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Abstract. We prove that if every chain on a strictly pseudoconvex hypersurface
M in C2 coincides with the boundary of a stationary disc, then M is locally spher-
ical.

Introduction

Every strictly pseudoconvex hypersurface M ⊂ C2 bounding a domain Ω ⊂ C2

carries two natural, biholomorphically invariant families of real curves: the so-called
chains and boundaries of stationary discs. These come from very different types of
geometrical constructions. Chains have been introduced by Chern and Moser [5] as
the CR geometry analogue of geodesics in Riemannian geometry. Stationary discs,
on the other hand, are the solutions to the Euler-Lagrange equations of Kobayashi
extremal discs in Ω. If M is in addition real-analytic, it carries a third natural
biholomorphically invariant family of real curves: traces of Segre varieties. A theorem
of Faran [6] shows that if the traces of Segre varieties agree with the chains, then
M is locally spherical. In a former paper [1] we showed that if the traces of Segre
varieties agree with the traces of stationary discs, then M is also locally spherical.

In this paper, we address the remaining question: If the traces of stationary discs
coincide with chains, is M also necessarily spherical? We have been asked this re-
peatedly when presenting the results in [1], and it turns out that the answer is also
yes. The natural setting for this question is for smooth hypersurfaces.

Theorem 1. Assume that M is a smooth strictly pseudoconvex hypersurface in C2.
If the chains of M are boundaries of stationary discs, then M is locally spherical.

In order to prove this theorem, we cannot utilize the cited results. Instead, we rely
on Fefferman’s characterization of chains as projections of light rays of an associated
Lorentz metric and analyzing its Hamiltonian. We construct a special family of chains
centered at the origin and show that if each of the members of this family is the trace
of a stationary disc, then the origin is an umbilical point.

The organization of this paper is to review the basics in section 1, summarize facts
about the chains in section 2, and give the proof of a (slightly sharpened) version of
the theorem in section 3.

1. Preliminaries

1.1. The Chern-Moser normal form and chains. We first recall that the group
of germs of biholomorphisms G = Aut(H2, 0) of the Heisenberg hypersurface H2 ⊂
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C2
z2,z1

(defined by Re z1 = |z2|2) fixing the origin are given explicitly by

H(z1, z2) = (g(z1, z2), f(z1, z2)) =

(
|λ|2z1

1 + 2āz2 + (|a|2 + it)z1

,
λ(z2 + az1)

1 + 2āz2 + (|a|2 + it)z1

)
.

They are therefore uniquely determined by the derivatives (fz2(0), fz1(0), Im gz21(0)) ∈
C∗ × C× R. Using this, we identify G with C∗ × C× R.

If we consider a germ of a strictly pseudoconvex real-analytic hypersurface (M, p) ⊂
(C2, p), given (assuming p = 0) by an equation of the form

Re z1 = |z2|2 + ϕ(z2, z̄2, Im z1) = |z2|2 +
∑
α,β̄

ϕα,β̄(Imu)z2
αz̄2

β̄.

then in this particular context the celebrated Chern-Moser normal form [5] implies
that for any choice of normalization parameter Λ ∈ G there exists a unique holomor-
phic choice of normal coordinates in which the equation of M satisfies the normal-
ization conditions

ϕα,β̄(Imu) = 0, if min(α, β̄) ≤ 1 or (α, β) ∈ {(1, 1), (2, 2), (3, 3), (2, 3), (3, 2)} .
The coordinate change HΛ into normal coordinates is uniquely determined by Λ by
requiring that its corresponding derivatives match Λ.

The lowest order term in the defining equation ϕ of M in normal coordinates which
is not necessarily vanishing is therefore of the form Apz

2
2 z̄

4
2 + Āpz

4
2 z̄

2
2 . The number

A transforms nicely under changes of normal coordinates and is called the Cartan’s
cubic tensor. It already appears in Cartan’s early work [3, 4], and it being 0 is a
biholomorphic invariant; such points are called umbilical points. For ease of notation
later on, we always normalize Ap to be real. If Ap vanishes for p in an open set, then
it turns out that M is locally spherical, i.e. locally equivalent near each point of that
set to H2. The same holds true for a C6 hypersurface, for which we can still define
the cubic tensor.

Chern and Moser used their normal form to introduce the notion of chains as
replacements for geodesics in Riemannian geometry. For each Λ = (λ, a, t) ∈ G, we
obtain a parametrized curve (defined for |s| small enough)

γ(s) = HΛ(is, 0).

If one disregards the parametrization of γ, then it turns out that the condition ϕ2,3̄ =
ϕ3,2̄ = 0 is a second order ODE whose solution is unique given a (which one thinks of
as a vector transverse to the complex tangent space T c0M). The rest of the data in Λ
geometrically corresponds to a choice of frame of T c0M and a choice of parametrization
of γ amongst a family of projectively equivalent ones. The second order differential
equations for chains are not easy to compute from a defining equation of M . For
boundaries of strictly pseudoconvex domains, the best way to get a computational
handle on chains seems to be their interpretation as projections of light rays of an
associated Lorentz metric introduced by Fefferman [8] which we discuss in the next
section.

