×
∑
m

µf∗(τ, q−1bm)N(m)−2s.

Proof: We first note that the integrand is invariant under Γ, since θ0(z) is of weight
u/2 with respect to Γ[2d−1, 2d ]. Note also that the Gamma-function in the denomi-
nator can be rewritten as Γ(su+(u−m−iµ)/2). The proof of this equality proceeds
as in the proof of Proposition 6.1 of [Sh 93a], by unfolding the integral using the
Eisenstein series E. The only difference is that since h∗ is not necessarily holo-
morphic, we must write its Fourier expansion using Whittaker functions. For each
v ∈ a, we then get a local Gamma-factor

∫∞
0
Wβv,γv

(y/2)e−πyys+(mv−iµv)/2−1 dy,
which we evaluate using (6a.2).
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We return to the proof of Theorem 8.1. Our expression (8.11), giving h∗ in
terms of a theta-integral, implies that A times the integral in (8.16) is equal to

(8.17)
∑

λ

〈∫
Γ\Ha

θ0(z)θ(z, w;σλ)E(z, s+ 1/2; Γ)yk dHz, g
′
λ(w)

〉
.

We can again unfold the integral over the variable z, and equate the result with A
times the right-hand side of (8.16). This yields equation (6.20) of [Sh 93a], slightly
modified to allow for the nonholomorphy of h∗:

A · 2‖−2su−u/2−m‖π‖u/2‖N(qr)−1τu/2+iµ(8.18)

× Γ(su+ (m− iµ)/2 + β)Γ(su+ (m− iµ)/2 + γ)
Γ(su+ (u−m− iµ)/2)Γ(su+ (u+m− iµ)/2)

×
∑
m

µf∗(τ, q−1bm)N(m)−2s

=
∑

λ

〈∑
β∈B

ϕ∗(aβ)N(aβ)2s+1Sβλ(w, s), g′λ(w)

〉
.

Here the set B is determined by the disjoint decompositionG∩PAD[2−1d−1rc, 2d ] =⊔
β∈B PβΓ. The ideals aβ are as in (8.12), and run through a set of representatives

for the ideal class group of F (see section 4 of [Sh 93a]). We can arrange for these
representatives to all be prime to rc. The functions Sβλ are given in equation (6.18)
of [Sh 93a]; namely,

(8.19) Sβλ(w, s) =
∑
ξ,b

σλ(rξ)[ξ, w]−m|[ξ, w]/v|−2su−u+m−iµ
,

where v is the imaginary part of w, and the sum is over pairs (ξ, b) ∈ (V × aβ)/o×

such that ξ 6= 0 and det ξ = −b2. In this expression, we have chosen r ∈ F×f such
that ro = aβ and rv = 1 for v | rc.

Proposition 8.3. Let q range through a set of representatives for 2−1rcdtλ/rcdtλ,
and let Γλ = Γ[2d−1t−1

λ , rcdtλ ]. Then there exist functions Tβλ(w, s), which are
essentially squares of Eisenstein series of weight m in w, such that

(8.20) Sβλ(w, s) = (−1)‖m‖2‖u‖
∑

q

Tβλ(w, s)‖2m

(
1 0
q 1

)
;

∑
β∈B

ϕ∗(aβ)N(aβ)2sTβλ(w, s− 1/2)(8.21)

= N(2−1rcdtλ)2sC(w, s; Γλ)E(w, s; Γλ).

Proof: This is the result of a delicate calculation in section 7 of [Sh 93a], which is
stated there in equations (7.14a,b).
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We are now in a position to combine (8.18), (8.20), and (8.21) in order to
express

∑
m µf∗(τ, q−1bm)N(m)−2s in terms of a Rankin-Selberg integral for g∗,

following section 8 of [Sh 93a]. We know that

(8.22) g′λ‖2mγ = ψ
2

2−1c(aγ)g′λ, ∀γ ∈ Γ[d−1t−1
λ , 2−1cdtλ ];

in particular, g′λ‖2m

(
1 0
q 1

)
= g′λ for q as in Proposition 8.3. Hence the expression

in (8.18) is equal to the value at s = t of

(−1)‖m‖2‖2u‖(8.23)

×
∑

λ

〈
N(2−1rcdtλ)s+t+1C(z, s+ 1/2; Γλ)E(z, t+ 1/2; Γλ), g′λ(z)

〉
.

