A SPHERICITY CRITERION FOR STRICTLY PSEUDOCONVEX
HYPERSURFACES IN C? VIA INVARIANT CURVES

FLORIAN BERTRAND, GIUSEPPE DELLA SALA AND BERNHARD LAMEL

ABSTRACT. We prove that if every chain on a strictly pseudoconvex hypersurface
M in C? coincides with the boundary of a stationary disc, then M is locally spher-
ical.

INTRODUCTION

Every strictly pseudoconvex hypersurface M C C? bounding a domain  C C?
carries two natural, biholomorphically invariant families of real curves: the so-called
chains and boundaries of stationary discs. These come from very different types of
geometrical constructions. Chains have been introduced by Chern and Moser [5] as
the CR geometry analogue of geodesics in Riemannian geometry. Stationary discs,
on the other hand, are the solutions to the Euler-Lagrange equations of Kobayashi
extremal discs in ). If M is in addition real-analytic, it carries a third natural
biholomorphically invariant family of real curves: traces of Segre varieties. A theorem
of Faran [6] shows that if the traces of Segre varieties agree with the chains, then
M is locally spherical. In a former paper [1] we showed that if the traces of Segre
varieties agree with the traces of stationary discs, then M is also locally spherical.

In this paper, we address the remaining question: If the traces of stationary discs
coincide with chains, is M also necessarily spherical? We have been asked this re-
peatedly when presenting the results in [1], and it turns out that the answer is also
yes. The natural setting for this question is for smooth hypersurfaces.

Theorem 1. Assume that M is a smooth strictly pseudoconvex hypersurface in C2.
If the chains of M are boundaries of stationary discs, then M 1is locally spherical.

In order to prove this theorem, we cannot utilize the cited results. Instead, we rely
on Fefferman’s characterization of chains as projections of light rays of an associated
Lorentz metric and analyzing its Hamiltonian. We construct a special family of chains
centered at the origin and show that if each of the members of this family is the trace
of a stationary disc, then the origin is an umbilical point.

The organization of this paper is to review the basics in section 1, summarize facts
about the chains in section 2, and give the proof of a (slightly sharpened) version of
the theorem in section 3.

1. PRELIMINARIES

1.1. The Chern-Moser normal form and chains. We first recall that the group
of germs of biholomorphisms G' = Aut(H?,0) of the Heisenberg hypersurface H? C
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C? _ (defined by Re z; = |23|?) fixing the origin are given explicitly by

22,21
A2 Az2 +az)

H = = .
(21722) (g(ZI,ZQ),f(ZhZQ)) (1‘|‘2a22+(|a|2+lt>217 1+2d22+(|a,|2+2t)21
They are therefore uniquely determined by the derivatives (f.,(0), f,(0),Im g.2(0)) €

C* x C x R. Using this, we identify G with C* x C x R.
If we consider a germ of a strictly pseudoconvex real-analytic hypersurface (M, p) C
(C?%,p), given (assuming p = 0) by an equation of the form

Rez; = |2)? + @(22, %, Im 21) = |2)* + Zgoavg(lmu)zgaz_gé.
o,pB

then in this particular context the celebrated Chern-Moser normal form [5] implies
that for any choice of normalization parameter A € G there exists a unique holomor-
phic choice of normal coordinates in which the equation of M satisfies the normal-
wzation conditions

¢op(Imu) =0, if min(a, B)<1lor(a,8) €{(1,1),(2,2),(3,3),(2,3),(3,2)}.
The coordinate change H, into normal coordinates is uniquely determined by A by
requiring that its corresponding derivatives match A.

The lowest order term in the defining equation ¢ of M in normal coordinates which
is not necessarily vanishing is therefore of the form A,z2z3 + A,23z5. The number
A transforms nicely under changes of normal coordinates and is called the Cartan’s
cubic tensor. It already appears in Cartan’s early work [3, 4], and it being 0 is a
biholomorphic invariant; such points are called umbilical points. For ease of notation
later on, we always normalize A, to be real. If A, vanishes for p in an open set, then
it turns out that M is locally spherical, i.e. locally equivalent near each point of that
set to H2. The same holds true for a C° hypersurface, for which we can still define
the cubic tensor.

Chern and Moser used their normal form to introduce the notion of chains as
replacements for geodesics in Riemannian geometry. For each A = (A, a,t) € G, we
obtain a parametrized curve (defined for |s| small enough)

v(s) = Hy(is, 0).