1.2. Chains and the Fefferman Hamiltonian. We will now recall the Fefferman
metric for a strictly pseudoconvex hypersurface M = {ρ = 0} ⊂ C2. We write
zj = xj + iyj, j = 1, 2, and we assume that (y1, x2, y2) are local coordinates on M
near the origin, which we assume to be defined by

ρ(x1, y1, x2, y2) = x1 − (x2
2 + y2

2)− ϕ(y1, x2, y2).
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The constructive appeal of Fefferman’s metric is based on the fact that for the complex
Monge-Ampère operator

J(ρ) = det

 ρ ρz1 ρz2
ρz1 ρz1z1 ρz1z2
ρz2 ρz2z1 ρz2z2

 ,

one can construct approximate solutions ρ(k) to the equation J(ρ(k)) = 1 + O(ρk+1)
in an iterative way, in this particular case by

ρ(1) =
ρ

3
√
J(ρ)

, ρ(2) = ρ(1)

(
5− J(ρ(1))

4

)
.

The Fefferman metric is defined on a circle bundle over M . Let us denote by
(x0, y1, x2, y2) the coordinates on S1 ×M . The conjugate momenta will be denoted
by px0 , py1 , px2 and py2 . There is a lot of flexibility in which metric is actually used,
because the light rays of conformally equivalent Lorentz metrics are the same. The
one defined in [8] is

ds2 = − i
3

(
∂ρ(2) − ∂̄ρ(2)

)
dx0 +

2∑
j,k=1

∂2ρ(2)

∂zj z̄k
dzjdz̄k.

Setting

Φ = J(ρ),

A =

 0 iρz1 iρz2
−iρz1 3ρz1z1 3ρz1z2
−iρz2 3ρz2z1 3ρz2z2

 ,

P = (px0 , ipy1 , px2 + ipy2)

∂Φ = (0,Φz1 ,Φz2)

Φ̃ =

(
3Φjk −

5

Φ
ΦjΦk

)
j,k

,

the Hamiltonian of Fefferman’s metric is now given by

(1.1) H = PA−1P ∗ − 2px0
Φ

Im
(
∂Φ · A−1 · P ∗

)
−
p2
x0

2Φ
Tr
(

Φ̃A−1
)
,

where Tr(Φ̃A−1) stands for the trace of the matrix Φ̃A−1. Note that the formula
of the Hamiltonian in [8, p. 410] contains a minor sign mistake, see [7]. Writing
x = (x0, y1, x2, y2), and p = (px0 , py1 , px2 , py2), chains are the projections on M of the
solutions of the Hamiltonian system

(1.2) H(x, p) = 0, x′ = Hp(x, p), p′ = −Hx(x, p).

We are now ready to discuss a basic example.

Example 2. In the case of the sphere 2Re z1 = |z2|2,

A−1 =

 0 i 0

−i − |z2|
2

3
− z2

3

0 − z2
3
−1

3

 .
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For convenience, and since light rays for H or 3H are the same, we consider

A−1 =

 0 3i 0
−3i −|z2|2 −z2

0 −z2 −1

 .

In that case the Fefferman Hamiltonian is given by

(1.3) H = PA−1P ∗ = 6px0py1 − |z2|2p2
y1

+ 2y2py1px2 − 2x2py1py2 − p2
x2
− p2

y2
.

Now, we seek solution curves (x0(t), y1(t), x2(t), y2(t), px0(t), py1(t), px2(t), py2(t)) to
the Hamiltonian system (1.2), which written out is given by

0 = 6px0py1 − |z2|2p2
y1

+ 2y2py1px2 − 2x2py1py2 − p2
x2
− p2

y2

x′0 = 6py1

y′1 = 6px0 − 2|z2|2py1 + 2y2px2 − 2x2py2

x′2 = 2y2py1 − 2px2

y′2 = −2x2py1 − 2py2

p′x0 = 0

p′y1 = 0

p′x2 = 2x2p
2
y1

+ 2py1py2

p′y2 = 2y2p
2
y1
− 2py1px2

To solve this system, note that we have py1 = c
4

for some c so that we get x′′2 = cy′2
and y′′2 = −cx′2, and therefore z2 = c1e

−ict + c2 for some c1, c2 ∈ C. It remains to
determine y1. Next we note that the quantity y2px2 − x2py2 is conserved and solving
one sees that the chains are the curves of the form

z1(t) =
1

2
|c1e

−ict + c2|2 + i (c̃1t+ c̃2 cos(ct) + c̃3 sin(ct) + c̃4)

z2(t) = c1e
−ict + c2,

where c̃j ∈ R and cj ∈ C.

We will now assign weights to all variables in the following way. The usual
anisotropic scaling on C2, Λδ : (z1, z2) 7→ (δz1, δ

2z2), δ > 0, lifts to the cotangent
bundle as

Λ̃δ : (z1, z2, pz1 , pz2) 7→ (δz1, δ
2z2, δ

−1pz1 , δ
−2pz2).

