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Abstract. We study the higher order Kobayashi pseudometric introduced by Yu. We first
obtain estimates of this pseudometric in a special pseudoconvex domain in C3. We then
study the structure of the higher order extremal discs and their connection with the standard
extremal discs for the Kobayashi metric.

Introduction

In his thesis and related papers [17, 18, 19] Yu introduced a higher order version of the
Kobayashi pseudometric for the purpose of measuring precisely the type invariants of bound-
aries of pseudoconvex domains. This invariant pseudometric shares many of the fundamental
properties of the standard Kobayashi pseudometric; in particular, in the complex plane, the
higher order Kobayashi pseudometric and the Kobayashi pseudometric coincide on any domain
(see for instance [5]). The pseudometric introduced by Yu was later on studied by many dif-
ferent authors [8, 7, 11, 12, 5]. In this paper, we focus on two aspects of this pseudometric.
We first consider a particular domain given by Yu [17] and obtain new estimates of the higher
order Kobayashi metric (Theorem 2.2); as an application of our method, we obtain the exact
value of the Kobayashi metric in certain cases (Proposition 2.4). This answers partially two
questions addressed by Jarnicki and Pflug (problems 3.7 and 3.8 p.149 [5]). Then, inspired by
the works of Poletski [14], Edigarian [4], Jarnicki and Pflug [5], and the paper [2], we study
the higher order pseudometric by means of the corresponding extremal discs and focus on
their connection with the usual extremal discs (Theorem 3.3). We conclude the paper with an
appendix in which we prove higher order Schwarz type lemmas.

1. Preliminaries

We denote by D = {ζ ∈ C | |ζ| < 1} the unit disc in C and by Dr = {ζ ∈ C | |ζ| < r} the
disc centered at 0 and radius r > 0.

1.1. Invariant pseudometrics and the Kobayashi pseudometric of higher order. Let
Ω ⊂ Cn be a domain. Following [9, 15], the Kobayashi pseudometric of the domain Ω at p ∈ Ω
and v ∈ TpΩ = Cn is defined by

KΩ (p, v) = inf

{
1

r
> 0

∣∣ ∃ f : D→ Ω holomorphic, f (0) = p, f ′(0) = rv

}
.

We also recall the Carathéodory pseudometric CΩ at p ∈ Ω and v ∈ Cn defined by

CΩ(p, v) = sup{|dpg(v)| | g : Ω→ D holomorphic, g(p) = 0},

where dpg(v) is the differential at p of g in the direction v. Note that in the case of the unit
disc D ⊂ C, it follows from Schwarz Lemma that both KD and CD coincide with the Poincaré
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metric, that is, for ζ ∈ D and v ∈ C

KD(ζ, v) = CD(p, v) =
|v|

1− |ζ|2
.

Kobayashi pseudometrics of higher order were introduced by different authors [16, 17]. In
this paper, we focus on the one defined by Yu in [17, 18, 19]. More precisely, for a positive
integer k > 0, the kth order Kobayashi pseudometric is defined by

Kk
Ω (p, v) = inf

{
1

r
> 0 | ∃ f : D→ Ω holomorphic, f (0) = p, ν(f) ≥ k, f (k)(0) = k!rv

}
,

where p ∈ Ω, v ∈ Cn, and ν(f) is the vanishing order of f defined as the degree of the first
nonzero term in the power expansion of f .

Before stating some fundamental properties of the higher order Kobayashi metric, we first
mention the following higher order Schwarz Lemma on the unit disc.

Lemma 1.1 (Higher order Schwarz Lemma [17]). Let f : D → D be a holomorphic function

satisfying f (`)(0) = 0 for all ` = 0, . . . , k − 1. Then we have for all ζ ∈ D

|f(ζ)| ≤ |ζ|k

and

|fk(0)| ≤ k!

Moreover, if |f(ζ)| = |ζ|k for some ζ 6= 0 or |f (k)(0)| = k!, then f(ζ) = eiθζk for some θ ∈ R.