We have introduced the parameter t to allow us to evaluate (8.23) for the real part
of t − s sufficiently large, where everything converges nicely; we will then invoke
analytic continuation. We have also written z instead of w, to avoid notational
confusion when we expand everything into Fourier series.

Note first that for any ideal class λ,

(8.24) vol(Γλ\Ha) = 2‖u‖ vol(Γ[2d−1, 2−1rcd ]\Ha).

Thus the expression in (8.23) becomes

(−1)‖m‖2‖u‖ vol(Γ[2d−1, 2−1rcd ]\Ha)−1(8.25)

×
∑

λ

N(2−1rcdtλ)s+t+1

∫
Γλ\Ha

C(z, s+ 1/2; Γλ)E(z, t+ 1/2; Γλ)g′λ(z)y2m dHz;

when s = t, this equals the quantity of (8.18). Also, we can find a finite set A ⊂ G
such that for all λ, G ∩ PAD[2d−1t−1

λ , rcdtλ ] =
⊔

α∈A PαΓλ. This involves taking

each α in G ∩
(
r−1 0
0 r

)
U , with r ∈ F×f and a sufficiently small open subgroup U

of GA, in such a way that the ideals aα = ro range over a set of representatives for
the ideal classes of F . This follows by the same argument as that in Lemmas 1.3
through 1.5 of [Sh 83]. We can then unfold the integrals in (8.25) into∫

Γλ\Ha

C(z, s+ 1/2; Γλ)E(z, t+ 1/2; Γλ)g′λ(z)y2m dHz(8.26)

=
∑
α∈A

ϕa(dα)ϕ∗(dαa−1
α )N(aα)2t+1

×
∫

Ψα
λ

gα
λ (z)Cα

λ (z)ytu+(u+3m−iµ)/2 dHz,

where we define Ψα
λ = (P ∩ αΓλα−1)\Ha, gα

λ = g′λ‖2mα
−1, and Cα

λ (z) = C(z, s +
1/2; Γλ)‖mα

−1. We can take Ψα
λ to be (Ra/2d−1t−1

λ a−2
α )×{y ∈ Ra | y� 0}/(o×)2.

As in section 8 of [Sh 93a], the Fourier expansions of gα
λ and Cα

λ are

gα
λ (z) =ϕa(dα)2ϕ∗(dαa−1

α )2(8.27)

×
∑

0 6=ξ∈tλa2
α

c(ξt−1
λ a−2

α , sgn ξ;g∗)|ξ|m−iµ
W2β,2γ(ξy)ea(ξx)
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(recall that ψ2 = ϕ2), and

ϕa(dα)ϕ∗(dαa−1
α )N(aα)−2s−1y−su−(u−m−iµ)/2Cα

λ (z)(8.28)

=Lrc(2s+ 1, ϕ) +D
−1/2
F γ(ϕ)N(h)−1

∑
o⊃t⊃2h−1rc

µ(t)ϕ∗(t)N(t)−2s−1

×
∑

y

N(y)2s
∑
h,b

ϕa(b)|b|−2su
ϕa(h)ϕ∗(hhdy)ea(−bhx)

× ξ(y, bh; su+(u+m+iµ)/2, su+(u−m+iµ)/2).

Here y runs through a set of representatives for the ideal class group of F , h runs
through h−1d−1y−1, and b runs through (F× ∩ t−1rcdtλa2

αy)/o×. ξ is a confluent
hypergeometric function closely related to the Whittaker function. We shall discuss
it further in the appendix to this section; for now, note only that (8a.2) implies that

ξ(y, bh; su+(u+m+iµ)/2, su+(u−m+iµ)/2)(8.29)

= |bh|2su+iµ
ξ(y|bh|, sgn bh; su+(u+m+iµ)/2, su+(u−m+iµ)/2).

