STATIONARY DISCS FOR SMOOTH HYPERSURFACES OF
FINITE TYPE AND FINITE JET DETERMINATION

FLORIAN BERTRAND AND GIUSEPPE DELLA SALA

ABSTRACT. We construct a finitely dimensional manifold of invariant holomorphic
discs attached to a certain class of smooth pseudconvex hypersurfaces of finite type,
generalizing the notion of stationary discs. The discs we construct are determined
by a finite jet at a given boundary point and their centers fill an open set. As
a consequence, we obtain finite jet determination of CR diffeomorphisms between
smooth hypersurfaces of this class.

1. INTRODUCTION

In the celebrated paper [34], L. Lempert introduced stationary discs as holomorphic
discs attached to a given hypersurface, admitting a meromorphic lift to the cotangent
bundle with at most one pole of order one at 0, and attached to the conormal bundle.
He proved that, on a strongly convex domain, stationary discs coincide with extremal
discs for the Kobayashi metric, and constructed an analogue of the Riemann mapping
in higher dimension. Stationary discs were afterwards studied for more general classes
of submanifolds, namely, strictly pseudoconvex hypersurfaces by X. Huang [28], in
higher codimension by A. Tumanov [40], and in the almost complex setting by B.
Coupet, H. Gaussier and A. Sukhov [13].

Due to their geometric properties, stationary discs are natural invariants to study
dynamical properties of self-mappings [27, 28], mapping extension problems [35,
40], and jet determination problems [6]. Their existence relies on the study of a
nonlinear Riemann-Hilbert boundary problem, whose solvability is strongly related
to nondegeneracy properties of the given hypersurface. In such a case, its associated
conormal bundle is totally real [41], and one can construct small stationary discs
nearby a given one by developing a perturbation theory by introducing some integers
invariant under homotopy, namely the partial indices and the Maslov index (see
[22, 23, 11]). However, under no nondegeneracy conditions, it is not clear whether
or not one can ensure the existence of smooth stationary discs, and not much seems
to be known in that direction.
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Surprisingly, when one allows the unique pole of the meromorphic lift to be of
greater order, there might exist a lot of such discs, which still form a biholomorphi-
cally invariant family. Based on this observation, we define, for a given hypersurface
of finite type, the notion of kg-stationary discs, as attached holomorphic discs ad-
mitting a meromorphic lift with at most one pole of order ky at 0. In order to
construct kg-stationary discs nearby a given one, the associated Riemann-Hilbert
problem seems to be no longer relevant since the conormal bundle of the given hy-
persurface is not anymore totally real. Instead, we introduce a nonlinear operator,
whose construction is essentially based on Toeplitz and Hankel operators, and whose
linearization involve Fredholm operators. The properties of the associated Fredholm
indices such as their invariance under homotopy, ensure the existence of nearby small
ko-stationary discs attached to perturbed hypersurface, and the number of real vari-
ables parametrizing the perturbed discs is completely determined by those indices.
Our main theorem can be stated as follows:

Theorem 1.1. Let M C C? be a real smooth hypersurface of finite type whose
defining function s locally written as
r(z,w) = —Rew + P(2,2) + O (|2|"") + Imw O (|z,Imw|* "),
where
d

ko
P(z,z) = Z ajzjid_], aj =0q_j, Qg 70, 5

Jj=d—ko

<k <d-1

is a homogeneous polynomial satisfying the open condition {P = 0} = {0}. Then
there exists a 4kg — d + 3 dimensional biholomorphically invariant Banach manifold
of small ky-stationary discs attached to M.

