THE 1-JET DETERMINATION OF STATIONARY DISCS ATTACHED
TO GENERIC CR SUBMANIFOLDS

FLORIAN BERTRAND AND FRANCINE MEYLAN

ABSTRACT. The existence of a nondefective stationary disc attached to a nondegen-
erate model quadric in CV is a necessary condition to ensure the unique 1-jet deter-
mination of the lifts of a key family of stationary discs [6]. In this paper, we give an
elementary proof of the equivalence when the model quadric is strongly pseudoconvex,
recovering a result of Tumanov [14]. Our proof is based on the explicit expression of
stationary discs, and opens up a conjecture for the unique 1-jet determination to hold
when the model is not necessarily strongly pseudoconvex.

INTRODUCTION

In the paper [6], we gave an explicit construction of stationary discs attached to a
strongly Levi nondegenerate model quadric, and obtained a necessary condition, namely
the existence of a nondefective stationary disc, to ensure the unique 1-jet determination of
their lifts. As emphasized in [5], this is a crucial step to deduce the 2-jet determination of
CR automorphisms of strongly Levi nondegenerate CR submanifolds. Tumanov proved
in [14] that the existence of a nondefective stationary disc is also a sufficient condition if
the model is strongly pseudoconvex. His proof is based on the fact that, in the strongly
pseudoconvex case, lifts of stationary discs can be made ”supporting” in a suitable
(nonlinear) system of coordinates (Proposition 3.9 in [14], see also Proposition 2.2’ in
[13]).

One purpose of the present paper is to address the question of recovering Tumanov’s
result using the explicit construction of stationary discs, without performing a nonlinear
change of coordinates that would not preserve the model quadric (Theorem 4.3). The
elementary proof we give reveals a possible generalization to merely strongly Levi nonde-
generate model quadric of this unique 1-jet determination (Subsection 4.1 and its open
questions).

Another purpose of this paper is to discuss the link between various definitions related
to the model quadric (see Lemma 1.2), and also between different technics used to
obtain finite jet determination of biholomorphisms preserving CR submanifolds. We
thus generalize, for a class of Levi generating submanifolds, the 2-jet determination of
biholomorphisms preserving strongly Levi nondegenerate CR submanifolds obtained in
[4] to merely Levi nondegenerate CR submanifolds (see Theorem 1.6). We recall that the
2-jet determination of biholomorphisms preserving (Levi generating) Levi nondegenerate
CR real-analytic submanifolds does not hold in general, due to the counterexamples
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obtained in [9]. We refer to the surveys of Zaitsev [16] and, Lamel and Mir [11], and
references therein, for an overview of finite jet determination problems.

1. HERMITIAN MATRICES ASSOCIATED TO THE LEVI MAP OF GENERIC
SUBMANIFOLDS

In this section, we recall various definitions related to the Levi map (see p. 41 [1])
of a generic submanifold via its associated Hermitian matrices. We also recall recent
results about 2-jet determination of CR mappings in higher codimension, and obtain a
new result in this direction.

Let M C C"* be a C* generic real submanifold of real codimension d > 1 through
p = 0 given locally by the following system of equations

Rew; = ZA12 4+ O(3)
(1.1) :
Rewy = 'ZA42 + O(3)
where Ay, ..., Ay are Hermitian matrices of size n. In the remainder O(3), the variables
z and Smuw are respectively of weight one and two. We associate to M the model quadric
My given by

Rew, = 'ZA,z
(1.2)
Rewy = 12A,2.

Recall that M is of finite type at 0 with 2 the only Hérmander number if and only M
is Levi generating at 0 if and only if the matrices Ay, ..., Ay are linearly independent (see
[7] for instance). We say that M is Levi nondegenerate at 0 in case N7_ KerA; = {0}.
The submanifold M is strongly Levi nondegenerate at 0 (resp. strongly pseudoconvex at
0) if there exists b € R? such that the matrix Z?Zl bjA; is invertible (resp. positive
definite). Note that in case M is strongly pseudoconvex, the matrix Z;l:l b;A; may be

chosen to be the identity matrix after a linear holomorphic change of variables. We also
recall the following definition from [5].