If one disregards the parametrization of v, then it turns out that the condition ¢y 35 =
¢33 = 01s a second order ODE whose solution is unique given a (which one thinks of
as a vector transverse to the complex tangent space T§M). The rest of the data in A
geometrically corresponds to a choice of frame of Ty M and a choice of parametrization
of v amongst a family of projectively equivalent ones. The second order differential
equations for chains are not easy to compute from a defining equation of M. For
boundaries of strictly pseudoconvex domains, the best way to get a computational
handle on chains seems to be their interpretation as projections of light rays of an
associated Lorentz metric introduced by Fefferman [8] which we discuss in the next
section.

1.2. Chains and the Fefferman Hamiltonian. We will now recall the Fefferman
metric for a strictly pseudoconvex hypersurface M = {p = 0} C C% We write
z; = x; +1iy;, j = 1,2, and we assume that (y;,xs,ys) are local coordinates on M
near the origin, which we assume to be defined by

p(x1, Y1, 02, y2) = 11 — (23 + 43) — ©(y1, T2, y2).
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The constructive appeal of Fefferman’s metric is based on the fact that for the complex
Monge-Ampere operator

P Pz Pzo
J(p) = det Pz1 Pziz1 Pzze |
Pzo  Pzazi  Pzozo

one can construct approximate solutions p*) to the equation J(p®) = 1 4 O(p*+1)
in an iterative way, in this particular case by

G R & B (L@m)) |
T 4
The Fefferman metric is defined on a circle bundle over M. Let us denote by
(%0, Y1, T2, y2) the coordinates on S' x M. The conjugate momenta will be denoted
by Daos Dyrs Pe, and py,. There is a lot of flexibility in which metric is actually used,
because the light rays of conformally equivalent Lorentz metrics are the same. The
one defined in [8] is

i 2, 92
ds* = —— (8,0(2) ap(2)) dzy + dz;dzy,
3 — 02z
Jk=
Setting
o = J(p),
Q Pz 1Pz,
A=\ =ipsy 3puz 3puz |

—sz2 3p2251 3pzz§2
P = (pxo, ipylﬁpr + ipr)
5(1) = (07 (I)EU (1)52)

~ 5)
P = (3@ - — —q>~q>k) :
J P J i

the Hamiltonian of Fefferman’s metric is now given by

_ -1 *_2p$0 ab . A-1 . p* _Zi . |
(1.1) H=PA'P" = Z20m (90 A7 - P') = 22T (B4

where Tr(®A~') stands for the trace of the matrix ®A~'. Note that the formula
of the Hamiltonian in [8, p. 410] contains a minor sign mistake, see [7]. Writing
x = (T, Y1, T2, Y2), and p = (Puy, Pyrs Paas Py ), chains are the projections on M of the
solutions of the Hamiltonian system

(1.2) H(z,p) =0, '=Hy(z,p), p'=—Ha(z,p).
We are now ready to discuss a basic example.
Ezample 2. In the case of the sphere 2Re z; = |25]?,

0 1 0

Al | o 2P =
o -5 _i
3
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For convenience, and since light rays for H or 3H are the same, we consider

0 31 0
A_l = —31 —’22|2 —2Z9
0 -z -1

In that case the Fefferman Hamiltonian is given by
(13)  H=PA'P" =6pspy, — |22°p, + 24Py Pry — 222Dy Dy, — D, — Py
Now, we seek solution curves (zo(t), y1(t), z2(t), y2(t), Pag (1), Py, (1), Py (), Pys (t)) to

the Hamiltonian system (1.2), which written out is given by

(

0 = 6paoPy, — |220702, 4 22Dy, Day — 222Dy, Dy, — P2y — Py
:L’6 = 6py,
Yy = 6pay — 2|22°py, + 2y2pa, — 232py,
ﬁlz = 2Yapy, — 2Dz,
Yy = —2L9py, — 2Dy,
Py =0
Py =0
Py, = 209p2 + 2Dy, Dy,
| D), = 20207, — 2Dy, Py

To solve this system, note that we have p,, = ¢ for some ¢ so that we get x5 = cyj
and y§ = —cx}, and therefore zy = cje™* + ¢, for some ci,c; € C. It remains to
determine y;. Next we note that the quantity yap,, — zap,, is conserved and solving
one sees that the chains are the curves of the form

1 )
2 (t) = §|cle_wt + co|? + i (éit + é cos(ct) + ézsin(ct) + ¢)
2(t) = cre ™ + ¢y,
where ¢; € R and ¢; € C.