Similarly to [6], the discs constructed in Theorem 1.1 are particularly adapted
to study jet determination of CR-diffeomorphisms. As we know from results of
[10, 12, 37], germs of biholomorphisms preserving a real-analytic Levi nondegenerate
hypersurface M in C" are uniquely determined by their 2-jet at p € M. In C?, P.
Ebenfelt, B. Lamel and D. Zaitsev [20] proved that finite jet determination of germs
at a point p of local biholomorphisms preserving a real analytic hypersurface M holds
if and only if M is not Levi flat at p, and obtained a 2-jet determination for real-
analytic hypersurfaces of finite type (see also [2, 3, 33, 32]). In the present paper, we
consider the situation of smooth hypersurfaces of finite type in C2. We first point out
that the finite jet determination of smooth CR mappings of smooth CR submanifolds
of finite type has been considered in [18, 31] (see also [19]). Their approach is based
on the method of complete differential systems, introduced by C.K. Han [24, 25],
and the order of the jet determination obtained in [31] is independent of the type.
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However, the assumption of finite nondegeneracy, as well as the (C*) smoothness of
both the mapping and the submanifold, seem to be essential for their method to work.
Recently, the first co-author and L. Blanc-Centi [6] obtained a 2-jet determination for
merely C* Levi nondegenerate hypersurfaces in C" by considering invariance - under
one-sided biholomorphisms - and geometric properties of stationary discs attached
to such hypersurfaces. Following this approach, we obtain:

Theorem 1.2. Let M C C? be a real C¥?**0+5 pseudoconvex hypersurface of finite
type whose defining function is locally written as in Theorem 1.1. Then the germs at
p =0 € M of CR-diffeomorphisms H of class C¥/*T%+3 such that H(M) = M are
uniquely determined by their ko — d/2 + 2-jet at p.

Notice that when the essential type of M is exactly half of the type, namely when
P(z,%) = |2|%, we obtain the 2-jet determination of germs of CR-diffeomorphisms at
0. It is worth emphasizing that the fact that we can treat CR-diffeomorphisms as
opposed to just biholomorphisms is due to the method of stationary discs together
with the one-sided holomorphic extendability of CR-diffeomorphisms [4, 39, 38]. In
principle, one might expect a higher jet determination for CR-diffeomorphisms than
for biholomorphisms, although they coincide in the real-analytic case [30, 16, 17].
Thus, the question whether or not the order of the jet determination we obtain in
Theorem 1.2 is optimal, seems to be linked with the possible existence of one-sided
biholomorphisms that do not extend across the hypersurface M.

Since any biholomorhisms between two smooth bounded pseudoconvex domains of
finite type extends up to the boundary [5, 15], one can apply Theorem 1.2 in order
to obtain a boundary version of H. Cartan’s uniqueness theorem.

Theorem 1.3. Let D, D' C C? be two smooth bounded pseudoconvex domains of
finite type. Assume that bD admits a local defining function centered at p € bD
written as in Theorem 1.1. If Hy and Hy are two biholomorhisms from D onto D'
with the same (ko — d/2 + 2)-jet at p, they coincide.

The paper is organized as follows. In Section 2, we discuss the properties of the
Banach spaces of functions and operators that we will need, and we define the notion
of kg-stationary discs. Section 3 is devoted to the construction of kg-stationary discs
In Section 4, we study the geometric properties of kg-stationary discs. Finally, we
prove Theorem 1.2 and other finite jet determination results in Section 5.

2. PRELIMINARIES

We denote by A the unit disc in C. We denote by (z,w) the standard coordinates
in C2.
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2.1. Spaces of functions. Let k£ be an integer and let 0 < a < 1. We denote by
Che = CP(bA,R) the space of real-valued functions defined on bA of class C¥*. The
space CF* is endowed with its usual norm

k : 1F9(0) ~ D)
[ fllewn = Z\IfjHoﬁ sp B

where || £ || = I%aAXHf ])||. We set Co* = CH +iCH. Hence f € C&® if and only
if Re f,Im f € C**. The space C(’é’a is equipped with the norm
[fllgre = [IRe fllet.o + [[Tm fllexo

We denote by A¥ the subspace of C@a consisting of functions f : A — C, holo-
morphic on A with trace on bA belonging to C(Ié’a. We define (1 — ¢)A** to be the

subspace of C{é’a of functions f that can be written as f = (1 — () f, with f e Ak
We equip (1 — ¢). A% with the following norm

11 =) flla—cyare = ||f||cg,a.