The proof of this lemma is essentially contained in the proof of Proposition 2.2 in [17]. We
now summarize important basic properties of the higher order Kobayashi pseudometric which
have been established by many authors [17, 5].

Proposition 1.2 ([17, 5]). Let Ω,Ω′ ⊂ Cn be two domains. Let k > 0 be a positive integer.

i. Let F : Ω→ Ω′ be a holomorphic map. Then for any p ∈ Ω and v ∈ TpΩ, we have

Kk
Ω′(F (p), dpF (v)) ≤ Kk

Ω(p, v).

In particular, the higher order Kobayashi pseudometric is invariant under biholomorphisms.
ii. In case n = 1, the pseudometrics Kk

Ω and KΩ coincide.

iii. We have Kmk
Ω ≤ Kk

Ω for any m ∈ N.
iv. For any p ∈ Ω and v ∈ TpΩ, we have

CΩ(p, v) ≤ Kk
Ω(p, v) ≤ KΩ(p, v).

Remark 1.3. The following higher order Kobayashi metric was introduced by Venturini in
[16]

F kΩ (p, ξ) := inf

{
1

r
> 0 | f : D→ Ω holomorphic, f (0) = p, f `(0) = r`ξ`, 1 ≤ ` ≤ k

}
for any p ∈ M and any k-jet ξ = (ξ1, . . . , ξk) ∈ Jkp (Ω) = Ckn at p. The relation between these
two higher order Kobayashi pseudometrics is given by

k!
(
F kΩ (p, (0, · · · , 0, v))

)k
= Kk

Ω (p, v) .
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1.2. Higher order extremal and stationary discs. Following Lempert [10], we define
higher order extremal discs as follows:

Definition 1.4. Let k > 0 be a positive integer and let Ω ⊂ Cn be a domain. A holomorphic
disc f : D → Ω is a k-extremal disc for the pair (p, v) ∈ Ω × TpΩ if f(0) = p, ν(f) ≥ k,

f (k)(0) = k!λv with λ > 0 and if g : D → Ω is holomorphic and such that g(0) = p, ν(g) ≥ k,

g(k)(0) = k!µv with µ > 0, then µ ≤ λ. In case k = 1, we will simply say that f is an
extremal disc. We denote by Xk

Ω(p, v) the set of k-extremal discs for the pair (p, v), and we set
X1

Ω(p, v) = XΩ(p, v).

Note that in case the domain Ω is bounded, then by Montel’s theorem, for any pair (p, v) ∈
Ω × TpΩ there exists a corresponding k-extremal disc. If F is an automorphism of Ω then it
follows directly from Propostion 1.2 i. that

(1.1) Xk
Ω(F (p), dpF (v)) = F∗X

k
Ω(p, v)

for any p ∈ D, v ∈ TpΩ.

Let Ω = {ρ < 0} ⊂ Cn be a smooth domain, where ρ is a defining function. We set

∂ρ =

(
∂ρ

∂z1
, . . . ,

∂ρ

∂zn

)
. Let k be a positive integer. Following [1], we define

Definition 1.5. A bounded holomorphic map f : ∆ → Cn is a k-stationary disc attached to
bΩ in the L∞ sense if f(b∆) ⊂ bΩ a.e. and if there exists a L∞ function c : b∆ → R+ such
that the function ζ 7→ ζkc(ζ)∂ρ(f(ζ)) ∈ Cn defined on b∆ extends holomorphically to ∆.

These discs were introduced in [1] and generalize the notion of stationary discs introduced
by Lempert [10]. They are particularly well adapted to study Levi degenerate hypersurfaces.

2. An example of Yu

In this section, we are interested in the behavior of the higher order Kobayashi pseudometric
in a particular domain. Following Yu [17], we consider the domain Ω = {z = (z1, z2, z3) ∈
C3 | ρ(z, z) < 0} ⊂ C3, where

ρ(z, z) = <ez3 +
∣∣z2

1 − z3
2

∣∣2.
The defining function ρ is plurisubharmonic, and thus, the domain Ω is pseudoconvex. This
example is the first example of a domain in which the higher order Kobayashi metric does not
coincide with the usual Kobayashi metric (see Proposition 2.1 below).