We will now assign weights to all variables in the following way. The usual
anisotropic scaling on C2, As : (21,22) +— (821,0%2), & > 0, lifts to the cotangent
bundle as

/~\6 : (Zh 227p217p22) — (5217 62227 5_117,217 5_2])22)‘

This leads to assign the respective natural weights 1,2, —1, —2 and —2 to the variables
21, 22, Dy, » Pzo and py,. The variables xy and p,, both carry a weight 0. However, with
this convention, the Hamiltonian for the sphere (1.3) is homogeneous of degree —2.
It will be more convenient for us if the Hamiltonian (1.3) is homogeneous of degree
2, and so we shift the weights of the momenta by 2. To summarize, we assign the
following weights

L4 wtaxg =0, wtyp =2, wtrzg=wty, =wtzp =1,
(1.4) Wtpy, =2, wtpy, =0, Wtpy, =wtp,, =1
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1.3. Stationary discs. We recall that a holomorphic disc f = (g,h), with g,h €
O(A) N C(A) is said to be attached to M if f(bA) C M. An attached disc f is said
to be stationary if it has a “lift” which is holomorphic up to a pole of order at most
1 in A and attached to the conormal bundle of M. In term of equations, this means
that there exists a real-valued positive function a on bA such that the map f = (9, ?L)

defined by
3(6) = Calc) 52 (5(0).70)
Q) = cal€)52 ((0).7D)

for ¢ € bA, extends holomorphically to A. To deal with this extension property,
we will use the well known fact (see [1] for a proof) that a continuous function
p : b)Y — C defined on the smooth boundary of a simply connected domain f2
extends holomorphically to Q if and only if it satisfies the moment conditions

(1.5)

(1.6) ("p(C)d¢ =0 for all m > 0.
b

It turns out that if M is strictly pseudoconvex, then its conormal bundle is actually
totally real [15], and so the attachment of stationary discs turns into a standard
Riemann-Hilbert problem [13, 9, 10, 11]. In the case of the model hypersurface
2Re z; = |2|%, a typical stationary disc f passing through 0 at 1 (i.e. f(1) = 0) is
f(¢O)=(1-¢,1—¢) and its lifts are given by (1 —(,1—(,al,a(¢ —1)),a € R.

The boundary traces of stationary discs are preserved under (local) CR diffeomor-
phisms in the following sense. In the case of a strictly pseudoconvex hypersurface
M, every CR function on M extends to the pseudoconvex side of M. Since the
components of a CR map H are CR functions, the map actually extends to the pseu-
doconvex side of M. Therefore, for a small enough stationary disc attached to M,
the disc H o f is attached to H(M) and is stationary (one just hast has to use the
defining equation p = po H~' in (1.5)).

2. THE FEFFERMAN HAMILTONIAN IN NORMAL FORM

2.1. The model case. Consider a strictly pseudoconvex hypersurface of the form
M ={2Rez = Q(2, %)} Cc C%

Such hypersurfaces (whose defining equations do not depend on Imz;) are called
rigid; the 1-parameter group of transformations z; — 2y +it, t € R, yields a cyclic
variable for the Hamiltonian (1.1).

As before, we write z; = xz; +1y;, j = 1,2 and use (xo, y1, T2, y2) as variables on
S' x M. We also write 2z, = € and o = §. We now consider the defining equation

p=2Rez — Q(z2,72).

In that case, the Fefferman Hamiltonian (1.1) is computed to be

e 2 Dz - -
H=PA'pr—Z Pay Im <sz§§ (ZQZQPyl_pE2+Zpy2))

3 (Q2’252 )2
P2, Q@QO%)

ot (3Qu5 =5
6(@,3252)2 ( % % QZ252

(2.1)
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Using the notations p,, = pg, + ipy, and pz, = Dz, = Pz, — 1Dy,, the expression
involving A in (2.1) is explicitly given by

|Q22‘2 2 44 QZz . QEQ 1

PA™YP* = 2p,.py, — 2 — i 2 — aa— Dl
Probun 3@2222 py1 3@2222 Pl 3@2222 Dbz 3Qz2z2 |p 2|

Adding the rest of the Hamiltonian, we get

o (1 Qugz 5 QZSZ2QZ225) t (2 _ Qasp@n b QZ%ZQQ”) PPy

3 T
2 QZQZQ 6 2929 0 3Q2222
. Qz%zg . ngz% |QEQ|2 QZQ
PzoPzy — PaoPz, — p + Py, D=
3Qz2z2 o Sngzz o 3Q2222 vt SQZQzQ nee
- Qs
: ’p@’Q

a2 PPz —
3QZ2Z2 e 3QZ222

Q 2 2 Qz222Q222 . Qz222Q22 . Q2222
g 2 (1 — _7/3@2 2

Q§222 6 Q§222 3Q§2Z2 2272
=P i (1 . QZQZQQZQ) - |QEQ|2 Q= P*.
3Q3222 3Qz,7, 3Qzy7,
i 23%3 - Qzy _ 1
3Q% % 3Qz,7, 3Qzy7,