Definition 1.1. Let M be strongly Levi nondegenerate at 0 given by (1.1) and let b € R?
be such that E;lzl b;A; is invertible. We say that M is D-nondegenerate at 0 if there
exists V' € C" such that, if we set Dy to be the n x d matrix whose j" column is A;V,
then Re( tEQ(Z?:l bjA;)"1Dy) is invertible.

The following lemma was pointed out to us by Bernhard Lamel; we thank him for
that. This lemma shows the connection between the Segre sets introduced by Baouendi,
Ebenfelt and Rothschild (see Chapter 10 in [1]) and the matrix Dy introduced in the
previous definition.

Lemma 1.2. The model quadric My given by (1.2) is of finite type with Segre number
2 at 0 if and only if there exists a V such that the n x d matriz whose j™ column is A;V
has rank d.
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Proof. Let S5(0) be the Segre set of order 2 at 0. A direct computation yields to
Sy(0) = {(z,w) €C" x C* | I € C", w; ="CA;z}.

Let d2(0) be the generic rank of the map

(1.3) pri(2,) €C" x C" — (2,'CAyz,...,"CAy4z) € C"F,

According to Theorem 10.5.5 in [1], the quadric My is of finite type at 0 with Segre
number 2 at 0 if and only if dy(0) = n + d. According to the form of the map pr given
by (1.3), we obtain that do(0) = n + d if and only if the n x d matrix whose j* column
is A;V has rank d for some V. This achieves the proof. O

We now highlight two recent results on 2-jet determination of CR automorphisms.
Tumanov obtained in [15] the following theorem for strongly pseudoconvex submanifolds.

Theorem 1.3. [15] Let M C CV be a C* generic real submanifold given by (1.1). Assume
that M s strongly pseudoconvexr and that the matrices Ay, ..., Ay are linearly indepen-
dent. Then any germ at 0 of CR automorphism of M of class C* is uniquely determined
by its 2-jet at 0.

In [5], we proved that 2-jet determination holds under the ®-nondegeneracy of the
submanifold (see also [4]). More precisely,

Theorem 1.4. [5] Let M C CV be a C* generic real submanifold given by (1.1). Assume
that M is ®-nondegenerate at 0. Then any germ at 0 of CR automorphism of M of class
C3 is uniquely determined by its 2-jet at 0.

In light of Lemma 1.2, we may rewrite the following theorem due to Baouendi, Ebenfelt
and Rothschild (Theorem 12.3.11 and Remark 12.3.13 in [1]) for the model quadric M.

Theorem 1.5. [1] Let My C CV be a model quadric given by (1.2). Assume that My
is Levi nondegenerate at 0 and that there exists V. € C" such that the n x d matriz Dy
whose j'" column is A;V is of rank d. Then any biholomorphism sending My into itself
15 uniquely determined by its 2-jet at 0.

Proof. This is a direct application of Lemma 1.2 and Proposition 11.1.12 in [1]. O

Using Theorem 1.5, we then obtain the following new result which is a direct applica-
tion of Theorem 3.10 in [8] for smooth generic submanifolds:

Theorem 1.6. Let M C CV be a smooth submanifold given by (1.1). Assume that M
is Levi nondegenerate at 0 and that the matriz Dy whose j™ column is A;V is of rank d.
Then any biholomorphism sending M into itself is uniquely determined by its 2-jet at 0.

Proof. Let hol(Myg,0) be the set of germs of real-analytic infinitesimal CR automor-
phisms of My at 0. By Theorem 1.5, the elements of hol( My, 0) are determined by their
2-jets. Hence, a direct application of Theorem 3.10 in [8] yields to the result. U

Remark 1.7. The second author recently wrote a paper with Kolatr [10] in which they
observe that it is enough to assume that M is of class C? in the previous theorem.



4 FLORIAN BERTRAND AND FRANCINE MEYLAN

2. STATIONARY MINIMAL SUBMANIFOLDS

Let M be a strongly Levi nondegenerate real submanifold given by (1.1). We fix b € R?
such that ijl b;A; is invertible, and let a € C¢ be sufficiently small. We consider the
following quadratic matrix equation

(2.1) PX?*+AX +'P=0

where P := Z] L a;A; and A = Zj_l(b a; — a;)A;. Consider X to be the unique
n x n matrix solution of (2.1) such that || X|| < 1. Note that X depends on both a and b.
The following definition, inspired by the work of Tumanov in the strongly pseudoconvex
setting [14], was introduced in [6].