2.1. Estimates of the higher order Kobayashi pseudometric. Our goal is to study the
higher order Kobayashi pseudometric for the pair

(p, v) = ((0, 0,−1), (0, 1, 0)) ∈ Ω× C3.

The following proposition was proved in [17].

Proposition 2.1 ([17]). We have

KΩ ((0, 0,−1), (0, 1, 0)) = 1,

and for any positive integer k > 0

K2k
Ω ((0, 0,−1), (0, 1, 0)) = 0.

As pointed out in the book [5], it is relevant to find good estimates of Kk
Ω ((0, 0,−1), (0, 1, 0))

for k ≥ 3 odd. We will now focus on this question. Our main result is
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Theorem 2.2. The Kobayashi pseudometric of order 2k + 1, for k > 0, satisfies

(2.1) K2k+1
Ω ((0, 0,−1), (0, 1, 0)) ≤

(
8π

1− e−2π

)−1/3

≈ 0.3412.

Proof. We will first focus on estimating K3
Ω ((0, 0,−1), (0, 1, 0)). The idea is to find relevant

holomorphic discs contained in Ω. Instead of simply giving the explicit expression of the disc
leading to the estimate (2.1), we explain its construction.

We seek a holomorphic disc f = (f1, f2, f3) : D→ Ω satisfying

(2.2)


f(0) = (0, 0,−1)

f (`)(0) = 0, ` = 1, 2

f (3)(0) = 6r(0, 1, 0)

with r > 0. We will fix f3 ≡ −1. Such a disc can be written as

f(ζ) = (f1(ζ), f2(ζ),−1) =
(
ζ4h1(ζ), ζ3h2(ζ),−1

)
for some holomorphic functions h1, h2 : D→ C. We assume that h1(0) = 1 and we write

h1(ζ) = 1 + ζϕ(ζ)

for some holomorphic function ϕ. The problem is then to find two holomorphic functions ϕ
and h2 with h2(0) = r > 1 with the condition that the corresponding disc f is contained in Ω.
Using the defining function ρ, we need to ensure

−1 +
∣∣ζ8(1 + ζϕ(ζ))2 − ζ9h3

2(ζ)
∣∣2 = −1 +

∣∣ζ∣∣16∣∣(1 + ζϕ(ζ))2 − ζh2(ζ)3
∣∣2 < 0,

that is, ∣∣ζ∣∣16∣∣1 + 2ζϕ(ζ) + ζ2ϕ(ζ)2 − ζh2(ζ)3
∣∣2 < 1

This leads us to find holomorphic functions ϕ and h2 satisfying the equation

(2.3) ϕ(ζ)(2 + ζϕ(ζ)) = h2(ζ)3

We then construct ϕ so that both ϕ(ζ) and 2+ζϕ(ζ) have no zeros in the unit disc D. Consider

(2.4) ϕ(ζ) =
eζ − 1

ζ
.

This holomorphic function has no zeros on D and the same holds for

2 + ζϕ(ζ) = 1 + eζ .

We may then take for h2 a cubic root of ϕ(ζ)(2 + ζϕ(ζ)). It follows that the holomorphic disc(
ζ4

(
1 + ζ

eζ − 1

ζ

)
, ζ3h2(ζ),−1

)
=
(
ζ4eζ , ζ3h2(ζ),−1

)
is contained in Ω, satisfies the conditions (2.2), and since h2(0) = 21/3 we obtain the estimate

K3
Ω ((0, 0,−1), (0, 1, 0)) ≤ 1

21/3
.

Following this approach, we now modify the above function ϕ in (2.4) to sharpen this estimate.
Thus we consider

ϕ(ζ) = α
eβζ − 1

ζ
,
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with α, β > 0. We have ϕ(0) = αβ, and ϕ(ζ) = 0 if and only if βζ ∈ 2πiZ \ {0}. Therefore, to
ensure that ϕ has no zeros in D, we need to have

(2.5) β ≤ 2π.