2222
As a particular case we consider
Q(20,%2) = | 20> + az3%* + a2y %° = |2 + 2a|z|*Re 23,

where we assume that @ € R from now on. Computing up to order 6 (meaning we
only keep the lowest order non-spherical term in each coefficient of the Hamiltonian),

we obtain
, 64a
Hy =24a(Re Zg)pwo 2 — 5 (|z2| Re z2) PaoPys
1 oy.25, 1 8 18,3 4 94,7 L 2 | 4a|z|'Re 22) p?
+ g ( ZQZ2 + 22) PzoPzy — 3 ( 29 + 2222) Pz Pz, + g (_|Z2| + a|22| 822) py1
7 7
+ 3 (z2 — a2y (4]@\4 + 6?3)) Dy Dz — 3 (22 — aZo (4]22]4 + 6z§)) Py Dz
1
3

(1 — 16alzs|*Re 22) |p., |*.
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The system of ODEs can now be obtained as in Example 2 with the only difference

that 2 = 2280, 7, — 980 )/ — 98 and pl, = 22
0= Ho (22(t), Do (1), Py (£), D5 (t))
zy = 48a (Re 22) py, + (2 — 64?@ (|2*Re 22)) Dy,
+ % (2427, + 829) po, — % (823 + 242522) e,

3
/o 92 _ 64_(1 2R 2 . 2 2 4R 2
Y1 = (|22"Re 23) | puy + 5 (—[22]* + 2a|22|'Re 23) py,

+ % (72 — aza(4]2|* + 623)) pzy — % (22 + aZa(4]z|* + 623)) p=,
Zh = — 1632'(1 (23 + 3]22|232) DPzg — % (22 - a|z|2(6z§’ - 4223%)) Py
(2:2) — § (1 — 16a|z|*Re zg) Day
Puy =0
Py, =0
p;:—@ﬁwi+%9@%ﬁaﬁﬂmm—%quiﬂ%mz
+ 92% |22/ Paypzs + g (22 — dalz[*(25 + 22073)) py, +
+ % (=2 + 16a|22[* (25 + 323)) Pyupzr — % (22 +223%3) Py, =,
_ 16% (£ + 32072) |psy 2

2.2. The general case: weighted Taylor expansion of the Fefferman Hamil-
tonian. Consider a strictly pseudoconvex hypersurface M C C2, locally written in
Chern-Moser normal form as p = 0, with

p=2Rez — (Jz* + 2a]z2|4Re 2o + (Im 1) - n(Im 21, 22, Z2) + 6(22,Z2))

where a € R and 7, § are functions of weighted orders O(6) and O(7) respectively. In
the following, we give weighted degrees to all the monomials in the variables xq, y1, 22
and the conjugate momenta p,,, py,, P, according to the weight assignments (1.4).

Lemma 3. Let H and Hy be the Fefferman Hamiltonians associated respectively to
p and py = 2Re 21 — (|22|? + a2373 + az3z3). We then have

H = Hy+0(7).

Proof. We denote by () a generic homogeneous polynomial of weighted order k.
We emphasize that, in the below, the polynomials (), are not necessarily the same.
Moreover, throughout the computations, each Q, k < 6, comes directly from py. We
then write

p=po+O(7) =2Rez + Q2+ Qs + O(7).
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The expression of the Hamiltonian H associated to p is given by (1.1). We focus first
on the terms PA~!P*. Computing explicitly the inverse of the matrix A, we get
. . -1
) 0 Pz Pz
AT = _Z.pz1 3p2151 3p2152
10z 3p2251 3p2232

3 3(p21§1p22§2 - p2152p22§1) _i(p% Pzozy — pEQpZﬁz) i(p51p21§2 - pE2pZ1?1)
= qed | WPz = Puapaz) Pz:Pz:/3 — PPz /3
_Z(pzlpZQZl - pzzpmfl) Pz Pzz/g pzlpfl/g

N J/

( O(4) Qo+ Qa+0(5) 0(5)

Qo+ Qs+ 0(5) Qr+Qs+0(7) Q1+ Q5+ 0(6)
0(5) Q1+ Qs +0(6) Qo+ O(6)

1
ith ——— = . It foll h
wit et A Qo+ Q4+ O(5). It follows that

PAT'P* = Qs+ Qo + O(7).