We also note that g∗ is an “even” form, and hence that

c(ξt−1
λ a−2

α , sgn ξ;g∗)(8.30)

=
( ∏

v∈a,ξv<0

(−1)mv (2βv)mv
(2γv)mv

)
c(ξt−1

λ a−2
α , u;g∗).

Putting together these identities, we find that the quantity of (8.26) is equal to

γ(ϕ)N(2h−1d−1t−1
λ )

∑
α

N(aα)2s+2t
∑
t,y

µ(t)ϕ∗(t)N(t)−2s−1N(y)2s(8.31)

×
∑

a∈F×/(o×)2

∑
bh=a

c(at−1
λ a−2

α , u;g∗)|a|su−tu|b|−2su
ϕ∗(ab−1hdy)M(s, t, sgn a),

where

M(s, t, sgn a) =
( ∏

v∈a,av<0

(2βv)mv
(2γv)mv

)
(8.32)

×
∫

y�0

W2β,2γ(y sgn a)ξ(y, sgn a; su+(u+m+iµ)/2, su+(u−m+iµ)/2)

× ysu+tu+m−iµ−u dy.

We will evaluate M in the appendix to this section.
As b and y vary in their respective ranges, the ideal n = btr−1c−1d−1t−1

λ a−2
α y−1

ranges through all integral ideals. The condition that h = a/b ∈ h−1d−1y−1 means
that 0 6= a ∈ ztλ/(o×)2, where z = t−1h−1rcna2

α. Since we only care about the value
of a up to a unit in o×+, we can insert an extra factor [o×+ : (o×)2] and sum instead
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over a ∈ ztλ/o
×
+. Combining these observations, we see that the expression in (8.25)

becomes

(−1)‖m‖2‖u‖ vol(Γ[2d−1, 2−1rcd ]\Ha)−1γ(ϕ)[o×+ : (o×)2]N(h−1rc)(8.33)

×N(2o)−s−tN(dh)t−s
∑

λ,α,t,n

∑
0 6=a∈ztλ/o×+

µ(t)ϕ∗(t)N(t)t−s−1

× c(t−1h−1rcn · az−1t−1
λ , u;g∗)N(n)−s−tϕ∗(az−1t−1

λ )N(az−1t−1
λ )s−t

×M(s, t, sgn a).

As a and tλ run through their respective ranges, the pair (az−1t−1
λ , sgn a) ranges

through all possible pairs (m, σ), with m an integral ideal, and σ ∈ {±1}a. Also,
there are hF possible choices of aα. Therefore, the expression in (8.25) becomes

(−1)‖m‖2‖u‖ vol(Γ[2d−1, 2−1rcd ]\Ha)−1hF γ(ϕ)[o×+ : (o×)2]N(h−1rc)(8.34)

×N(2o)−s−tN(dh)t−s
∑

o⊃t⊃2h−1rc

µ(t)ϕ∗(t)N(t)t−s−1

×
∑

m,n⊂o

c(t−1h−1rcmn, u;g∗)N(n)−s−tϕ∗(m)N(m)s−t

×
∑

σ∈{±1}a
M(s, t, σ).

Note that the sum over t may be rewritten as a sum over o ⊃ t ⊃ j, because
µ(t)ϕ∗(t) = 0 unless t is squarefree and prime to h. Put

(8.35) Yt(s, t) =
∑

m,n⊂o

c(t−1h−1rcmn, u;g∗)N(n)−s−tϕ∗(m)N(m)s−t.

By Lemma 3.9 of [Sh 93a], Yt has a meromorphic continuation to all of C2, and
Yt(s, s) is holomorphic if the real part of s is positive; moreover, if s tends to +∞,
then Yt(s, s) tends to D(0,g∗, ϕ, t−1h−1rc). We shall see in the appendix to this
section that

∑
σ∈{±1}a M(s, t, σ) can be meromorphically continued to all of C2,

and that its value at s = t is

i‖m‖2‖−m‖π‖−m‖(8.36)

× Γ(su+ (m− iµ)/2 + β)Γ(su+ (m− iµ)/2 + γ)Γ(β +m)Γ(γ +m)
Γ(su+ (u−m− iµ)/2)Γ(su+ (u+m− iµ)/2)

.