We turn to the function
2 + ζϕ(ζ) = 2− α+ αeβζ

which vanishes when eβζ =
α− 2

α
. To make sure that 2 + ζϕ(ζ) has no zeros in D, we need

(2.6) log

(
α− 2

α

)
≤ −β.

Moreover, using Equation (2.3), we have

r3 = h3
2(0) = 2αβ.

The value r is the largest when equality occurs in (2.5) and (2.6), namely when β = 2π and

α =
2

1− e−2π
. This construction leads us to consider the holomorphic disc

f(ζ) =

(
ζ4

(
1 +

2(e2πζ − 1)

1− e−2π

)
, ζ3h2(ζ),−1

)
,

where h2 is a well defined holomorphic disc defined by Equation (2.3). The constructed disc is

contained in Ω, satisfies the conditions (2.2), and since h2(0) =

(
8π

1− e−2π

)1/3

we obtain the

desired estimate

K3
Ω ((0, 0,−1), (0, 1, 0)) ≤

(
8π

1− e−2π

)−1/3

.

Estimates related to the Kobayashi metrics of higher (odd) order are simply obtained by
considering the discs

ζ 7→
(
ζ3k+1

(
1 +

2(e2πζ − 1)

1− e−2π

)
, ζ2k+1h2(ζ),−1

)
.

�

Remark 2.3. Note that instead of f1(ζ) = ζ4h1(ζ), one could have considered a disc of the
form f1(ζ) = ζnh1(ζ) with n > 4. However, in case n > 4, the condition to ensure that the
disc

(
ζnh1(ζ), ζ3h2(ζ),−1

)
is contained in the domain Ω becomes∣∣f2

1 − f3
2

∣∣2 = |ζ|18
∣∣ζ2n−9h2

1(ζ)− h3
2(ζ)

∣∣2 < 1.

A classical subharmonicity argument (see e.g. p.105 [17]) implies |h2(0)| = r ≤ 1, which does
not improve the estimate we have obtained in Theorem 2.2.

2.2. On the standard Kobayashi metric. As an interesting application of the method
developed in the proof of Theorem 2.2, we are able to obtain the exact value of the standard
Kobayashi metric in the domain Ω in certain new cases.

Consider the point zt = (0, 0,−t) with 0 < t < 1, and the vector X = (a, b, 0) with
|a|2 + |b|2 = 1. In case a 6= 0, the following estimate was obtained by Yu in [17]:

(2.7) |a|t−
1
4 ≤ KΩ(zt, X) ≤ t−

1
4 .

As pointed out by Jarnicki and Pflug in p.145 [5], it would be interesting to know the exact
value of KΩ(zt, X). We are able to answer this question in some cases.
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Proposition 2.4. Assume that
|b|3

|a|3
≤ 2√

t
min

{
2π, log

(
1 + 2t

1
4

)}
. Then we have

KΩ(zt, X) = |a|t−
1
4 .

Essentially, this proposition states that for any point zt = (0, 0,−t) ∈ Ω with 0 < t < 1 on
the normal line through the origin, there exists a region of directions for which we know the
exact value of the Kobayashi metric.

Proof. We follow the strategy of the proof of Theorem 2.2. Consider the holomorphic disc
f = (f1, f2,−t) of the form

f(ζ) =

(
ζ

(
a

|a|t−
1
4

+ ζϕ(ζ)

)
, ζh2(ζ)− t

)
,

where

ϕ(ζ) =
e

b3
√
t

2a|a|2
ζ − 1

ζ
,

and where h2 is such that

(2.8) ϕ(ζ)

(
2

a

|a|t−
1
4

+ ζϕ(ζ)

)
= h3

2(ζ).

We first show that h2 is a well defined holomorphic disc. We note that ϕ has no zeros in the
unit disc. We need to show that the same occurs for

2
a

|a|t−
1
4

+ ζϕ = 2
a

|a|t−
1
4

+ e
b3
√
t

2a|a|2
ζ − 1.