Hence (1 — ¢)A% is a Banach space. Notice that the inclusion of (1 — ()A"
into A% is a bounded linear operator. We also point out that the linear operator
L: AP — (1 — () A" defined by

Lf)=1-0f
is an isometry.

Finally, we denote by C the subspace of C¥“ consisting of elements that can be
written as (1 — ¢)v with v € C&*. We equip C;® with the norm

I = Ovllgre = l[vllga-
Notice that C(’f "* is a Banach space.

2.2. Pseudoconvex hypersurfaces of finite type. In this section, we recall some
facts about pseudoconvex hypersurface of finite type in C2% Let M = {r = 0} be a
smooth pseudoconvex hypersurface defined in a neighborhood of the origin C2.

Definition 2.1. Let f : (A,0) — (C?,0) be a holomorphic disc satisfying f (0) =
The order of contact oy (M, f) with M at the origin is the degree of the first term in
the Taylor expansion of r o f. We denote by § (f) the multiplicity of f at the origin.

We now define the D’Angelo type and the regular type of the real hypersurface M
at the origin.
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Definition 2.2.

i) The D’Angelo type of M at the origin is defined by:
do (M, [)
5 (f)

The point 0 is a point of finite D’Angelo type d if A (M,0) = d < +oo.
ii) The regular type of M at origin is defined by:

Al (M,0) := sup {50 (M, f), f:(A,0)— (C%0), holomorphic, dyu # 0}.

reg

A (M,0) := sup{ . f:(A,0) = (C%)0), holomorphic} .

The type condition as defined in part 1 of Definition 2.2 was introduced by J.-P.
D’Angelo [14] who proved that this coincides with the regular type in complex man-
ifolds of dimension two. Following [9] and [21], a smooth pseudoconvex hypersurface
M of finite type d can be locally written as M = {r = 0} with

r(z,w) = —Rew+ P(z,Z) + O <|Z|dJrl + |Imw||z|%+1 + |Imw|2> :

where P is a subharmonic homogeneous polynomial of degree d, not identically zero,
with no harmonic terms. Notice then that d is necessarily even. In this paper, we
will restrict our attention smooth pseudoconvex hypersurfaces M = {r = 0} of finite
type d, where

r(z,w) = —Rew + P(2,2) + 61 (Imw) + O (|2|*") + Imw O (|2, Imw|*™"),

such that {P,z = 0} = {0} and where 6;(Imw) = O(|[Tmw|?). Furthermore, up to
another change of coordinates, one can assume

r(z,w) = —Rew + P(2,2) + O (]2|*"") + Imw O (|2, Imw|* "),

Notice that the set of points in M of type greater than two is contained in MN{z =
0}. Given a polynomial P satisfying the above conditions, the following hypersurface
will be called a model hypersurface, S = {p = 0} with

p(z,w) = —Rew + P(z,Z).

To fix some notations, we write

ko
_ i d—i _
P(z,z) = E a; 2727 oy =0, ou, #0.
Jj=d—ko

where d/2 < kg < d — 1. The integer d — kg is the essential type of the model
hypersurface.
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2.3. ko-stationary discs. Let M = {r = 0} be a smooth pseudoconvex hypersur-
face defined in a neighborhood of the origin in C?. Let k be an integer and let
0 < a < 1. A holomorphic disc f € (A"*)? is attached to M if f(bA) C M.

Definition 2.3. A holomorphic disc f € (A®*)? attached to M = {r = 0} is
ko-stationary if there exists a continuous function ¢ : bA — R* such that the map
Croe(C)0r(f(C)), defined on bA, extends as a map in (A**)2. The map (c, f) is called
a lift of f.

We first prove that such a set of holomorphic discs is invariant under biholomor-
phisms.

Proposition 2.4. Let M C C? be a smooth pseudoconvex real hypersurface of finite
type containing 0. Let H be a biholomorphism in C? sending M to a real hypersurface
M'. If f : A — C? is a ko-stationary disc attached to M then the disc H o f is a
ko-stationary disc attached to M'. More precisely, if (c, f) is a lift of f attached to
M then (¢, H o f) is a lift of H o f attached to M'.