Since the value of (8.34) at s = t is equal to the value of (8.18), we get(
〈g,g〉/〈f, f〉

)
µf (τ, q−1)

∑
m

µf∗(τ, q−1bm)N(m)−2s(8.37)

= Q
∑
t⊃j

µ(t)ϕ∗(t)N(t)−1Yt(s, s).

Letting s tend to +∞ yields (8.4). The formula (8.6) follows from equations (8.6a)
and (8.6b) of [Sh 93a]. We note that if χ is the system of eigenvalues corresponding
to g, then χ′(m) = χ(m), for m prime to 2−1c. This follows from the remark
immediately preceding Proposition 3.1 of [Sh 93a]. This concludes the proof of
Theorem 8.1.
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We shall now drop the “multiplicity one” hypothesis on f that was made in
Theorem 8.1. We shall derive a generalization of Theorem 3.2 of [Sh 93a], where
we still assume that f is an eigenform of all the Hecke operators, with Tvf = ωvf .
Define the spaces

(8.38) X = {f̃ ∈ Sk,λ(b, b′, ψ) | Tv f̃ = ωv f̃ for almost all v ∈ f},

(8.39) Y = {g ∈ S2m,4λ(o, 2−1c, ψ2) | T(p)g = N(p)ωvg for almost all v ∈ f},

where p is the prime corresponding to v ∈ f .

Theorem 8.4. Let {fi | i ∈ I} and {f ′i | i ∈ I} be dual bases for X with respect
to the inner product, and let {gj | j ∈ J} and {g′j | j ∈ J} be dual bases for Y . Let
f∗i be the inversion of fi, and g∗j be the inversion of gj, in the notation of Theorem
8.1. Assume that the forms in X are all orthogonal to the relevant theta-series, as
in Theorem 5.1 (by (6.13), this holds if λv 6= mv(mv − 1)/4 for some v ∈ a). Then∑

i∈I

µ(τ, q−1; f ′i , ψ)µ(τ, q−1b; f∗i , ψ)(8.40)

= Q
∑

o⊃t⊃j

µ(t)ϕ∗(t)N(t)−1
∑
j∈J

c(o, u;g′j)D(0,g∗j , ϕ, t
−1h−1rc),

with Q and the other symbols as in Theorem 8.1.

Proof: We note that both quantities in (8.40) are independent of the choice of dual
bases. Our proof follows by the same method as in section 9 of [Sh 93a]. Without
loss of generality, we take the {fi} and {gj} to be orthonormal bases of X and Y ,
respectively. Let hi correspond to fi as in Theorem 5.1, and define g̃i by

(8.41) Cg̃i(p) =
∫

Φ

Θ(z, p; η)hi(z)ykdHz.

By Theorem 5.1, g̃i ∈ Y and c(o, u; g̃i) = µ(τ, q−1; fi, ψ). Similarly, h̃j(z) =
〈Θ(z, p; η),gj(p)〉 comes from a form f̃j ∈ X, by Theorem 5.2. By the same reason-
ing as in Theorem 8.1, we get the following identities, which are equivalent to (9.5)
and (9.6) of [Sh 93a]:

C−1 vol(Φ)τkN(qr)−1µ(τ, q−1b; f̃∗j , ψ)(8.42)

= Q
∑
t⊃j

µ(t)ϕ∗(t)N(t)−1D(0,g∗j , ϕ, t
−1h−1rc),

(8.43) C−1 vol(Φ)τkN(qr)−1
〈
fi, f̃j

〉
= C−1 vol(Φ)

〈
hi, h̃j

〉
= 〈g̃i,gj〉.