This leads to assign the respective natural weights 1, 2,−1,−2 and −2 to the variables
z1, z2, py1 , px2 and py2 . The variables x0 and px0 both carry a weight 0. However, with
this convention, the Hamiltonian for the sphere (1.3) is homogeneous of degree −2.
It will be more convenient for us if the Hamiltonian (1.3) is homogeneous of degree
2, and so we shift the weights of the momenta by 2. To summarize, we assign the
following weights

(1.4)
wtx0 = 0, wt y1 = 2, wtx2 = wt y2 = wt z2 = 1,

wt px0 = 2, wt py1 = 0, wt px2 = wt py2 = 1.
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1.3. Stationary discs. We recall that a holomorphic disc f = (g, h), with g, h ∈
O(∆) ∩ C(∆) is said to be attached to M if f(b∆) ⊂ M . An attached disc f is said
to be stationary if it has a “lift” which is holomorphic up to a pole of order at most
1 in ∆ and attached to the conormal bundle of M . In term of equations, this means
that there exists a real-valued positive function a on b∆ such that the map f̃ = (g̃, h̃)
defined by

(1.5)

g̃(ζ) = ζa(ζ)
∂ρ

∂z1

(
f(ζ), f(ζ)

)
h̃(ζ) = ζa(ζ)

∂ρ

∂z2

(
f(ζ), f(ζ)

)
,

for ζ ∈ b∆, extends holomorphically to ∆. To deal with this extension property,
we will use the well known fact (see [1] for a proof) that a continuous function
ϕ : bΩ → C defined on the smooth boundary of a simply connected domain Ω
extends holomorphically to Ω if and only if it satisfies the moment conditions

(1.6)

∫
bΩ

ζmϕ(ζ)dζ = 0 for all m ≥ 0.

It turns out that if M is strictly pseudoconvex, then its conormal bundle is actually
totally real [15], and so the attachment of stationary discs turns into a standard
Riemann-Hilbert problem [13, 9, 10, 11]. In the case of the model hypersurface
2Re z1 = |z2|2, a typical stationary disc f passing through 0 at 1 (i.e. f(1) = 0) is
f(ζ) = (1− ζ, 1− ζ) and its lifts are given by (1− ζ, 1− ζ, aζ, a(ζ − 1)), a ∈ R.

The boundary traces of stationary discs are preserved under (local) CR diffeomor-
phisms in the following sense. In the case of a strictly pseudoconvex hypersurface
M , every CR function on M extends to the pseudoconvex side of M . Since the
components of a CR map H are CR functions, the map actually extends to the pseu-
doconvex side of M . Therefore, for a small enough stationary disc attached to M ,
the disc H ◦ f is attached to H(M) and is stationary (one just hast has to use the
defining equation ρ̃ = ρ ◦H−1 in (1.5)).

2. The Fefferman Hamiltonian in normal form

2.1. The model case. Consider a strictly pseudoconvex hypersurface of the form

M = {2Re z1 = Q(z2, z2)} ⊂ C2.

Such hypersurfaces (whose defining equations do not depend on Im z1) are called
rigid; the 1-parameter group of transformations z1 7→ z1 + it, t ∈ R, yields a cyclic
variable for the Hamiltonian (1.1).

As before, we write zj = xj + iyj, j = 1, 2 and use (x0, y1, x2, y2) as variables on
S1 ×M . We also write z0 = eiθ and x0 = θ. We now consider the defining equation

ρ = 2Re z1 −Q(z2, z2).

In that case, the Fefferman Hamiltonian (1.1) is computed to be

(2.1)

H = PA−1P ∗ − 2

3

px0
(Qz2z2)

2
Im
(
Qz2z22

(iQz2py1−px2+ipy2)
)

+
p2
x0

6(Qz2z2)
2

(
3Qz22z

2
2
− 5

Qz22z2
Qz2z22

Qz2z2

)
.
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Using the notations pz2 = px2 + ipy2 and pz2 = pz2 = px2 − ipy2 , the expression
involving A in (2.1) is explicitly given by

PA−1P ∗ = 2px0py1 −
|Qz2|2

3Qz2z2

p2
y1

+ i
Qz2

3Qz2z2

py1pz2 − i
Qz2

3Qz2z2

py1pz2 −
1

3Qz2z2

|pz2|2.

Adding the rest of the Hamiltonian, we get

H =

(
1

2

Qz22z
2
2

Q2
z2z2

− 5

6

Qz22z2
Qz2z22

Q3
z2z2

)
p2
x0

+

(
2−

Qz2z22
Qz2 +Qz22z2

Qz2

3Q2
z2z2

)
px0py1

+ i
Qz22z2

3Q2
z2z2

px0pz2 − i
Qz2z22

3Q2
z2z2

px0pz2 −
|Qz2 |2

3Qz2z2

p2
y1

+ i
Qz2

3Qz2z2

py1pz2

− i Qz2

3Qz2z2

py1pz2 −
1

3Qz2z2

|pz2|2

=P


1
2

Q
z22z

2
2

Q2
z2z2

− 5
6

Q
z22z2

Q
z2z

2
2

Q3
z2z2

i

(
1−

Q
z2z

2
2
Qz2

3Q2
z2z2

)
−i

Q
z2z

2
2

3Q2
z2z2

−i
(

1−
Q
z22z2

Qz2

3Q2
z2z2

)
− |Qz2 |

2

3Qz2z2
− Qz2

3Qz2z2

i
Q
z22z2

3Q2
z2z2

− Qz2
3Qz2z2

− 1
3Qz2z2

P ∗.