Proof. Let f : A — C? be a kg-stationary disc attached to M = {r = 0}. and let
¢ : bA — R* be such that ¢*c(¢)or(f(¢)) extends as a map in (A"*)2. Since H
sends M to M’, the function 7 o H~! is a (local) defining function for M’. It follows
that ¢*oc()d(ro H 1) (H o f(¢)) = ¢*oc(Q)or(f(C))(OH(f(¢))" extends as well as a
(A"*)? map. O
Remark 2.5. More generally, small enough kp-stationary discs are invariant under
CR-diffeomorphisms. Indeed, a CR-diffeomorphism H of class CF*1 admits a local
holomorphic extension H to a one-sided neighborhood U of 0, which is of class C**!
up to U (see Theorem 7.5.1 in [1]), and any small stationary disc f € (A*)? is
contained in U. This allows to define the composition Ho f € (A2 and the
previous proof applies.

We denote by Sk the set of lifts of ky-stationary discs attached to M = {r = 0}.
Moreover, assume that the local definition function of M = {r = 0}. We denote by
St or simply S, the elements (¢, f) € S*" satisfying f(1) = 0. In such a case,
we say that the lift (¢, f) is tied to the origin.

Example 2.6. Consider a model hypersurface S = {p = 0} with

ko
p(z,w) = —Rew+ P(2,Z) = —Rew + Z ;27
j=d—ko
We have

2o (z,w) = Pu(2,2) = 350y, Jo 1740
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0

We restrict to coefficient functions of the form c(¢) = (E +1+ bC)k where b € C

is such that |b] < 1/2. Set d(¢) = b{ + 1+ bC. It follows that (¢, and thus —3¢c,
extend holomorphically to the unit disc. Following the arguments in [6], we set

__1-¢
h(C) - 1 - a(b)C’U>
with @ = —V =100 V22_4IM2 and v € C*, which implies that (¢'h € A**. Then
ko
Q) PA(C), AC) = Y Jay(Ce ()~ HR(¢Y H ¢ (OR(O) .
Jj=d—ko

Since kg —d+7>0andd—75 >0 ford—ky < j < kg, every term in the sum on
the right hand side belongs to A**. Hence (*cP,(h,h) € A*®. Imposing the further
condition g(1) = 0, one can find, by standard results about the Hilbert transform,
a map g such that f = (h,g) is a ko-stationary disc attached to S and tied to the
origin.

In particular, if b = 0 and v = 1, it follows that ¢y 1s identically equal to 1 and
that ho(C) =1 — (. Denote by fo = (ho, go) the corresponding stationary disc.

The disc fy we have given in Example 2.6 is essential in our approach in order
to obtain a family of kg-stationary discs by deformation of both f; and the model
hypersurface.

2.4. Regularity and Fredholmness of integral operators on bA. We denote
by H?(bA) the classical Hardy space on the unit circle and by P’ : L2(bA) — H*(bA)
the Szego projection. The Szego projection defines a linear operator P’ : Cé’a — Ak,
Denoting by T the Hilbert transform, one can deduce by [1] (6.1.37) the following
relation

(2.1) —2iP' =T —ild — iCy,

where Cou = fo% u(e®®)df. Due to Privalov’s Theorem, the Hilbert transform is a
well-behaved operator (see [1], Corollary 6.1.31):

Theorem 2.7. Let k > 0 be an integer and let 0 < o < 1 be a real number. The
Hilbert transform T : CH* — C* is a bounded linear operator.

Hence, it follows from (2.1) that the Szegd projection P’ : C* — A*® is a bounded
linear operator. Out of convenience, however, we will mainly consider the analogous
bounded projection P : C(Ié’a — C_Ak’a defined by

(2.2) P(u) = (P’ (Cu) = u—P'(u).
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The space C_Ak’a is endowed with the induced norm of C(’é’a. Notice that a function u
extends as a function in A% if and only if P(u) = 0. More precisely, if u = u’ + u”
with v’ = o u,¢" and u” = P(u) = Y, o un(" then Pu) = u”.