Note that on ∂D, we have∣∣∣∣e b3
√
t

2a|a|2
ζ − 1

∣∣∣∣ =

∣∣∣∣∣∣
∑
k≥1

(
b3
√
t

2a|a|2

)k
ζk

k!

∣∣∣∣∣∣ ≤
∑
k≥1

1

k!

(
|b|3
√
t

2|a|3

)
= e

|b|3
√
t

2|a|3 − 1.

The latter is less than 2t
1
4 since |b|

3
√
t

|a|3 ≤ log
(

1 + 2t
1
4

)
. By Rouché’s theorem, it follows that

2 a

|a|t−
1
4

+ ζϕ has no zeros in the unit disc. Thus the function h2, and so the disc f , are well

defined.
Moreover, by construction we have f(D) ⊂ Ω. Indeed, using (2.8) we have

−t+
∣∣f2

1 (ζ)− f3
2 (ζ)

∣∣2 = −t+ |ζ|4
∣∣∣∣∣∣
(

a

|a|t−
1
4

+ ζϕ(ζ)

)2

− ζh3
2(ζ)

∣∣∣∣∣∣
2

= −t+ |ζ|4
∣∣∣∣∣∣
(

a

|a|t−
1
4

)2
∣∣∣∣∣∣
2

= −t+ |ζ|4t < 0.

Finally, we have f(0) = zt and f ′(0) = 1

|a|t−
1
4
X. Combined with (2.7), this proves the proposi-

tion.
�
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3. On higher order extremal discs

In this section, we are interested in the structure of the set of k-extremal discs. Recall that
for a domain Ω ⊂ Cn, the set of k-extremal discs for the pair (p, v) is denoted by Xk

Ω(p, v).

We first start with the following observation

Lemma 3.1. Let Ω ⊂ Cn be a bounded domain. Let k > 0 be a positive integer and p ∈ Ω
and v ∈ TpΩ. Then Kk

Ω(p, v) = KΩ(p, v) if and only if {f(ζk) | f ∈ XΩ(p, v)} ⊂ Xk
Ω(p, v).

Proof. Let p ∈ Ω and v ∈ TpΩ. Assume first that Kk
Ω(p, v) = KΩ(p, v). Let f ∈ XΩ(p, v) and

set h(ζ) = f(ζk). We note that h(0) = p, ν(h) ≥ k,

h(k)(0) = k!f (k)(0) =
k!

KΩ(p, v)
v =

k!

Kk
Ω(p, v)

v

which shows directly that h ∈ Xk
Ω(p, v).

Now assume that {f(ζk) | f ∈ XΩ(p, v)} ⊂ Xk
Ω(p, v). Let f be an extremal disc for the pair

(p, v) and define the disc h(ζ) = f(ζk). As before we have h(0) = p, ν(h) ≥ k, and

h(k)(0) =
k!

KΩ(p, v)
v,

and since h ∈ Xk
Ω(p, v), we have h(k)(0) = k!

Kk
Ω(p,v)

v, leading to Kk
Ω(p, v) = KΩ(p, v). �

In general, the sets {f(ζk) | f ∈ XΩ(p, v)} and Xk
Ω(p, v) are not equal, even if Kk

Ω(p, v) =
KΩ(p, v).

Example 3.2. Consider the bidisc D× D ⊂ C2. Note that

K2
D×D((0, 0), (1, 0)) = KD×D((0, 0), (1, 0))

by the product property of the higher order Kobayashi pseudometric (see e.g. Proposition 3.8.7
in [5]) and by the fact that K2

D ≡ KD. According to Schwarz Lemma, we have

XD×D((0, 0), (1, 0)) = {(ζ, ζ2ψ(ζ)) | ψ : D→ D holomorphic}.
The holomorphic disc ζ 7→ (ζ2, ζ3) ∈ X2

Ω((0, 0), (1, 0)) and is not of the form f(ζ2) for some
extremal disc f ∈ XΩ((0, 0), (1, 0)).

It is interesting to note that in case Ω is the unit disc D or the punctured disc D \ {0}, we
have, for any (p, v) ∈ Ω× TpΩ,

{f(ζk) | f ∈ XΩ(p, v)} = Xk
Ω(p, v).