As a particular case we consider

Q(z2, z2) = |z2|2 + az2
2z2

4 + az4
2z2

2 = |z|2 + 2a|z2|4Re z2
2 ,

where we assume that a ∈ R from now on. Computing up to order 6 (meaning we
only keep the lowest order non-spherical term in each coefficient of the Hamiltonian),
we obtain

H0 =24a(Re z2
2)p2

x0
+

(
2− 64a

3

(
|z2|2Re z2

2

))
px0py1

+
ia

3

(
24z2

2z2 + 8z3
2

)
px0pz2 −

ia

3

(
8z3

2 + 24z2z
2
2

)
px0pz2 +

1

3

(
−|z2|2 + 4a|z2|4Re z2

2

)
p2
y1

+
i

3

(
z2 − az2

(
4|z2|4 + 6z4

2

))
py1pz2 −

i

3

(
z2 − az2

(
4|z2|4 + 6z4

2

))
py1pz2

− 1

3

(
1− 16a|z2|2Re z2

2

)
|pz2|2.
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The system of ODEs can now be obtained as in Example 2 with the only difference
that z′2 = 2 ∂H0

∂pz2
, z′2 = 2 ∂H0

∂pz2
, p′z2 = −2∂H0

∂z2
, and p′z2 = −2∂H0

∂z2
:

(2.2)

0 = H0 (z2(t), px0(t), py1(t), pz2(t))

x′0 = 48a (Re z2) px0 +

(
2− 64a

3

(
|z2|2Re z2

))
py1

+
ia

3

(
24z2

2z2 + 8z3
2

)
pz2 −

ia

3

(
8z3

2 + 24z2z
2
2

)
pz2

y′1 =

(
2− 64a

3
(|z2|2Re z2

2)

)
px0 +

2

3

(
−|z2|2 + 2a|z2|4Re z2

2

)
py1

+
i

3

(
z2 − az2(4|z2|4 + 6z4

2)
)
pz2 −

i

3

(
z2 + az2(4|z2|4 + 6z4

2)
)
pz2

z′2 =− 16ia

3

(
z3

2 + 3|z2|2z2

)
px0 −

2i

3

(
z2 − a|z|2(6z3

2 − 4z2z
2
2)
)
py1

− 2

3

(
1− 16a|z2|2Re z2

2

)
pz2

p′x0 = 0

p′y1 = 0

p′z2 =− 48az2p
2
x0

+
64a

3

(
z3

2 + 3z2z
2
2

)
px0py1 −

96ai

3

(
Re z2

2

)
px0pz2

+
96ai

3
|z2|2px0pz2 +

2

3

(
z2 − 4a|z2|2(z3

2 + 2z2z
2
2)
)
p2
y1

+

+
i

3

(
−2 + 16a|z2|2(z2

2 + 3z2
2)
)
py1pz2 −

12ai

3

(
z4

2 + 2z2
2z

2
2

)
py1pz2

− 16a

3

(
z3

2 + 3z2z
2
2

)
|pz2|2

2.2. The general case: weighted Taylor expansion of the Fefferman Hamil-
tonian. Consider a strictly pseudoconvex hypersurface M ⊂ C2, locally written in
Chern-Moser normal form as ρ = 0, with

ρ = 2Re z1 − (|z2|2 + 2a|z2|4Re z2
2 + (Im z1) · η(Im z1, z2, z2) + δ(z2, z2))

where a ∈ R and η, δ are functions of weighted orders O(6) and O(7) respectively. In
the following, we give weighted degrees to all the monomials in the variables x0, y1, z2

and the conjugate momenta px0 , py1 , pz2 according to the weight assignments (1.4).

Lemma 3. Let H and H0 be the Fefferman Hamiltonians associated respectively to
ρ and ρ0 = 2Re z1 − (|z2|2 + az2

2z
4
2 + az4

2z
2
2). We then have

H = H0 +O(7).

Proof. We denote by Qk a generic homogeneous polynomial of weighted order k.
We emphasize that, in the below, the polynomials Qk are not necessarily the same.
Moreover, throughout the computations, each Qk, k ≤ 6, comes directly from ρ0. We
then write

ρ = ρ0 +O(7) = 2Re z1 +Q2 +Q6 +O(7).
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The expression of the Hamiltonian H associated to ρ is given by (1.1). We focus first
on the terms PA−1P ∗. Computing explicitly the inverse of the matrix A, we get

A−1 =

 0 iρz1 iρz2
−iρz1 3ρz1z1 3ρz1z2
−iρz2 3ρz2z1 3ρz2z2

−1

=
3

detA

3(ρz1z1ρz2z2 − ρz1z2ρz2z1) −i(ρz1ρz2z2 − ρz2ρz1z2) i(ρz1ρz1z2 − ρz2ρz1z1)
i(ρz1ρz2z2 − ρz2ρz1z2) ρz2ρz2/3 −ρz2ρz1/3
−i(ρz1ρz2z1 − ρz2ρz1z1) −ρz1ρz2/3 ρz1ρz1/3


︸ ︷︷ ︸

=


O(4) Q0 +Q4 +O(5) O(5)

Q0 +Q4 +O(5) Q2 +Q6 +O(7) Q1 +Q5 +O(6)
O(5) Q1 +Q5 +O(6) Q0 +O(6)



with
1

detA
= Q0 +Q4 +O(5). It follows that

PA−1P ∗ = Q2 +Q6 +O(7).

We now consider the terms
2px0
Φ

Im
(
∂Φ · A−1 · P ∗

)
. By a similar computation, we

obtain

∂Φ = (0,Φz1 ,Φz2) = (0, O(4), Q3 +O(4)) ,

and thus
2px0
Φ

Im
(
∂Φ · A−1 · P ∗

)
= Q6 +O(7).

Finally, we also have

p2
x0

2Φ
Tr(Φ̃A−1) = Q6 +O(7).

This proves the lemma. �

3. Proof of the main theorem

Let us reformulate our main theorem in the way we will prove it.