Now f̃j =
∑

i∈I

〈
fi, f̃j

〉
fi, so f̃∗j =

∑
i∈I

〈
fi, f̃j

〉
f∗i . We similarly obtain that

g̃i =
∑

j∈J 〈gj , g̃i〉gj , so µ(τ, q−1; fi, ψ) = c(o, u; g̃i) =
∑

j∈J 〈gj , g̃i〉 c(o, u;gj).
Combining all this yields (8.40).
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Appendix: Calculation of M(s, t, σ).
Given s and t in C such that the real parts of both s and t− s are sufficiently

large, and given a signature σ ∈ {±1}a, we will express the function M(s, t, σ) (as
defined in (8.32)) in terms of Gamma-functions. We first mention a few propoerties
of the confluent hypergeometric function ξ, as culled from section 4 of [Sh 93a] and
equations (4.19) through (4.21) of [Sh 85b].

Given h, y ∈ Ra and α, β ∈ Ca such that y� 0 and α− β ∈ Za, we define ξ as
a product of local functions

(8a.1) ξ(y, h;α, β) =
∏
v∈a

ξ(yv, hv;αv, βv).

For α, β ∈ C in a suitable range, with α − β ∈ Z, and for h ∈ R and y > 0, the
following integral converges and defines the local ξ-function:

(8a.2) ξ(y, h;α, β) =
∫ +∞

−∞
e−2πihx(x+ iy)−α(x− iy)−β dx.

(We write (x+ iy)−α(x− iy)−β to denote |x+ iy|−2α(x− iy)α−β , where there is no
ambiguity in the meaning of the powers.) We can analytically continue ξ(y, h;α, β)
in α and β; in fact, equation (4.21b) of [Sh 85b] (or equation (4.14) of [Sh 93a])
tells us that if h > 0, then

(8a.3) yβξ(y, h;α, β) = (−2i)α−βπα|h|α−1
V (4πhy; 1− α, β)Γ(α)−1.

(If h < 0, the factor V (4πhy; 1 − α, β)Γ(α)−1 in the above expression should be
replaced with (4π|h|y)β−αV (4π|h|y;α, 1 − β)Γ(β)−1.) The integral appearing in
the definition of M(s, t, σ) involves the complex conjugate of ξ; however, (8a.2)
implies that

(8a.4) ξ(y, h;α, β) = ξ(y,−h;β, α) = (−1)β−αξ(y, h;α, β).

Therefore,

M(s, t, σ) =
i‖m‖π‖su−tu+u−m‖2‖−2tu−2m+u‖

Γ(su+ (u−m− iµ)/2)
(8a.5)

×
∏
v∈a

K(2βv, 2γv, s+(1−mv−iµv)/2,−s+(1−mv+iµv)/2; t+(−1+mv−iµv)/2, σv),

where we define K as follows: given an integer m ≥ 0 and β, γ, δ, ε, T ∈ C such that
2β + 2γ = 1− 2m and δ + ε = 1−m, let

(8a.6) K(2β, 2γ, δ, ε;T, 1) = ((δ)m)−1

∫ ∞

0

V (y; 2β, 2γ)V (y; δ, ε)yT+m−1 dy,

K(2β, 2γ, δ, ε;T,−1)(8a.7)

= (2β)m(2γ)m

∫ ∞

0

V (y; 1−2β, 1−2γ)V (y; 1−δ, 1−ε)yT−2m−1 dy.

These integrals converge if the real part of T is sufficiently large in comparison to
β, γ, δ, and ε.
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Proposition 8a.1. For σ ∈ {±1},

K(2β, 2γ, δ, ε;T, σ) = 22T−1π−1Γ(T + 1)−1(8a.8)

×
m∑

q=0

(
m

q

)
σq(T + δ + 2ε+m− q)q(T + 2δ + ε+ q)m−q

(δ − ε−m+ q)q(δ − ε−m+ 2q + 1)m−q

× Γ((T + 2β +m+ δ + q)/2)Γ((T + 2γ +m+ δ + q)/2)
× Γ((T + 2β +m+ ε+m− q)/2)Γ((T + 2γ +m+ ε+m− q)/2).

Proof: As in the proof of Proposition 3a.1, we shall reduce the above formula to
the case m = 0. Equation (10.7) of [Sh 85b] tells us that for any β and γ,

(8a.9) V (y;β, γ) = V (y;β + 1, γ) + γy−1V (y;β + 1, γ + 1).