Recall that when ¢ is a complex valued continuous function defined on bA that
does not vanish, then the Toeplitz operator with symbol ¢ defined by T, = P'(¢.) :
H?(bA) — H?(bA) is a Fredholm operator, that is with finite dimensional kernel and
cokernel. Moreover, it index namely dimc ker T,, — dimc cokerT,, , is the opposite of
the winding number — 2m IR df of . It follows then that for Such a ¢, the operator

P(p.) + H (bA) — CH (bA) is also Fredholm of index — 5 fbAd—if. Note that,
although the operator P(p.) is defined in a similar way than the Hankel operator
P(p.) : H*(bA) — C_Hz(bA), they do not agree since their source spaces differ. In

this paper, we need to consider the operator P(p.) restricted to A ¢ Hz(bA).
Although it is not clear whether or not P(¢p.) is Fredholm in that case, for a very
special class of functions ¢, we have the following:

Lemma 2.8. Let ¢ € C** be a holomorphic polynomial whose zeros are contained

in the unit disc A. Then the operator P(p.) : A ak’a is Fredholm of index
the opposite of the winding number of Cp. More precisely, P(p.) is surjective and its

. . o d(go
kernel has complex dimension 2m fbA o

Proof. First note that since A cm (bA), the kernel of P(p.) : A mk’a is
included in the one of P(y.) : ﬁz(bA) — C_HZ(bA) and hence is finitely dimensional.

Write
— ] -0 =500
1<j<e ¢
where ¢o(C) = [],; SK(ZQj — 1). Then ¢, extends antiholomorphically to the unit
disc and the extension is nowhere vanishing on A. It follows that both ¢y and its
inverse belong to A Now, for any v € C_Ak’a define

Q)
C <P2(C)

Since v € C_Ak’a, we have P(pu) = v, which proves the surjectiviy of P(p.). Thus
P(y.) is a Fredholm operator and its index is equal to dimc ker P(¢.).

In order to compute its Fredholm index, we need the following observation. The
boundedness of the operator P implies that the map ¢ — P(¢p.) is continuous. Due
to the local constancy of the index of a Fredholm operator (see Theorem 5.2 p.
42 [7]), it follows that if ¢ and ¢’ are two homotopically equivalent holomorphic

u(C) = e Abe.,
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polynomials whose zeros are contained in the unit disc A, then P(p.) and P(y.)
have the same index. And since any such function ¢ : bA — C* is homotopically
equivalent to some (™, for some integer m > 0, it is enough to compute the index

of the Fredholm operator P(¢™.). We write the Fourier expansion of u € A as
u(C) = >, o unC™. Thus

P(("u) = Z U (™ =0

if and only if w, = 0 whenever n < —m. This implies that dimcker P({™.)
m+ 1.

Ol

Finally, we will need the following two lemmas.

Lemma 2.9. Let kg > 1 be an integer and let ¢ : bA — R* be a continuous function.
Then P(C*c) = 0 if and only if

(2.3) (€)= o CF0 4+ G 1 ¢ 1 g+ 4 1RO g O
where co € R and ¢4, ..., cg, € C.

Proof. We write the Fourier expansion of ¢ : bA — R* as ¢(¢) = >, ., cn(", where
¢, € Cand ¢, = ¢_, for all n € Z. Since the Fourier expansion of (¥c is given by
ZneZ ¢,(" %0 in order for it to belong to A*® we must have ¢, = 0 for all n < —k,
from which follows (2.3). Conversely, the fact that such a c¢ satisfies P(¢*c) = 0 is
immediate. 0

Lemma 2.10. Let u € C&* and let ¢ € Z. Then P (1 =¢)u) = 0 if and only if
Pu = 0.

Proof. By induction it is sufficient to show that P((1—¢)u) = 0 if and only if Pu = 0.
Let u(() = >_,cz cnC"™ be the Fourier expansion of u, and write v = u’ 4 u” with
u =) sounCt and v’ = Pu) = Y _u,¢". It is clear that (1 — ()u’ always
extends holomorphically, hence we must show that P((1 — ¢)u”) = 0 if and only if
u” = 0. Now, we have (1 — Qu" =), -, vn(", where

Vo = U_1
Up = Up — Up_1, N < —1.