Theorem 4. Let M ⊂ (C2, 0) be a strictly pseudoconvex hypersurface of class C12

with local defining equation of the form

ρ = 2Re z1 −
(
|z2|2 + 2a|z2|4Re z2

2 + (Im z1) · η(Im z1, z2, z2) + δ(z2, z2)
)
,

where η and δ are of weighted order O(6) and O(7) respectively. If every chain for
M for a family of starting conditions as in Lemma 5 is the boundary of a stationary
disc then a = 0.

In order to prove Theorem 4, we compute an asymptotic expansion of a family of
chains which would come from circles in the case of the sphere, and find that the
moment conditions for the members of the family yield an obstruction to umbilicity
in the fourth order term of that expansion. The details are as follows.
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3.1. Computations of the orbits. We will use a special family of solutions of the
Hamiltonian system associated to ρ depending on a small real parameter s > 0. This
will be achieved by making a suitable choice of initial conditions imposed in order to
reproduce the circular orbits in the case of the sphere {2Re z1 = |z2|2}.

Lemma 5. Let x0(., 0), ϕ, ψ, ξ be four functions in s of class C7. Then there exists a
family of initial conditions of the form

(3.1)

y1(s, 0) = s2ϕ(s)

z2(s, 0) = s+ s5ψ(s)

px0(s, 0) = −1

2
s2 + s6χ(s)

py1(s, 0) = −3

4

pz2(s, 0) = −3i

4
s+ s5ξ(s)

for some function χ of class C7 such that

(3.2) H(x0(s, 0), y1(s, 0), z2(s, 0), px0(s, 0), py1(s, 0), pz2(s, 0)) = 0,

where H is the Fefferman Hamiltonian associated to ρ.

Proof. Substituting the initial conditions (3.1) into the formula of the Hamiltonian
and using Lemma 3, we get

(24as2 +O(s6))

(
1

4
s4 − s8χ+ s12χ2

)
+

(
2− 64

3
as4 +O(s8)

)(
3

8
s2 − 3

4
s6χ

)
+
(
16as4 +O(s8)

)(
−1

2
s2 + s6χ

)
+

3

16
(−s2 +O(s6))− 3

8

(
s2 +O(s6)

)
− 3

16
s2 +O(s6) = 0

where the O(·) terms in the expression above may depend on s, α, x0(., 0), ϕ, ψ, ξ but
not χ. Developing the products explicitly, we note that the s2 terms (coming only
from the spherical part of the Hamiltonian) simplify, while the next lowest order
terms are O(s6), giving the following:

s6

((
−3

2
+O(s)

)
χ+O(s6)χ2 +O(1)

)
= 0

where once again the O(·) terms do not depend on χ. Applying the implicit function
theorem to the expression inside the parenthesis, we conclude that for any choice
of x0(., 0), ϕ, ψ, ξ there exists locally a unique function χ(s) of class C7 such that
Equation (3.2) is satisfied. �
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This choice of initial conditions then provides the following family of solutions of
the Hamiltonian system associated to ρ

(3.3)

x0(s, t) = x0
0(t) + . . .

y1(s, t) = s2y2
1(t) + . . .

z2(s, t) = sz1
2(t) + s2z2

2(t) + . . .

px0(s, t) = −1

2
s2 + s6χ(s) + . . .

py1(s, t) = −3

4
+ . . .

pz2(s, t) = sp1
z2

(t) + s2p2
z2

(t) + . . .

Remark 6. For our later computations, the most important components of the so-
lutions are y1(s, t) and z2(s, t). Due to the expression of the defining function, the
terms involving y1(s, t) appear to high order, and for this reason, it is enough to
know that y1(s, t) is of order O(s2). As for z2(s, t), we need to know more precisely
its asymptotic behavior, beyond the fact that its order is O(s).

Lemma 7. We have

z2(s, t) = seit − 4

3
s5ae3it +O(s6).

Proof. According to Lemma 3, solving the Hamiltonian system associated to ρ up
to order s5 is equivalent to solving the system (2.2). We will proceed iteratively by
expanding in powers of s. The terms of order s in the equations for z′2 and p′z2 give
the system

z1
2
′
(t) =

i

2
z1

2(t)− 2

3
p1
z2

(t)

p1
z2

′
(t) =

3

8
z1

2(t) +
i

2
p1
z2

(t).

Using the initial conditions z1
2(0) = 1 and p1

z2
(0) = −3i

4
, we get z1

2(t) = eit and

p1
z2

(t) = −3i
4
eit. Now, the terms in s2 lead to

z2
2
′
(t) =

i

2
z2

2(t)− 2

3
p2
z2

(t)

p2
z2

′
(t) =

3

8
z2

2(t) +
i

2
p2
z2

(t).

If p1
y1

= 0, z2
2(0) = 0 and p2

z2
(0), then z2

2(t) ≡ 0 and p2
z2

(t) ≡ 0. Similarly, we get

zj2(t) ≡ 0 and pjz2(t) ≡ 0 for j = 3, 4. Finally, computing the terms of order s5, we
obtain

z5
2
′
(t) =

i

2
z5

2(t)− 2

3
p5
z2

(t)− 13i

3
ae3it + 2iae−it

p5
z2

′
(t) =

3

8
z5

2(t) +
i

2
p5
z2

(t) +
17

4
ae3it +

9

2
ae−it.

A particular solution is given by

z5
2(s, t) = −4

3
ae3it

p5
z2

(s, t) = −3i

2
ae3it + 3iae−it.