2Dy,

We now consider the terms T Im (5@ CATL. P*). By a similar computation, we

obtain

aq) = (07 CI)EU CDE2) = (07 0(4)7 Q3 + 0(4)) ’
and thus
2%Im (0 - A7 P*) = Qs+ O(7).

Finally, we also have

2
Dz FA-1\
20 Tr(PA™) = Q6 + O(7).

This proves the lemma. (|

3. PROOF OF THE MAIN THEOREM

Let us reformulate our main theorem in the way we will prove it.

Theorem 4. Let M C (C%)0) be a strictly pseudoconvex hypersurface of class C1?
with local defining equation of the form

p=2Rez — (|22]* + 2a|z|'Re 25 + (Im 21) - n(Im 21, 20, Z2) + 6(22,Z2)) ,

where n and § are of weighted order O(6) and O(7) respectively. If every chain for
M for a family of starting conditions as in Lemma 5 is the boundary of a stationary
disc then a = 0.

In order to prove Theorem 4, we compute an asymptotic expansion of a family of
chains which would come from circles in the case of the sphere, and find that the
moment conditions for the members of the family yield an obstruction to umbilicity
in the fourth order term of that expansion. The details are as follows.
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3.1. Computations of the orbits. We will use a special family of solutions of the
Hamiltonian system associated to p depending on a small real parameter s > 0. This
will be achieved by making a suitable choice of initial conditions imposed in order to
reproduce the circular orbits in the case of the sphere {2Re z; = |25]*}.

Lemma 5. Let zo(.,0), ¢, %, € be four functions in s of class C*. Then there exists a
family of initial conditions of the form

yi(s,0) = s”¢(s)
25(5,0) = s+ 5°9(s)
1

(3.1) Do (8,0) = —532 + 55 (s)
3
py1(870) = _Z_l

poy(s,0) = —%s +£(s)

for some function x of class C” such that

(3.2) H(z0(s,0),41(5,0), 22(8,0), Pa (8, 0), pyy (5, 0), 2, (5,0)) = 0,
where H is the Fefferman Hamiltonian associated to p.

Proof. Substituting the initial conditions (3.1) into the formula of the Hamiltonian
and using Lemma 3, we get

1
(24as® + O(s?)) <154 — s + 512)(2) +

<2 — %as4 + 0(58)> <§52 — 25%) + (16as* + O(s*)) (—%52 + s6x> +

(s> +0(s%) - i32 +0(s%) =0

3 2 6
(=524 0(s) - =

16

ol w

where the O(+) terms in the expression above may depend on s, «v, zo(., 0), ¢, %, & but
not y. Developing the products explicitly, we note that the s* terms (coming only
from the spherical part of the Hamiltonian) simplify, while the next lowest order
terms are O(s%), giving the following:

5 ((—; + 0(3)) Y+ O( N2 + o<1)) 0

where once again the O(+) terms do not depend on x. Applying the implicit function
theorem to the expression inside the parenthesis, we conclude that for any choice
of x4(.,0),p,1,& there exists locally a unique function y(s) of class C7 such that
Equation (3.2) is satisfied. O
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This choice of initial conditions then provides the following family of solutions of
the Hamiltonian system associated to p
To(s,t) = xo(t) +.
= s Y1 (t)
()—|—3 22(t)—|—...

yi(s,t) =
29(s, 1)
(3.3) (5,1)

Pzo Sat :_53 +s X( )+
3
Py, (8,1) :—Z—i—...

p22(57 t) = Spiz(t) + 82p22(t) +.

Remark 6. For our later computations, the most important components of the so-
lutions are y;(s,t) and z9(s,t). Due to the expression of the defining function, the
terms involving (s, t) appear to high order, and for this reason, it is enough to
know that y;(s,t) is of order O(s?). As for zy(s,t), we need to know more precisely
its asymptotic behavior, beyond the fact that its order is O(s).

Lemma 7. We have
. 4 .
25(s,t) = se't — 535%3” + O(s%).

Proof. According to Lemma 3, solving the Hamiltonian system associated to p up
to order s° is equivalent to solving the system (2.2). We will proceed iteratively by
expanding in powers of s. The terms of order s in the equations for z; and p/, give
the system

/ { 2
40 = 2240 — 240
1/ 3 4 i
Using the initial conditions z3(0) = 1 and p. (0) = —2', we get z3(¢) = €' and
pL,(t) = —3ie™. Now, the terms in s? lead to

3
If p,, = 0,23(0) = 0 and p2,(0), then 23(t) = 0 and p2,(t) = 0. Similarly, we get
2(t) = 0 and pl,(t) = 0 for j = 3,4. Finally, computing the terms of order s°, we
obtain

' 2 13¢ ,
() = Ezg(t) — P (t) — 2 063 4 et
2 37 3
3 i 17 9
5/ 5 5 31t —it
A particular solution is given by
4 )
5 it
) =—=
25(s,t) 50¢
3 .
P2 (s,t) = L ae® + Siae .