IfP((1-¢)u”") = 0, we must have v,, = 0 for all n < —1, which implies that u,, = u,_1
for all n < —1. Since u” € Cé’a, this is only possible if v” = 0. O
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3. CONSTRUCTION OF ko-STATIONARY DISCS

Consider a model hypersurface S = {p = 0} of type d

ko
p(z,w) = —Rew + P(z,Z) = —Rew + Z ;27
Jj=d—ko

Recall that in view of Example 2.6, we consider the ky-stationary disc attached to .S
given by fo = (ho, g0) = (1=, go), with the coefficient function co = 1. We fix 6 > 0
such that fo(A) C (6A)2. The aim of this section is to construct a finite dimensional
manifold of lifts of kg-stationary discs attached to small perturbations of the given
model hypersurface.

Let £ > 0 be an integer and let 0 < a < 1. We denote by X the (affine) Banach
space parametrizing the deformations of the model S that we will consider, defined

as the set of functions r € Ck*+3 <m2) which can be written as
(3.1) r(zw) = plzw) + 0(z, Im w),
with

27 (Imw)" - 745 (2, Tm w)
—d—1

]~

0(z,Imw) = Z (227 - rijo(2) +

i+j=d+1 !

i+j
where 750 € Cé+3 (E) \Tijl € C('é+3 (E X [—90, 5]) Furthermore, we will consider the
norm

1

I7lx = sup [|rijiller+s,
so that X is isomorphic to a (real) closed subspace of Cf™ ((5_A X [0, 5]), hence it
is a Banach space. The inclusion of X into C¥*3 (§A x [—4,4]) is an (affine) linear
bounded map, and in particular it is of class C'. We define the set
Y =Ch x (1= A x (1= () A",

and we equip it with the following norm

(e, by 9)lly = llellcka + 1Rlla—cyare + [glla—c)ara-

Theorem 1.1 is a consequence of the following more precise result:

Theorem 3.1. Let S = {p = 0} be a model hypersurface of finite type d. Then for
any integer k > 0 and 0 < o < 1, there exist some open neighborhoods V' of p in X
and U of 0 in R¥0=4+3 >0, and a map F :V x U =Y of class C*, such that:

Z) ‘F(p7 0) = (LfO);
i) for all r € V, the map F(r,-) : U — {(¢,f) € Y | (¢.f) € S, (e, f) —
(1, fo)lly <n} is one-to-one and onto.
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In order to prove Theorem 3.1, we need to consider the zero set of the map T =
(T17 T27 T3)

T:X xY — (CA™)? x ¢k,
defined by
Tl(T, c, hvg) (Ckoc (h g))

TZ(T7 & hag) (Ckoc (h g))

T3<7n7 c, h7 g) = T(ha g)

in a neighborhood of (p, ¢o, ho, go). For any fixed r € X, the zero set of T'(r,-) is the
set S§ of ko-stationary discs attached to {r = 0} and tied to the origin.

Although the map T is of class C!, its derivative with respect to Y is, in general,
not surjective. Our aim is then to replace it with another map 7" having the same
zero set as T' and whose derivative with respect to Y is surjective, hence allowing
the application of the implicit function theorem.

We first define a polynomial () in such a way that

("Pz(1-¢1-0) = (C-1)"Q(Q)
for all ¢ € bA. The polynomial () can be explicitly computed:

PRl C1=0) = T (1= PR
— ( )d 22] a0 ko( )—1%Cko+j+1—d
= ((—1)"%Q()

where v, = j(d — j)a;. The assumption made on P implies that () does not have
any roots on the unit circle bA; also note that () has always one root of multiplicity
one at the origin. Denote by ¢;, 1 < j < 2ky + 1 — d, the roots of (), and suppose
that qi,...,q;, are the ones lying outside of A and gog,11-4 = 0. We set s(¢) =

ngjgi()(qj =), t(¢) = H¢0+1§j§2ko—d(% — (), and write
Q(¢) = C¢s(¢)t(C)

for some constant C' € C. Put ¢y = 2ky — ip — d, so that Q(¢) admits exactly £y + 1
roots inside the unit disc and i roots outside.