This concludes the proof of the lemma. �
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3.2. Enforcing stationarity. We consider the y1(s, t), z2(s, t) components of the
family of solutions (3.3) of the Hamiltonian system associated to ρ. Assume that
there exists a family of stationary discs fs = (gs, hs) such that fs(b∆) coincides with
the image of the chain (z1(s, .), z2(s, .)), where the real part of z1(s, .) is determined
by ρ. In particular, note this implies that the chain (z1(s, .), z2(s, .)) is periodic. We
denote by Ts its period. We may assume that the projection on the second coordinate
π2 : fs(∆) → Cz2 is injective and that 0 ∈ π2(fs(∆)) = hs(∆). Then we can take as
hs the unique Riemann map ∆→ hs(∆) such that hs(0) = 0 and h′s(0) > 0.

By definition, fs = (gs, hs) is stationary if and only if there exists a continuous

function as : b∆→ R+ and functions g̃s, h̃s ∈ O(∆) ∩ C(∆) satisfying

(3.4)

g̃s(ζ) = ζas(ζ)
∂ρ

∂z1

(
gs(ζ), hs(ζ), gs(ζ), hs(ζ)

)
h̃s(ζ) = ζas(ζ)

∂ρ

∂z2

(
gs(ζ), hs(ζ), gs(ζ), hs(ζ)

)
for all ζ ∈ b∆. Define now Ωs := hs(∆) ⊂ C and Ss := bΩs. We also write
h−1
s (z) = zeϕs(z) for a certain holomorphic function ϕs(z). Evaluating Equations

(3.4) for ζ = h−1
s (z), we obtain

g̃s(h
−1
s (z)) = zeϕs(z)as(h

−1
s (z))

∂ρ

∂z1

(
gs(h

−1
s (z)), z, gs(h−1

s (z)), z
)

h̃s(h
−1
s (z)) = zeϕs(z)as(h

−1
s (z))

∂ρ

∂z2

(
gs(h

−1
s (z)), z, gs(h−1

s (z)), z
)

for all z ∈ Ss. We then set bs(z) := as(h
−1
s (z)), Gs(z) := e−ϕs(z)g̃s(h

−1
s (z)) and

Hs(z) := e−ϕs(z)h̃s(h
−1
s (z)). Furthermore, if we write each disc fs(∆) as a graph

{z1 = ws(z)} over its projection Ωs, we have ws(z) = gs(h
−1
s (z)). Thus we can

rewrite the previous system as

(3.5)

Gs(z) = zbs(z)
∂ρ

∂z1

(
ws(z), z, ws(z), z

)
Hs(z) = zbs(z)

∂ρ

∂z2

(
ws(z), z, ws(z), z

)
for z ∈ Ss. In order to apply the moment conditions (1.6) to the functions Gs and
Hs, we need to find an adapted parametrization of the curve Ss. We first consider the

scaling Λs : C→ C defined by Λs(z) = z/s and define Ω̃s := Λs(Ωs) and S̃s := Λs(Ss).
Note that, with this change of variables, the moment conditions (1.6) applied to Gs(z)
and Hs(z) become

(3.6)

∫
S̃s

zmGs(sz)dz =

∫
S̃s

zmHs(sz)dz = 0,

for all m ≥ 0. We may now set an adapted parametrization of S̃s. Since the im-
age fs(b∆) coincides with the image of the chain (z1(s, .), z2(s, .)), we consider the

parametrization of S̃s given by

(3.7) [0, Ts] 3 t 7→ ẑ2(s, t) :=
z2(s, t)

s
∈ S̃s.

According to Lemma 7, we can write ẑ2(s, t) = r(s, t)eit with

r(s, t) = 1 + k(t)s4 +O(s5),
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where

k(t) = −4

3
ae2it.

Note that r(s, t) is not necessarily real valued. Moreover, due to standards results
on ODEs (see for instance [12, Theorem 4.1]), the parametrization ẑ2(s, t) is of class
C7 in both variables. A straightforward computation leads to the following useful
lemma.

Lemma 8. For j ≥ 1,

r(s, t)j = 1 + jk(t)s4 +O(s5),

r(s, t)jr(s, t) = 1 +
(
jk(t) + k(t)

)
s4 +O(s5),

∂r

∂t
(s, t) =

dk

dt
(t)s4 +O(s5).

Moreover, in order to apply Fourier analysis later on, we need to understand the
behavior of the period Ts of ẑ2(s, ·) as s→ 0.

Lemma 9. The function [0, ε] 3 s 7→ Ts ∈ R is of class C7. Furthermore, we have

Ts = 2π +O(s5).

Proof. The function (s, t) 7→ ẑ2(s, t) of class C7 and, as s → 0, converges uni-
formly to t 7→ eit on any fixed neighborhood of [0, 2π]. Since by assumption, ẑ2(s, t)
parametrizes a simple closed curve on [0, Ts], the period Ts tends to 2π as s→ 0.

To prove the smoothness of Ts, we will use the fact that the function ψ appearing
in Lemma 5 is real-valued (since a ∈ R), which implies Im ẑ2(s, 0) = 0 for s ∈ [0, ε].
Consider the function ι(s, t) := Im ẑ2(s, t). At s = 0 and t = 2π, we have

ι(0, 2π) = Im ẑ2(0, 2π) = 0,
∂ι

∂t
(0, 2π) = Im

∂

∂t
(ẑ2(0, 2π)) = 1.