This follows from the equality cases established in the corresponding higher order Schwarz
lemmas (Lemma 1.1 and Lemma 4.2) and from the invariance of extremal discs (1.1).

We now focus on a class of special domains, namely, complex ellipsoids in C2. The Kobayashi
metric on convex and nonconvex complex ellipsoids has been studied by many authors [14, 3,
6, 13, 4]. It is interesting to note that in the papers [14, 6, 13, 4], the metric is studied by
means of extremal discs. Consider the nonconvex complex ellipsoid

E(1,m) = {(z1, z2) ∈ C2
∣∣ |z1|2 + |z2|2m < 1}

where m ∈ (0, 1/2). We first note that E(1,m) is a bounded balanced pseudoconvex domain,
that is, if z ∈ E(1,m) and λ ∈ D̄ then λz ∈ E(1,m). Accordingly, the higher order Kobayashi
metric coincide with the Kobayashi metric at the origin (0, 0) (see e.g. Theorem 2.4 in [7]).
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For a ∈ D, we denote by Ba : D → D the Blaschke function Ba(ζ) =
ζ − a
1− aζ

. Our main result

is

Theorem 3.3. Let (a, b) ∈ E(1,m) and v ∈ C2. Let f ∈ XE(1,m) ((a, b), v). Then the map

f(ζk) is k-stationary in the L∞ sense.

Proof. Following [13] and [4], we consider two kind of maps (see Proposition 2 [13] and Theorem
2 [4]). The first sort ϕ = (ϕ1, ϕ2) : D→ E(1,m) of is of the form

(3.1) ϕ(ζ) =

(
a1B

r1
α1

(ζ) · 1− α1ζ

1− α0ζ
, a2B

r2
α2

(ζ) ·
(

1− α2ζ

1− α0ζ

) 1
2m

)

with 

a1, a2 ∈ C∗, α0 ∈ D, α1, α2 ∈ D

rj ∈ {0, 1}, j = 1, 2 and if rj = 1 then αj ∈ D

α0 = |a1|2α1 + |a2|2mα2

1 + |α0|2 = |a1|2(1 + |α1|2) + |a2|2m(1 + |α2|2)

The second kind of maps ψ = (ψ1, ψ2) : D→ E(1,m) is of the form

(3.2) ψ(ζ) =

(
a1

k∏
`=1

Br`1
α`1

(ζ) · 1− α`1ζ
1− α`0ζ

, a2

k∏
`=1

Br`2
α`2

(ζ) ·
(

1− α`2ζ
1− α0`ζ

) 1
2m

)

with

a1, a2 ∈ C \ {0}, α`j ∈ D, ` = 1, . . . , k, j = 0, 1, 2

r`j ∈ {0, 1}, ` = 1, . . . , k, j = 1, 2, and if r`j = 1 then α`j ∈ D

|a1|2
k∏
`=1

(ζ − α`1)(1− α`1ζ) + |a2|2m
k∏
`=1

(ζ − α`2)(1− α`2ζ) =
k∏
`=1

(ζ − α`0)(1− α`0ζ)

Consider now an extremal disc ϕ = (ϕ1, ϕ2) ∈ XE(1,m) ((a, b), v). According to Pflug and

Zwonek [13], the map ϕ is necessarily of the form (3.1). We wish to show that ϕ(ζk) is of the
kind (3.2). For this purpose, for j = 0, 1, 2, we consider the kth-roots of αj and denote them
by α1j , α2j . . . , αkj . We also set r`j = rj for all ` = 1, . . . , k and j = 1, 2. Define

I = |a1|2
k∏
`=1

(ζ − α`1)(1− α`1ζ) + |a2|2m
k∏
`=1

(ζ − α`2)(1− α`2ζ)
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We compute, using ζk − αj =
∏k
`=1(ζ − αkj) and 1− αjζk =

∏k
`=1(1− αkjζ2),

I = |a1|2(ζk − α1)(1− α1ζ
k) + |a2|2m(ζk − α2)(1− α2ζ

k)