This concludes the proof of the lemma. 0
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3.2. Enforcing stationarity. We consider the yi(s,t), 2o(s,t) components of the
family of solutions (3.3) of the Hamiltonian system associated to p. Assume that
there exists a family of stationary discs fs = (gs, hs) such that fs(bA) coincides with
the image of the chain (z1(s,.), 22(s,.)), where the real part of z(s,.) is determined
by p. In particular, note this implies that the chain (z;(s,.), 22(s,.)) is periodic. We
denote by T its period. We may assume that the projection on the second coordinate
Ty ¢ fs(A) = C,, is injective and that 0 € mo(f5(A)) = hs(A). Then we can take as
hs the unique Riemann map A — hs(A) such that hs(0) = 0 and A%(0) > 0.

By definition, fs = (gs, hs) is stationary if and only if there exists a continuous

function as : bA — R and functions gs, hs € O(A) N C(A) satisfying

740 = €052 (3:(0):14(0. 300,710

Fol€) = a1 5 (94(6), (), 50, D)

for all ¢ € bA. Define now Qg = hy(A) C C and S; = 025. We also write
h;'(z) = ze®*(® for a certain holomorphic function ¢4(z). Evaluating Equations
(3.4) for ¢ = h;!(z), we obtain

B0 (2)) = 22 D17 () 52 (9.0 () 2. 1) 2)

Rl () = 26D, () 2 (00 (), 2 5,001 0) )

for all z € S,. We then set by(2) = as(h;'(2)), Gs(2) = e *PG,(h71(2)) and
H(z) := e7»®h (h;(2)). Furthermore, if we write each disc f,(A) as a graph
{z1 = w,(2)} over its projection €, we have wy(z) = gs(h;'(z)). Thus we can
rewrite the previous system as

(3.4)

(3.5)

for z € S;. In order to apply the moment conditions (1.6) to the functions G and
Hy, we need to find an adapted parametrization of the curve Ss. We first consider the
scaling A : C — C defined by As(z) = z/s and define 5 := A(25) and Ss := A4 (Ss).
Note that, with this change of variables, the moment conditions (1.6) applied to G(z)
and H,(z) become

(3.6) / 2"Gy(s2)dz :/ 2™ Hy(sz)dz =0,

s, S,
for all m > 0. We may now set an adapted parametrization of S,. Since the im-
age fs(bA) coincides with the image of the chain (z(s,.), 22(s,.)), we consider the
parametrization of Sy given by

29(8,t)  ~

(3.7) [0,T,] 3t Z5(s,t) := . € Ss.

According to Lemma 7, we can write Z3(s,t) = r(s,t)e” with

r(s,t) = 1+ k(t)s" +O(s°),
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where

4 .
k(t) = —gaem.

Note that r(s,t) is not necessarily real valued. Moreover, due to standards results
on ODEs (see for instance [12, Theorem 4.1]), the parametrization z»(s, t) is of class
C" in both variables. A straightforward computation leads to the following useful
lemma.

Lemma 8. Forj > 1,
r(s,t)) =1+ jk(t)s* + O(s),
(s, (s 8) = 1+ (jh(t) + k() 5* + O("),
or dk . 4 5
(5 1) = 2 (8)s7 +O0(s7).
Moreover, in order to apply Fourier analysis later on, we need to understand the
behavior of the period T of Z3(s,-) as s — 0.

Lemma 9. The function [0,¢] 3 s — Ty € R s of class C*. Furthermore, we have
T, = 21 + O(s").

Proof. The function (s,t) — Z(s,t) of class C” and, as s — 0, converges uni-
formly to ¢ — € on any fixed neighborhood of [0, 27]. Since by assumption, Z5(s, )
parametrizes a simple closed curve on [0, T}], the period T tends to 27 as s — 0.

To prove the smoothness of Ty, we will use the fact that the function v appearing
in Lemma 5 is real-valued (since a € R), which implies Im 25(s,0) = 0 for s € [0, €].
Consider the function ¢(s,t) := Im2y(s,t). At s =0 and ¢ = 27, we have

1(0,27) = Im 2,(0, 27) = 0, %(0, 27) = Im %(32(0, 2m)) = 1.