Definition 2.1. Let M be a strongly Levi nondegenerate (at 0) real submanifold given
by (1.1). Let b € R? be such that ijl bjA; is invertible and let V € C". Consider
a € C? sufficiently small and the solution X of (2.1) with ||X|| < 1. We say that M is
stationary minimal at O for (a,b —a — @, V) if the matrices Ay, ..., Ay restricted to the
orbit space

Ox.y :=spang{V, XV, X?V,... . X"V,.. .}

are R-linearly independent.

Note that the above definition is independent of the choice of holomorphic coordinates
and that M is stationary minimal for (0,5, V') in case it is ®-nondegenerate. Tumanov
proved that if Ay, ..., Ay are d linearly independent Hermitian matrices, then there exist
a € R? and V € C" such that the matrices Ay, ..., Ay restricted to the space

spang{V, PV, P*V,... ,P*V,.. }

are R-linearly independent (Theorem 5.3 in [15]). In particular, this implies that strongly
pseudoconvex Levi generating submanifolds are stationary minimal. For the sake of
clarity, we provide a proof.

Theorem 2.2. [15] Let M C CV be a C* generic real submanifold given by (1.1). Assume
that M s strongly pseudoconvexr and that the matrices Ay, ..., Aq are linearly indepen-
dent. Then there exists a,b € R? and V € C" such that M is stationary minimal at 0
for (a,b—2a,V).

Proof. Let b € R? be such that Z;.lzl b;A; is positive definite; without loss of generality,

we assume that Z;l:l b;A; is the identity matrix. According to Theorem 5.3 in [15], there
exists ag € R? and V € C" such that the matrices Ay,. .., Ay are R-linearly independent
on the space

Olag,v) = spang{V, PV, P*V, ..., P*V,...},
with P = )" ag;A;. Note that since ag can be chosen as small as necessary, the matrix
A=351 =1(bj — 2a9;)A; is positive definite. Taking s large enough, we assume that

O(ao,v) = spang{V, PV, PV, ... , PV}

We set .
V =(V,PV,P*V,... PV) e Cttn,
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and we define Aj,j =1...,d, and P to be the following (s + 1)n x (s + 1)n matrices
4; (0) p (0)
P
A= ) P = .
(0) A; (0) p

It follows that the vectors A,V, ..., A,V are R-linearly independent. We may then find
an invertible d x d matrix Chep whose 7 column is given by well chosen (independent
of j) components of A;V. Let X be the matrix solution of (2.1) with || X| < 1. We
replace V by Vy, where

Vy = (V, XV, X?V,... X*V) e Cltn

with X evaluated at ag, and we consider the dxd matrix C obtained from A, VX, o AgVy
by keeping the same rows as the ones of Cj,,,. Since X is of the form

d -1
X=- (f - 2Za0jAj) P+ Of|agf) = = P+ O(laol?),
j=1

it follows that C has a determinant with a first nonzero homogeneous term of degree d
depending on ag, actually the determinant of C',,,. Therefore, expanding the determi-
nant of C' into homogeneous terms, and replacing ag by Aag, we obtain a function h(\)
with respect to A whose first term coefficient of order d is non zero. Therefore, we may
choose Ag such that h(A\g) # 0. This shows that M is stationary minimal for a = Agay.
O

3. STATIONARY DISCS

Let M C CV be a C* generic real submanifold of codimension d given by (1.1).
Following Lempert [12] and Tumanov [14], a holomorphic disc f : A — C" continuous
up to A and such that f(OA) C M is statz’onary for M if there exist d real valued
functions ¢i,...,¢q : OA — R such that Z ¢;(€)0r;(0) # 0 for all ¢ € OA and such

that the map denoted by f
= CZc] or; (10, 1)

defined on 0A extends holomorphically on A. In that case, the disc f = (f, f) is a
holomorphic lift of f to the cotangent bundle T*CY and the set of all such lifts f = (f, f),
with f nonconstant, is denoted by S(M).