(This follows easily from integrating by parts in (1.13).) Since V (y;β, γ) is sym-
metric in β and γ, or by writing (1 + t)−γtβ−1 = (1 + t)−γ−1tβ−1 + (1 + t)−γ−1tβ

in (1.13), we get

(8a.10) V (y;β, γ) = V (y;β, γ + 1) + βy−1V (y;β + 1, γ + 1).

We can thus express either V (y;β, γ) or V (y;β+1, γ+1) in terms of both V (y;β+
1, γ) and V (y;β, γ + 1). Combining this observation with (3a.4), we obtain

∂

∂y
V (y; δ, ε) = (−1/2)V (y; δ, ε)(8a.11)

+ δεy−1(δ − ε)−1

(
V (y; δ + 1, ε)− V (y; δ, ε+ 1)

)
,

(8a.12) V (y; δ, ε) = (δ − ε)−1

(
δV (y; δ + 1, ε)− εV (y; δ, ε+ 1)

)
.

Similarly, by the above observation and (3a.3), we have

∂

∂y
V (y; 1− δ, 1− ε) = (1/2)V (y; 1− δ, 1− ε)(8a.13)

+ (δ − ε)−1

(
(1− δ)V (y;−δ, 1− ε)− (1− ε)V (y; 1− δ,−ε)

)
,

(8a.14) V (y; 1− δ, 1− ε) = y(δ − ε)−1

(
V (y;−δ, 1− ε)− V (y; 1− δ,−ε)

)
.

We now use (3a.3) on V (y; 2β, 2γ) and integrate by parts to obtain

K(2β, 2γ, δ, ε;T, 1)(8a.15)

= ((δ)m)−1

∫ ∞

0

V (y; 2β + 1, 2γ + 1)

×
((

1/2 + (2− 2m)y−1 + ∂/∂y
)(
V (y; δ, ε)yT+m−1

))
dy

= (δ − ε)−1

(
(T + δ + 2ε)K(2β + 1, 2γ + 1, δ + 1, ε;T, 1)

+ (T + 2δ + ε)K(2β + 1, 2γ + 1, δ, ε+ 1;T, 1)
)
.
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Here we have used (8a.11) and (8a.12) and the fact that δ + ε = 1−m. Similarly,
by (3a.4), (8a.13), and (8a.14),

K(2β, 2γ, δ, ε;T,−1)(8a.16)

= (δ − ε)−1

(
−(T + δ + 2ε)K(2β + 1, 2γ + 1, δ + 1, ε;T,−1)

+ (T + 2δ + ε)K(2β + 1, 2γ + 1, δ, ε+ 1;T,−1)
)
.

By induction, it follows that for any k,

K(2β, 2γ, δ, ε;T, σ)(8a.17)

=
k∑

q=0

(
k

q

)
σq(T + δ + 2ε+ k − q)q(T + 2δ + ε+ q)k−q

(δ − ε− k + q)q(δ − ε− k + 2q + 1)k−q

×K(2β + k, 2γ + k, δ + q, ε+ k − q;T, σ).

Taking k = m, we have thus reduced (8a.8) to the case m = 0.
If m = 0, then V (y; 2β, 2γ) and V (y; δ, ε) are essentially K-Bessel functions,

and the value of the integral in the definition of K(2β, 2γ, δ, ε;T, σ) can be found
in [E], page 93, equation (36). Alternatively, we can first assume that all our
parameters are in a suitable range, and use the integral representation for V to
express

∫∞
0
V (y; 2β, 2γ)V (y; δ, ε)yT−1 dy as

(8a.18)
Γ(T+2β+δ)
Γ(2β)Γ(δ)

∫ ∞

0

∫ ∞

0

t2β−1(1+t)−2γuδ−1(1+u)−ε(1+t+u)−T−2β−δ dt du.

After the substitutions t = ξ/(1− ξ) and u = λ/(1− λ), we get∫ ∞

0

V (y; 2β, 2γ)V (y; δ, ε)yT−1 dy =
Γ(T+2β+δ)
Γ(2β)Γ(δ)

(8a.19)

×
∫ 1

0

∫ 1

0

ξ2β−1(1− ξ)T+2γ+δ−1λδ−1(1− λ)T+2β+ε−1(1− ξλ)−T−2β−δ dξ dλ.