By the implicit function theorem there exists a function κ : [0, ε] → R, of the same
smoothness as ι, such that κ(0) = 2π and ι(s, κ(s)) = 0. We claim that Ts = κ(s).
Indeed, by the implicit function theorem, t = κ(s) represent the unique time in a
neighborhood of t = 2π at which the curve ẑ2(s, t) crosses the line Im z = 0. Since
the period of ẑ2(s, ·) approaches 2π as s→ 0, and Im ẑ2(s, 0) = 0, we necessarily have
ẑ2(s, κ(s)) = ẑ2(s, 0), which means that Ts = κ(s) is of class C7 near s = 0.

We now turn to the asymptotic expression of Ts. By Lemma 7

ẑ2(s, t) = eit − 4

3
s4ae3it +O(s5)

so that ẑ2(s, t) can be seen as a small perturbation of the unit circle parametrized by
t 7→ eit. Denoting the velocity vector of ẑ2 by ẑ′2 = ∂ẑ2

∂t
, we have

ẑ′2(s, t) = ieit +O(s4).

On the one hand, from the expression of ẑ2(s, t), we have

ẑ2(s, 2π) = ẑ2(s, 0) +O(s5).

On the other hand, we can write

ẑ2(s, 2π) = ẑ2(s, Ts) +

∫ 2π

Ts

ẑ′2(s, t)dt
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and since ẑ2(s, Ts) = ẑ2(s, 0), putting together the expressions above we get

O(s5) =

∫ 2π

Ts

ẑ′2(s, t)dt =

∫ 2π

Ts

(
ieit +O(s4)

)
dt.

For s small enough we may suppose that |ieit +O(s4)| ≥ 1/2 and moreover that

| arg(ieit +O(s4))− π/2| < π/4

for t ∈ [Ts, 2π] due to the fact that Ts is close to 2π. It follows that

Im (ieit +O(s4)) ≥
√

2

4

for t ∈ [Ts, 2π] and thus

O(s5) =

∫ 2π

Ts

Im
(
ieit +O(s4)

)
dt ≥

√
2

4
|Ts − 2π|

so that |Ts − 2π| = O(s5). �

In view of Equation (3.6), we now define

c(s, t) := bs(sẑ2(s, t)) = as(h
−1
s (sẑ2(s, t)) = as(h

−1
s (z2(s, t)).

Lemma 10. There is a choice of as such that the function c(s, t) is of class C4 in a

neighborhood of {0}× [0, 2π] and satisfies
∫ 2π

0
c(s, t)dt = 1 for all s > 0 small enough.

The proof is an adaptation of both proofs of Lemma 3.3 and Lemma 3.4 in [1]. The
main differences come from the facts that, in the present paper, the parametrization
intervals depend on s, and the first component of the discs we consider is not constant.

Proof. We first show that h−1
s (z2(s, t)) is of class C5 in both variables s and t. In

order to extend the parametrization (3.7) to a uniform domain, namely the unit disc,
we consider

[0, 2π] 3 t 7→ ẑ2

(
s,
Ts
2π
t

)
∈ S̃s.

According to Lemma 9, this map is of class C7 in both variables s and t. Moreover,
its form allows us to extend it to the interior of the unit disc, and, thus, to obtain

a family of diffeomorphisms Γs = Γ(s, ·) : ∆ → Ω̃s of class C7 in both variables s
and z. It follows from Corollary 9.4 in [2] and Lemma 2.1 in [1] that the function
(s, t) 7→ h−1

s

(
sẑ2

(
s, Ts

2π
t
))

, and so (s, t) 7→ h−1
s (z2(s, t)), are of class C5.

We now define âs, by

1

âs(ζ)
= ζ∂ρ(fs(ζ)) · f ′s(ζ),

ζ ∈ b∆, where · denotes the dot product in C2. According to Pang [14], since fs is
stationary and satisfies (3.4) for a continuous function as then as is a positive multiple
of âs, where the multiple may be any function of s. We now show that the function
(s, t) 7→ âs(h

−1
s (z2(s, t)) is of class C4. Note first that the map

∂ρ
(
fs(h

−1
s (z2(s, t)eit)

)
= ∂ρ

(
ws(z2(s, t)), z2(s, t), ws(z2(s, t)), z2(s, t)

)
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is of class C7 in both variables. To study the smoothness of f ′s(h
−1
s (z2(s, t)), note

that by the chain rule, we have

d

dt
(z1(s, t), z2(s, t))) =

d

dt
fs(h

−1
s (z2(s, t))

= f ′s(h
−1
s (z2(s, t)) · d

dt
h−1
s (z2(s, t)),

and so

f ′s(h
−1
s (z2(s, t)) =

(
d
dt

(z1(s, t)))
d
dt
h−1
s (z2(s, t))

,
d
dt

(z2(s, t)))
d
dt
h−1
s (z2(s, t))

)
.

Following the proof of Lemma 3.3 in [1], we have h−1
s (z2(s, t)) = eit +O(s), and since

h−1
s (z2(s, t)) is of class C5, so is the map f ′s(h

−1
s (z2(s, t)). This shows that the function

(s, t) 7→ âs(h
−1
s (z2(s, t)) is of class C4.

Finally, with the same proof of Lemma 3.4 in [1], we get

1

âs(h−1
s (z2(s, t))

= s2 +O(s3).