We now consider a strongly Levi nondegenerate quadric My given by (1.2). We fix

b € R? such that Z?Zl b;jA; is invertible and we define So(Mpy) C S(Mpy) to be the
subset of lifts whose value at ¢ = 11is (0,0,0,b/2). Consider an initial disc fo € So(Mp)
given by

o= (1= Vo200 = O TodiVor .. 201 = T Ao, (1= OTa(X 114, 51).
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with V5 € C". In [6], we obtained the explicit expression of lifts of stationary discs
near fo. Actually, that result is due to Tumanov [14] when the quadric My is strongly
pseudoconvex. More precisely lifts of stationary discs f = (h, g, h, §) € So(My) near fo
are of the form

(h(¢) =V = ((I = (X)™ (I = X)V

g;(Q) = VAV —2VA I — (X)) - X))V + V(IXK; — K; X))V+
V(I -t X)K;(I+2¢X(I —¢X)™)(I - X)V,
(3.1)

h(¢) = —¢ RO (Sie(aC + (b — a — @) + T0)4, )

P =2
£~]@):a—k(b a2 a)¢ +a¢

where V' € C" (close to V), a € C? is sufficiently small, X is the unique n x n matrix
solution of (2.1) (with b —a — @) with || X|| <1, and for j =1,...,d

r=0

As a consequence of that explicit expression, it is possible to characterize nondefective
discs in So(Mpy). Recall from [2] that a stationary disc f is defective if it admits a lift
f=(ff): A= T*CN such that (f, f/¢) is holomorphic on A. As proved in [6], a disc
f of the form (3.1) is nondefective if and only if the quadric My is stationary minimal
at 0 for (a,b —a —a, h(0)). Together with Theorem 2.2, we then recover

Theorem 3.1. [15] Let M C CV be a C* generic real submanifold given by (1.1). As-
sume that M is strongly pseudoconvexr and that the matrices Ay, ..., Aq are linearly
independent. Then there exists a nondefective stationary disc f of the form (3.1).

4. THE 1-JET MAP FOR STATIONARY DISCS OF THE MODEL QUADRIC

Let My be a model quadric of the form (1.2). Consider the 1-jet map at ( = 1 defined
on So(Mp)
jio f = (FQ), £1(1).
Since f(1) = (0,0,0,b/2) where b € R? is fixed, the 1-jet map is identified with the
derivative map f — f’(1) at ¢ = 1. Using the explicit expression of lifts (3.1), we note
in [6] that, after changes of variables in both the source and the target spaces, the 1-jet
map j; : C¢ x C" = C" x R x C? at ¢ = 1 may be written as

(4.1) j1: (@, V) = (V, V(I - "X)K;(I — X)V,Ima).
We prove in [6] that the fact that My is stationary minimal at 0 is a necessary condition

for the 1-jet map j; to be a local diffeomorphism. In this section, we give an elementary
proof of the equivalence when the model quadric My is strongly pseudoconvex.
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Denote by M, (C) the space of square matrices of size n with complex coefficients.
Let P and X be given by (2.1). We consider the map

0 : M, (C) = M, (C),
defined by
(4.2) @©(N)=N+ P(NX + XN).

For a € C? small enough, the map ¢ is invertible with inverse of the form

p ' (N)=N+> Q.(P,X)NX",
r=0
where @Q, is a convergent power series in P and X; e.g. Qo = >, (—1)*(PX)"*. More-
over Q.(P,X) = > .o, Ri,(P,X) where Ry (P, X) is a homogeneous polynomial of
degree k in P and k — r in X. Note that if @ = 0 then ¢ is the identity map. In what

follows, we denote by Xge,, the derivative s=1,...,d. We have the following

0X
OReay’
lemma.

Lemma 4.1. Let My be a strongly pseudoconvez quadric given by (1.2). Let a € R? be
small enough and let X be the unique n X n matrixz solution of (2.1) such that | X|| < 1.
Then, after a linear choice of coordinates, we have

Xea, = 90_1(_148(] - X)Q) = _90_1(145)(] - X)27
where ¢ is given by (4.2).
Proof. Since My is strongly pseudoconvex, we choose coordinates for which Z?Zl(bj —
a; — a;)A; = I. Differentiating Equation (2.1) in Reay and evaluating at (a,b — a — @)
implies that

A X? 4 P(X Xea, + Xnea, X) — 24X + Xipea, + A =0
and so
XiReas + P(XX%eas + X%easX) = _As([ - X)2

We then obtain

Xpea, = 0 (A1 = X)) = =7 H(A)(T — X)*.