Lemma 3.2. We have {y = ig = ko — d/2.
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Proof. For the given ko € N, consider the set Py, 4 of the real polynomials P'(z, %)
such that

ko
P'(z,Zz) = Z a;szd’j, o =y
j=d—ko

and such that P, vanishes exactly at 0 and is positive elsewhere. For each P’ € Py, 4,
denote by @) pr the polynomial defined above. The computation performed before the
lemma shows that the coefficients of Qp/ depend continuously on those of P’, and
that @) pr never vanishes on the unit circle. Thus, the argument principle implies that
the number of zeroes of (Qp/ lying inside the unit disc is constant on any connected
component of Py, 4. On the other hand, it is easy to check that Py, 4 is a convex cone
in the space of the real polynomials of degree d, hence it is connected.

Choosing now P'(z,%) = |2|%, we obtain Qp/(¢) = (=1)2 '€ ¢*+1=5  which van-
ishes at z = 0 with multiplicity ky + 1 — d/2. It follows that the polynomial P
also admits exactly ko + 1 — d/2 zeroes inside the unit disc, hence ¢y = kg — d/2 as

claimed. 0
We now define the map 7" = (17, T3, T3) by putting Ty = Ty, T4 = T3 and
Cho or
Ti(r,c,h,g) = e (h,g) ).
1(7",6, 79) P ((1 _C)d_IS(C) C(‘?z( 79)

The map 77 is well-defined because the choice of the space X implies g—;(h, g) €

(1 - )i for all r € X and h, g € (1 — () A", The fact that the zero set of T7
is the same as the one of 7T; follows from Lemma 2.10 and from the fact that both
s(¢) = I 1i<;<i, (@ —¢) and its inverse extend holomorphically to the unit disc, which

implies that s - u € A** if and only if u € A%,
Lemma 3.3. The map T' is of class C'.

Proof. Since P : C(]é’a — C_Ak’a is a bounded linear operator, it is enough to show
that the following map

T = (T}, T5,T5) : X x Y — (C&%)% x C°,
defined by

~ " .
Tll(r7 ¢, h’? g) - (17()%—315({) ’ C%(h’v g)

Ty(r,c, h, g) = (*c2(h, g)

T3(r,c,h,g) = r(h,g)
is of class C!.
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According to Lemma 5.1 in [26], the map T} is of class C' when considered as
a map from X x CP® x A x A% Then it follows from the boundedness of the
inclusion of (1 — ¢).A"* into A*® noticed in Subsection 2.1 that T3 : X x Y — C&°
is of class C!. )

To treat the smoothness of T, we define, for every i, such that i + j = d + 1,

maps S;jo, Uijo : X — C@“(é_Az) of class C! in the following way:
(Sijo(1)) (2, 2") = iz" 127 - rygo (1),
Uso)(z,2) = 250 T ()
z
We also define, for every 4,j and 1 <[ < d satistying ¢ + j + [ = d, maps Si;i, Uyj; :
X — C'(IEH(E?) X [—4,]) of class C' by:
(Sijl(r))<z7 w, 2/7 Im w/) =iz"'7 (w + C_w)l ’ rijl(’zla Im U)/),
(Vi) o, 7, mat) = 22 (w4 C)' - 22! T
2z
Posing h = (1 — )h, g = (1 — ¢)§, a straightforward computation gives

~ k ~ = k _ ~
Ti(r,ehg) = SGeP. (b =Ch) + S90S o T (Suo(r) (. )

ko (1—¢)2 ~
+ s((C)C) Czi+j:d+1 (fg)f(UijO(?"))(m h)

k, d— ~
+%C Zl:ll Zi+j:d—l (_1@;‘ (Sijl(r))(ha g,h,Im g)