= −
(
|a1|2α1 + |a2|2mα2

)
ζ2k +

(
|a1|2(1 + |α1|2) + |a2|2m(1 + |α2|2)

)
ζk −

(
|a1|2α1 + |a2|2mα2

)
= −α0ζ

2k +
(
1 + |α0|2

)
ζk − α0 = (ζk − α0)(1− α0ζ

k) =
k∏
`=1

(ζ − α`0)(1− α`0ζ).

and

ϕ(ζk) =

(
a1B

r1
α1

(ζk) · 1− α1ζ
k

1− α0ζk
, a2B

r2
α2

(ζk) ·
(

1− α2ζ
k

1− α0ζk

) 1
2m

)

=

(
a1

k∏
`=1

Br`1
α`1

(ζ) · 1− α`1ζ
1− α`0ζ

, a2

k∏
`=1

Br`2
α`2

(ζ) ·
(

1− α`2ζ
1− α0`ζ

) 1
2m

)
.

Therefore the map ϕ(ζk) is exactly of the form (3.2). Following a variational approach due
to Poletsky [14], Edigarian [4] showed that maps of the form (3.2) are solutions of a certain
Euler-Lagrange equation (see Problem (P) of m-type p.84 [4]). Together with Remark 11.4.4
in [5], it follows that such maps k-stationary in the L∞ (see also [2]). This shows that ϕ(ζk) is
then k-stationary in the L∞. �

Remark 3.4. We could have focused on maps of the form (3.1) and (3.2) centered at (0, b).
Indeed, we know (see e.g. [13]) that for a ∈ D and θ ∈ R, the map Fa,θ defined by

Fa,θ(z1, z2) =

(
z1 − a
1− az̄1

,
eiθ(1− |a|2)

1
2m z2

(1− az̄1)
1
m

)
is an automorphism of E(1,m) which maps any point (a, c) ∈ E(1,m) to a point (0, b) ∈ E(1,m)
with b ∈ [0, 1). Moreover, by Equation (1.1), we have

(Fa,θ)∗X
k
E(1,m)

(
(a, c), d(0,0)Fa,θ(v)

)
= Xk

E(1,m)

(
(0, b), v

)
.

Nevertheless, we decided to keep the more general form of such maps since the simplification
of notation is barely noticeable.

Remark 3.5. In case the complex ellipsoid E(1,m) is convex, that is, when m > 1
2 . We know

from Lempert theory [10] that the Kobayashi metric and the Carathéodory metric coincide.
Therefore by Proposition 1.2, the higher order Kobayashi metrics and the standard Kobayashi
metric coincide; this fact was already observed by many authors [5, 17]. According to Lemma
3.1, we have {

f(ζk) | f ∈ XE(1,m) ((a, b), v)
}
⊂ Xk

E(1,m) ((a, b), v) .

It follows that if ϕ is a map of the form (3.1), then ϕ(ζk) is a k-extremal and, thus, must be of
the form (3.2). Nevertheless, without a direct computation, the dependance of the parameters
α`j on the parameters αj is only implicit.
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4. Appendix: on higher order Schwarz lemmas

In this appendix, we establish higher order versions of Schwarz type lemmas in the vein of
Lemma 1.1.

Lemma 4.1. Let f : D → D be a holomorphic function and ζ ∈ D with f (`)(ζ) = 0 for all
` = 1, . . . , k − 1. We have for all w ∈ D

(4.1)

∣∣∣∣∣ f(ζ)− f(w)

1− f(ζ)f(w)

∣∣∣∣∣ ≤
∣∣∣∣ ζ − w1− ζ̄w

∣∣∣∣k
and

(4.2)
∣∣∣f (k)(ζ)

∣∣∣ ≤ k!
1− |f(ζ)|2

(1− |ζ|2)k
.

Moreover, in case of equality (with w 6= ζ) then f is of the form f(w) =
eiθ(Bζ(w))k + f(ζ)

1 + eiθf(ζ)(Bζ(w))k
.