By the implicit function theorem there exists a function & : [0,¢] — R, of the same
smoothness as ¢, such that £(0) = 27 and ¢(s, k(s)) = 0. We claim that Ty = k(s).
Indeed, by the implicit function theorem, ¢t = k(s) represent the unique time in a
neighborhood of ¢ = 27 at which the curve 2y(s,t) crosses the line Im z = 0. Since
the period of Z5(s, -) approaches 27 as s — 0, and Im z3(s, 0) = 0, we necessarily have
Z(s, k(s)) = Z3(s,0), which means that T, = k(s) is of class C” near s = 0.

We now turn to the asymptotic expression of T;. By Lemma 7

Za(s,t) = e — §s4a63” +O(s°)

so that Z3(s,t) can be seen as a small perturbation of the unit circle parametrized by
t — €. Denoting the velocity vector of Zy by 2} = %v we have
Zy(s,t) = ie™ + O(s*).
On the one hand, from the expression of 23(s,t), we have
Za(s,2m) = Z5(s,0) + O(s°).

On the other hand, we can write

27
B(s.20) =BT+ [ s 0dr
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and since 25(s, Ts) = 2»(s,0), putting together the expressions above we get

0(35)_/?3;(5,75)@_/?” (i + O(s")) dt.

For s small enough we may suppose that |ie?* + O(s?)| > 1/2 and moreover that
|arg(ie” + O(s)) — /2| < 7 /4
for t € [Ts, 27] due to the fact that T} is close to 2m. It follows that

Im (ie" + O(s*)) > g

for t € [Ts, 27| and thus

2 ) 2
O(s°) = / Im (ie" +O(s")) dt > %|Ts — 2m|

so that |T, — 27| = O(s°). O
In view of Equation (3.6), we now define
c(s,t) := by(s%a(s,1)) = as(h; *(s22(s,t)) = as(h; (22(s,1)).

Lemma 10. There is a choice of as such that the function c(s,t) is of class C* in a
neighborhood of {0} x [0, 27| and satisfies fOQW c(s,t)dt =1 for all s > 0 small enough.

The proof is an adaptation of both proofs of Lemma 3.3 and Lemma 3.4 in [1]. The
main differences come from the facts that, in the present paper, the parametrization
intervals depend on s, and the first component of the discs we consider is not constant.

Proof. We first show that h;'(22(s,t)) is of class C° in both variables s and ¢. In
order to extend the parametrization (3.7) to a uniform domain, namely the unit disc,
we consider

T, ~
0,27] 2t +— 2 (s, —t) € Ss.
2m

According to Lemma 9, this map is of class C” in both variables s and t. Moreover,
its form allows us to extend it to the interior of the unit disc, and, thus, to obtain

a family of diffeomorphisms I'y = I'(s,-) : A — Q, of class C” in both variables s
and z. It follows from Corollary 9.4 in [2] and Lemma 2.1 in [1] that the function
(s,t) = ht (s22 (s, 22t)), and so (s,t) — h;'(22(s,1)), are of class C®.

We now define a;, by

A

as(¢)
¢ € bA, where - denotes the dot product in C2. According to Pang [14], since f; is
stationary and satisfies (3.4) for a continuous function a, then a, is a positive multiple
of ay, where the multiple may be any function of s. We now show that the function
(s,t) = as(h;1(22(s,t)) is of class C1. Note first that the map

Op (fs(hy (z2(s,t)e™)) = Op (ws(z2(s, 1)), z2(s, 1), ws(22(s,1)), 22(s, t))
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is of class C" in both variables. To study the smoothness of f!(h;'(25(s,t)), note
that by the chain rule, we have

d d 1
& (as ) (s 1) = T (ea(s.0)
P (5 ) - Lh (s, 1),

dt

and so

oo — [ D) g (a5 1)) )
fo(h (2a(s,1)) = (dh_l(zQ(S,t))7 Lhil(z(s,1) )

dt' s dt'’s
Following the proof of Lemma 3.3 in [1], we have h'(25(s,t)) = e + O(s), and since
h;'(29(s,t)) is of class C°, so is the map f/(h;'(22(s,t)). This shows that the function
(s,t) > as(h;'(29(s,t)) is of class C*.

Finally, with the same proof of Lemma 3.4 in [1], we get

1
as(ht(2(s,1))

The function as; we seek can be obtained by rescaling @; to ensure fo% c(t,s)dt =1
for all s > 0 small enough. 0

=57+ 0(s?).