The function as we seek can be obtained by rescaling âs to ensure
∫ 2π

0
c(t, s)dt = 1

for all s > 0 small enough. �

We are now in a position to apply the moment conditions (3.6) to the system (3.5).
We start with the function Gs:∫

S̃s

zm
(
szbs(sz)

∂ρ

∂z1

(ws(sz), sz, ws(sz), sz)

)
dz = 0,

for all m ≥ 0, that is, using the form of the defining function ρ,∫
S̃s

zjbs(sz)

(
1 +

i

2
η(Imws(sz), sz, sz)− (Imws(sz)) · ∂η

∂z1

(Imws(sz), sz, sz)

)
dz = 0

for all j ≥ 1. We use the parametrization of S̃s given by (3.7). With this parametriza-
tion, as observed in Remark 6, sẑ2 is of order O(s) and Imws(sẑ2) = y1 of order O(s2).
Since η is of weighted order O(6), the first term involving η in the above integral is
of order O(s6), while the second one is of order O(s7). Accordingly, we obtain, for
j ≥ 1 ∫ Ts

0

rjei(j+1)tbs(sre
it)(1 +O(s6))

(
∂r

∂t
+ ir

)
dt = 0.

Using Lemma 8, we have∫ Ts

0

ei(j+1)tc(s, t)
(
1 + jk(t)s4 +O(s5)

)(
i+

(
dk

dt
(t) + ik(t)

)
s4 +O(s5)

)
dt = 0.

Developing the product leads to∫ Ts

0

ei(j+1)tc(s, t)

(
1− 4

3
jae2its4 +O(s5)

)(
i− 4iae2its4 +O(s5)

)
dt =

= i

∫ Ts

0

ei(j+1)tc(s, t)

(
1− 4

3
(j + 3)ae2its4 +O(s5)

)
dt = 0
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In order to apply Fourier Analysis, we apply the change of variables t 7→ 2π
Ts
t and,

using Lemma 9, we obtain∫ 2π

0

ei(j+1)Ts
2π
tc

(
s,
Ts
2π
t

)(
1− 4

3
(j + 3)ae2iTs

π
ts4 +O(s5)

)
dt

= i

∫ 2π

0

ei(j+1)tc(s, t)

(
1− 4

3
(j + 3)ae2its4 +O(s5)

)
dt = 0.

We may then expand c(s, .) in its Fourier series

c(s, t) =
+∞∑

k=−∞

γk(s)e
ikt

where γ−k = γk for all k ∈ Z and, by Lemma 10, γk is C4 and satisfies γ0(s) ≡ 1.
Inserting the Fourier expansion of c(s, t) in∫ 2π

0

ei(j+1)tc(s, t)

(
1− 4

3
(j + 3)ae2its4 +O(s5)

)
dt = 0,

we deduce that

(3.8) γj+1(s) = O(s4),

for all j ≥ 1. Taking the fourth derivative with respect to s, we get
4∑
`=0

(
4

`

)(
d`γj+1

ds`
(s)δ`4 −

4!

`!

(
4

3
(j + 3)a

d`γj+3

ds`
(s)

)
s` +O(s`+1)

)
= 0,

where δ`4 is the Kronecker symbol, which for j = 1 leads to

d4γ2

ds4
(s)− 4!

16

3
aγ4(s) = O(s),

implying that

(3.9)
d4γ2

ds4
(s) = O(s).

We now apply the moment conditions (3.6) to the function Hs in (3.5):∫
S̃s

zm
(
szbs(sz)

∂ρ

∂z2

(ws(sz), sz, ws(sz), sz)

)
dz = 0,

for all m ≥ 0. Due to the form of the defining equation ρ, we get∫
S̃s

zjbs(sz)

(
sz + 2as5zz4 + 4as5z3z2 + (Imws(sz)) · ∂η

∂z2

(Imws(sz), sz, sz) +
∂δ

∂z2

(sz, sz))

)
dz = 0,

for all j ≥ 1. We once again parametrize S̃s by (3.7). With this parametrization, the
term involving η in the above integral is of order O(s7), and the one involving δ is of
order O(s6). We then obtain∫ Ts

0

ei(j+1)tc(s, t)
(
rjre−its+ rj(2arr4e−3it + 4ar3r2eit)s5 + rjO(s6)

)(∂r
∂t

+ ir

)
dt = 0.

Using once again Lemma 8 and dividing by is gives∫ Ts

0

ei(j+1)tc(s, t)

(
e−it + s4

(
2

3
ae−3it +

(
−4

3
j + 4

)
aeit
)

+O(s5)

)
·
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·
(
1− 4ae2its4 +O(s5)

)
dt = 0,

and, after developing the product, and applying as above the change of variables
t 7→ 2π

Ts
t, we obtain for j ≥ 1∫ 2π

0

c(s, t)

(
eijt +

2

3

(
aei(j−2)t − 4

3
jaei(j+2)t

)
s4 +O(s5)

)
dt = 0.

Once again, we integrate from 0 to 2π, insert the Fourier expansion of c(s, t), and
differentiate four times with respect to s, and obtain

4∑
`=0

(
4

`

)(
d`γj
ds`

(s)δ`4 +
4!

`!

(
2

3
a
d`γj−2

ds`
(s)− 4

3
ja
d`γj+2

ds`
(s)

)
s` +O(s`+1)

)
= 0.

For j = 2, this implies

d4γ2

ds4
(s)− 4!

(
2

3
aγ0(s)− 8

3
aγ4(s)

)
= O(s).

Using (3.8), (3.9), we then deduce that
2

3
aγ0(s) =

2

3
a = 0. This conclude the proof

of Theorem 4.
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