We recall the following lemma.

Lemma 4.2. [6] Let My be a strongly Levi nondegenerate quadric given by (1.2) and
let b € RY be such that Z?Zl b;A; is invertible. Let a € C? be small enough and let X be
the unique n X n matriz solution of (2.1) such that || X|| < 1.
i. The 1-jet map j1 is a local diffeomorphism at (a,V) € C? x C" if and only if the
d x d matrix

0 = —
I—'"XK;(I - X
(0 V= TR )V)j,s
1s invertible.
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1. For any s =1,...,d, we have
0 = — = A\ 2 T
I-'"X)K;(I - X = =2 WV(I="X)"'"X K Xpea, X" :
oRea, V( ) J( )V Fe <; V( ) JAReas V)

The main theorem is

Theorem 4.3. Let My be a strongly pseudoconvex quadric given by (1.2) and let b € R?
be such that Z?Zl bjA; is invertible. Assume that My is stationary minimal at O for
(a,b—a—a,V) with a € C? sufficiently small. Then the 1-jet map j; given by (4.1) is
a local diffeomorphism at (a,V).

Proof. Assume that My is stationary minimal at 0 for (a,b —a — @, V) with a € C?
sufficiently small. Due to the strong pseudoconvexity of My, we assume that the matrix
A= Z;.l:l(bj —aj — a;)A; is the identity. In light of Lemma 4.2, we need to show that

Y = Re (Z v (I — tY)Q tYTKjX%eaSXTV>
7,8

r=0

is invertible. In fact, we will prove it is negative definite. Using Lemma 4.1, we have:

Y = —Re (Z V(I - X)X Ko (A)XT( - XQ)V)
7,8

r=0

= —Re (Z tWtYTKjgol(AS)XTV’>
r=0 7,8

where V' = (I — X)?V. Since the quadric My is stationary minimal at 0 for (a,b —a —

@, V), it is also stationary minimal at 0 for (a,b —a — @, (I — X)*V) (see the proof of

Lemma 6.7 [14], see also [6].) We then abusively write V' in place of V', and we need to

show that the matrix Re (3°°2, 'V tYrKjapfl(As)X’"V)m is positive definite.

Let W € C? be a nonzero unit vector. Since M is stationary minimal, we have

Whe <Z tVfY*AjASXTv> W= DWW+ > IDW]* >0,
7,8

r=0 r=0 r=0

where D, is the n x d matrix whose s column is A, X"V. Since X is solution of
Equation (2.1), the term D,W is a sum of homogeneous polynomials in a,a of degree
greater than or equal to r (and congruent to » modulo 2). Denote by k(r) the minimal
degree appearing in this decomposition and define ky := min,>o k(). We denote by I
the finite set of integers r which realize the mininum, that is such that D.W contains
terms of degree ky. Note that if r ¢ I then D,W = O(]|al|**!). Note also that the
minimal degree appearing Y - || D, W|? is exactly 2ko. Moreover, the function k is a
upper semi-continuous in W, which by compactness implies that it is bounded by above;
this fact is crucial since it allows to choose a smaller if necessary. Now define
Sy =W (VX Kjp ' (A4)X"V), W.

j?s
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In case r € I then
Sy = [|ID,WII* + O(l|al[***?) > 0.

We claim that if r ¢ I then S, = O(]|a]|****2). To show this, note that, in that case, S,
only contains terms of the form

W (VXX Ry, (PX)AX V) W = Dy WX Ry, (P, X) Dy W,
2,8
where Ry 4, (P, X) is a homogeneous polynomial of degree k in P and k — {5 in X; this
is due to the form of the inverse of ¢ (see Equation (4.2)). Whether r + ¢; and r + {5
are in I or not, we have

tDT-I—leXéle,b(P? X)DH-&W - O(”a||2k0+2>'

Indeed, we distinguish the four following cases.

o If r+(; ¢ Iand r+ (¢ I, this is clear since Dy, W = O(||al|*™), j = 1,2

e The case r+ ¢y ¢ I and r + {5 € I can only occur if £ > 1. In that case, we have
D,y o, W = O(]|a||**1) and D, ., W = O(||a||**). Due to the contribution of the
term Ry 4, (P, X), we obtain O(]|a|?*+2).

e The case r + {1 € I and r + {5 ¢ I can only occur if ¢; > 1. We have D, , W =
O(|la|*), Dyye,W = O(]|a||**!) and with the contribution of the term X* we
obtain O(]|a|[**0*2).

e Finally, the case r + ¢, € [ and r 4+ {5 € I can only occur if /{ > 1 and k£ > 1.
We have D, W = O(|la]|*), j = 1,2, and with the contribution of the terms
X and Ry, (P, X) we also obtain O(]|a|?*+2).