We are now in a position to apply the moment conditions (3.6) to the system (3.5).
We start with the function G:

[ o (szbs(sz)g—Z(ws(sz), sz, wy(52), sz)) dz = 0,

S,

for all m > 0, that is, using the form of the defining function p,

[ 2by(s2) (1 + %n(lm ws(s2), sz,5Z) — (Imwg(sz)) - g—:l(lmws(sz), sz, SE)) dz=0

for all 7 > 1. We use the parametrization of §5 given by (3.7). With this parametriza-
tion, as observed in Remark 6, sZ, is of order O(s) and Im wy(s23) = y; of order O(s?).
Since 7 is of weighted order O(6), the first term involving 7 in the above integral is
of order O(s®), while the second one is of order O(s"). Accordingly, we obtain, for
g=>1

Sy i(j+1)t it 6 or . _
rleVIT I (sre’) (1 + O(s”)) n +ir | dt = 0.
0

Using Lemma 8, we have

/OTS U le(s, 1) (1+ jk(1)s' + O(s)) (z + (%(t) + ik(t)) st + 0(85)) dt = 0.

Developing the product leads to

s 4 - ;
/ e+ Ve (s, 1) (1 — glac™s’ + 0(35)) (i = diae™'s" + O(s")) dt =
0

T 4 .
= 2/ el lte(s 1) (1 - g(] + 3)ae*s* + 0(85)) dt =0
0
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In order to apply Fourier Analysis, we apply the change of variables t QT—:t and,
using Lemma 9, we obtain

2
T T, 4 Ts
/ B (s, —t) (1 — =(j +3)ae ="t + 0(85)) dt
0 27 3

S 4 4
= z/ et lte(s, 1) (1 - g(] + 3)aes* + 0(55)> dt = 0.
0

We may then expand c(s,.) in its Fourier series
+o0o

c(s,t) = Z Y (s)ekt

k=—oc0

where v_j, = 7, for all k € Z and, by Lemma 10, v, is C* and satisfies yo(s) = 1.
Inserting the Fourier expansion of ¢(s,t) in

o 4 ;
/ Ut ic(s, ¢) (1 — §(j + 3)ae*s* + 0(35)) dt =0,
0

we deduce that

(3.8) 7j+1(3) = O<54)7
for all j > 1. Taking the fourth derivative with respect to s, we get

4 — —
4 A7, 4 (4 A=,
5 () (Tt (56 +907320 ) o +0w™h) <o

=0

where 6} is the Kronecker symbol, which for j = 1 leads to

d*y 16 _
d842 (S> - 4‘3&’}/4(8) = O(S)a
implying that
d'7,
(3.9) F(S) = O(s).

We now apply the moment conditions (3.6) to the function Hy in (3.5):

/~ 2" (szbs(SZ)g—p(ws(SZ), 52, ws(82), 83)> dz =0,

S <2
for all m > 0. Due to the form of the defining equation p, we get

: 0 o)
/ 2bg(s2) | 87 +2as°22" + 4as°2°Z° + (Imwy(s2)) - —n(Im ws(sz),s2,5%Z) + =—(s2,5%)) | dz = 0,
Ss 8Z2 822
for all j > 1. We once again parametrize S, by (3.7). With this parametrization, the
term involving 7 in the above integral is of order O(s”), and the one involving ¢ is of
order O(s®). We then obtain

T
s . ) ) ) . ) 0
/ el(]“)tc(s, t) (rJFe_”s + 77 (2ar7te 3" + dar’Te)sS + 7“]0(36)) (8_77,: + i7“> dt = 0.
0

Using once again Lemma 8 and dividing by s gives

T
/ ez(”l)tc(s,t) (G_Zt + s <§ae_3“ + <—§j + 4) aelt> + 0(35)> .
0
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(1 —4ae*s* + O(s")) dt = 0,

and, after developing the product, and applying as above the change of variables
t— QT—’STt, we obtain for j > 1

2 2 - 4.
/ c(s,t) <e”t +3 (aezuz)t - gjan(J”)t) st + 0(35)) dt = 0.
0

Once again, we integrate from 0 to 2, insert the Fourier expansion of ¢(s,t), and
differentiate four times with respect to s, and obtain

4 — _ _
A (AT e (2 AT 4. AT ¢ e+1
E <€> <W<S)54 + il (ga T (s) — 3la— (s)) s +O(s )) = 0.

=0

For 7 = 2, this implies

20— 4 (Gl - Jam(s) ) =0l

2

2
Using (3.8), (3.9), we then deduce that ga%(s) = —a = 0. This conclude the proof
of Theorem 4.

1]

3
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