We now expand (1−ξλ)−T−2β−δ into
∑∞

k=0 (T + 2β + δ)kξ
kλk/k! and evaluate the

Beta-integrals in ξ and λ to get the expression

Γ(T+2β+δ)Γ(T+2γ+δ)Γ(T+2β+ε)
Γ(T+2β+2γ+δ)Γ(T+2β+δ+ε)

(8a.20)

× 3F2(T+2β+δ, 2β, δ;T+2β+2γ+δ, T+2β+δ+ε; 1),

where 3F2 is the hypergeometric function defined in [H], (8.6-4). If 2β + 2γ and
δ + ε are both equal to 1, then Dixon’s formula (Theorem 8.6d of [H]) gives the
value of 3F2 in terms of Gamma-functions. Using Legendre’s duplication relation,
we conclude that if 2β + 2γ = δ + ε = 1, then∫ ∞

0

V (y; 2β, 2γ)V (y; δ, ε)yT−1 dy(8a.21)

= 22T−1π−1 Γ((T+2β+δ)/2)Γ((T+2γ+δ)/2)Γ((T+2β+ε)/2)Γ((T+2γ+ε)/2)
Γ(T+1)

,

as desired. This concludes the proof of Proposition 8a.1.
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Corollary 8a.2. The meromorphic continuation of M(s, t, σ) is

M(s, t, σ) =
i‖m‖π‖su−tu−m‖2‖−m−u‖

Γ(su+ (u−m− iµ)/2)Γ(tu+ (u+m− iµ)/2)
(8a.22)

×
∑

0≤q≤m

(
m

q

)
σq(tu− su+ u− q)q(tu+ su− iµ+ u−m+ q)m−q

(2su− iµ−m+ q)q(2su− iµ−m+ 2q + u)m−q

× Γ((tu+ su− iµ+ 2β +m+ q)/2)Γ((tu+ su− iµ+ 2γ +m+ q)/2)
× Γ((tu− su+ 2β + 2m− q)/2)Γ((tu− su+ 2γ + 2m− q)/2),

where q runs over elements of Za. Furthermore, if t = s, and we sum over all
signatures σ, then only the term q = 0 survives. In that case,∑

σ∈{±1}a
M(s, s, σ) = i‖m‖π‖−m‖2‖−m‖(8a.23)

× Γ(su+(m−iµ)/2+β)Γ(su+(m−iµ)/2+γ)Γ(β +m)Γ(γ +m)
Γ(su+ (u−m− iµ)/2)Γ(su+ (u+m− iµ)/2)

.

Proof: This uses (8a.5) and (8a.8). If qv > 0 for some v ∈ a, then (t− s+ 1− qv)qv

has a zero at t = s, and we expect no contribution from that term. We must check,
however, that neither Γ((tu−su+2β+2m−q)/2) nor Γ((tu−su+2γ+2m−q)/2)
has a pole at t = s. Since we are summing over all signatures σ, we may assume that
q ∈ 2Za. Say that (2βv +2mv− qv)/2 is a nonpositive integer for some v ∈ a. Then
βv+mv is an integer, which we shall call r, and r ≤ qv/2 ≤ mv/2. As observed in the
beginning of the proof of Theorem 8.1, r > 0. Since γv = 1/2− βv −mv = 1/2− r,
we see that (βv)r(γv)r 6= 0. (Writing the Pochhammer symbols as products, we
see that each factor is strictly negative.) Hence, the form f in Theorem 8.1 is
essentially the same as (εv)rf . In particular, δk−(2)v

v δ
k−(4)v
v · · · δk−(2r)v

v (εv)rf is a
nonzero constant times f , so (εv)rf 6= 0. Now the eigenvalue of (εv)rf for Lk−(2r)v

v

is (βv + r)(γv + r) = r−mv/2 ≤ 0, but this eigenvalue must be nonnegative. Thus
r = mv/2, and (εv)rf satisfies the conditions of Proposition 6.1, contradicting our
hypothesis on f .
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