At this stage, we have proved that

> 8= DWW+ O(lla]**?)
r=0 rel

and so is positive since a can be taken smaller if necessary. This proves that Y is negative

definite and concludes the proof of the theorem.
O

The previous theorem and Theorem 2.2 imply the following result.

Corollary 4.4. Let My be a strongly pseudoconvex quadric given by (1.2). Assume that
the matrices Ay, ..., Aq are linearly independent. Then there exist a € R and V € C"
such that the 1-jet map j1 is a local diffeomorphism at (a, V).

As a direct consequence, we recover Theorem 1.3 by the usual stationary disc method
(3, 4, 5].

4.1. Open questions. An interesting feature of Theorem 4.3 is the fact that its proof
gives a roadmap for extending the result to quadrics and submanifolds which are not
necessarily strongly pseudoconvex. In this vein, we define

Definition 4.5. Let M be a real submanifold given by (1.1). Assume M is strongly Levi
nondegenerate at 0 and let b € R? be such that Zj:l b;A; is invertible. Let a € C? be
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sufficiently small and set A := Z;l:l(bj —a; —a;)A;. We say that M is (resp. strongly)
D (a)-nondegenerate at 0 if there exists V' € C" such that the matrix

Re (Z tVtY’”AjAlASX'“v>
r=0 j,s
is nondegenerate (resp. positive definite).

Note that when a = 0, we recover the definition of ®-nondegeneracy. The following
lemma is immediate.

Lemma 4.6. Definition 4.5 is independent of the choice of holomorphic coordinates.
We also have

Lemma 4.7. If M is ©(a)-nondegenerate at O then M is stationary minimal at O for
(a,b—a—a,V) for someV € C".
Proof. Assume that A;,..., Ay € R are such that 2?21 NA XV = 0 for all r =

0,1,2,.... Set W = *(\i,...,\;s) € R? and we consider the n x d matrix D, whose
s column is A, X"V. We then have D,W =0 for all » = 0,1,2,.... It follows that

r=0

Re (Z tVT’"AjAlASXTv> W = 'D,A"'D,W + 'D, A" D,W
7,8

)

= 'DJATI'D W =0

Since M is ©(a)-nondegenerate, it follows that W = 0. O

We also note that in case M is strongly pseudoconvex then if M is stationary minimal
at 0 for (a,b—a—a, V) then it is (strongly) ©(a)-nondegenerate at 0; in fact, according
to Theorem 2.2, if M is strongly pseudoconvex and Levi generating then it is (strongly)
D (a)-nondegenerate for some a € C.

In [5], we conjectured that if M is a C* generic real submanifold strongly Levi nonde-
generate of the form (1.1), and admitting a nondefective stationary disc passing through
0, then any germ at 0 of CR automorphism of M of class C? is uniquely determined by
its 2-jet at p. The key point in the conjecture is to show that the 1-jet map j; is a local
diffeomorphism. In [5], we proved that if My is strongly Levi nondegenerate quadric and
the map j; is a local diffeomorphism, then My is stationary minimal. At the moment,
it is not clear to us how to obtain the converse.

Questions. Consider a C* generic real submanifold M C C"*. Assume that M is
(strongly) ®(a)-nondegenerate at 0.
i. Is the 1-jet map j1 a local diffeomorphism at (a,V') for some V € C"?
ii. Are germs at O of biholomorphisms sending M into itself uniquely determined by
their 2-jet at 07
iii. Are germs at 0 of CR automorphisms of M of class C* uniquely determined by their
2-jet at 07
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Note that although i. implies ii. and iii., it may be possible to prove the second and third
points ii. and iii. without using the stationary disc method via different techniques.

1]
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