Proof. Let ζ, w ∈ D. Set a = f(ζ) and consider the function g = Ba ◦ f ◦ B−ζ : D → D. We
have g(0) = 0 and, for ` = 1, . . . , k − 1

g(`)(0) = (Ba ◦ f ◦B−ζ)(`)(0) = 0

since (f ◦B−ζ)(`)(0) = 0. Moreover, a straightforward computation also leads to

g(k)(0) = B′a((f ◦B−ζ)(0)) · (f ◦B−ζ)(k)(0) = B′a(a) · f (k)(ζ) · (B′−ζ(0))k.

By applying Lemma 1.1 with g, we obtain for w̃ ∈ D

|g(w̃)| =
∣∣∣∣ f(B−ζ(w̃))− a
1− af(B−ζ1(w̃))

∣∣∣∣ ≤ |w̃|k,
which, for w̃ = Bζ(w), gives (4.1), and∣∣∣g(k)(0)

∣∣∣ =
∣∣∣f (k)(ζ)

∣∣∣ · ∣∣B′a(a)
∣∣ · ∣∣(B′−ζ(0))

∣∣k ≤ k!

which implies (4.2).
Finally, if equality holds, then by Lemma 1.1 we have g(ζ) = eiθζk for some θ ∈ R, and thus

f(w) = B−a ◦ g ◦Bζ(w) =
eiθ(Bζ(w))k + f(ζ)

1 + eiθf(ζ)(Bζ(w))k
.

�

We also establish a higher order Schwarz Lemma in the case of the punctured disc.

Lemma 4.2. Let f : D → D \ {0} be a holomorphic function such that f (`)(0) = 0 for all
` = 1, . . . , k − 1. Then

(4.3)
∣∣∣f (k)(0)

∣∣∣ ≤ −2k!|f(0)| log |f(0)|.

Moreover in case of equality then f is of the form

f(ζ) = eiαe
log |f(0)|

1 + eiθζk

1− eiθζk

for some θ ∈ R and where f(0) = |f(0)|eiα.
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Proof. We write f as an exponential f = eg for some holomorphic function

g : D→ {ζ ∈ C | <eζ < 0} .

It follows that ϕ ◦ (−ig), where ϕ : H → D is the Cayley transform ϕ(ζ) = ζ−i
ζ+i , is a self map

of the unit disc. For ` = 1, . . . , k − 1 we have g(`)(0) and thus, after a direct computation we
obtain

(ϕ ◦ (−ig))(`)(0) = 0

and

(ϕ ◦ (−ig))(k)(0) = ϕ′(−ig(0))g(k)(0) =
ϕ′(−ig(0))f (k)(0)

f(0)
.

We now apply Lemma 4.1 to ϕ ◦ (−ig) and get

∣∣∣∣(ϕ ◦ (−ig))(k)(0)

k!

∣∣∣∣ =
1

k!

∣∣∣∣ 2

(g(0)− 1)2
·
f (k)(0)

f(0)

∣∣∣∣ ≤ 1− |(ϕ ◦ (−ig))(0)|2 = 1−
∣∣∣∣g(0) + 1

g(0)− 1

∣∣∣∣2 .
This implies

2

k!

∣∣∣∣∣f (k)(0)

f(0)

∣∣∣∣∣ ≤ |1− g(0)|2 − |1 + g(0)|2 = 2(−g(0)− g(0)) = −4<eg(0) = −4 log |f(0)|

and proves (4.3).
We now write f(0) = |f(0)|eiα with 0 ≤ α ≤ 2π. Then, we can renormalize the holomorphic

function g such that f = eiα+g where g(0) = log |f(0)| ∈ R. In case of equality in (4.3), then
by Lemma 4.1 we have

ϕ ◦ (−ig) = B−ϕ(−ig(0)) ◦ (eiθζk)

and so

g(ζ) = −
B−ϕ(−ig(0)) ◦ (eiθζk) + 1

1−B−ϕ(−ig(0)) ◦ (eiθζk)
= g(0)

e1+iθζk

1− eiθζk

leading to (4.3). �
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