+Ckos((1g;<)c 7;11 Zi—i—j:d—l ﬁ(Uiﬂ(T))(ha g,h,Img)
Since, again by Lemma 5.1 in [26] and the discussions made in Subsection 2.1, the
maps X x (1 — () AR x (1 — Q) AP — CE defined as (r,h,g) — (Si0(r))(h, h),
(’I", ha g) = (Uijo(r)xhv h)? (T‘, h’? g) = (Sijl(r))<h7 gv ha Img)? (Tv h‘? g) = (Uiﬂ<7n))(h7 ga h, Im g)
are of class C!, it follows that 77 is in turn of class C!.
The proof that T : X x Y — Cy™ is of class C' is analogous to (but simpler than)
the proof for 77, hence we shall omit it. U

We then show the following:
Lemma 3.4. The Banach space derivative T, is surjective at the point py = (p, co, ho, go)-
Proof. Choosing any (¢, 1/, ¢") € Y, for any p = (r, ¢, h, g) we can write
Ty (p)lc gl = (T)y D)[c 1 g1 (T3)y (D) 1, g1, (T3)y (D), W, g])

where



14 FLORIAN BERTRAND AND GIUSEPPE DELLA SALA

[ Ty @) g = P (s (Cohg) + G5 (h,g) + b 25k 9)) )

k et T
+P <s(c O) 1 (Cglaaza:v(hvg) +Cglaa:9@(hag)>> ;

@y @) Hg) = P(cR (2 g) + ol g (h,g) + B 2R, 9) ) )

+P (¢ (co' 2 + 752 (h.9)))

L (T)y ), g] = g2(h,g)+T 2 (h,g) + N (h,g) + T %(h, g).

At po = (p, co, ho, go) this becomes
r 0 =1, N
(T{)Y(p())[clv h/ag/] = P (W : <P22(1 - C: 1 - C)h + PZE<]- - ga 11— C)h ))
+P(C)(1 0)a-1 ( Cl_g) )

@yl g = P(=5¢).

L (T)y (o)l W, g) = =2 —Z 4 P.(1-C1—OW +P(1—C1- O

Because of the triangular form of the previous expressions we see that it is sufficient

to show that the derivative of 73 in the direction of ¢ is surjective (onto C_.Aka) and
that the same is true for the derivatives of 77 in the b’ direction and of 73 in the ¢
direction.

We first focus on Ty = Ty, i.e. we consider the map CH*® > ¢ +— P(—(*/2) €

ak’a. If (C) =, ez ChC™ with ¢, = ¢_,,, we have

P(=¢ie ) = =2 30

n<0

Since the indices n — kg are all negative, this map is clearly onto.
We turn now to 77. The derivative of 7] in the A’ direction consists of two sum-
mands: computing the first one we obtain, setting A’ = (1 —¢)h” with h” € A** and
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B; = j(j — 1)a;, and taking in account that ¢ = 1/¢,

k h' — |8 . —
S Pa(1-(1-0) = e TR Bi(1 = Q2 CRe(1 - Q)

G hl (Cc)d 2 Zg C gy Bi(1 = Y2 = 1)

h// k 4 .
= S iy (S 1) BRI

Since in the sum the exponents ky+j—d are always non-negative, this term belongs to
AR for any h” € A¥“ hence its projection vanishes. On the other hand, computing
the second summand we get

e (P (1-(1-0) = —mgrlm=(C - 1)42Q(C)

= (=D)'CH(Q)H(¢)

Since t(¢) is a holomorphic polynomial whose zeros are contained in the unit disc A,
Lemma 2.8 implies that the map (77)y is surjective at py in the direction of A'.

Finally we have to consider the derivative of 73 in the ¢’ direction. Proving its
surjectivity amounts to show that for any v € C(]f’a there exists ¢’ € (1 — ¢)AF
such that 2Reg’ = v. Thus Reg’ is the harmonic extension of v/2 to the unit
disc and Im ¢’ is uniquely determined as the harmonic conjugate of v/2 such that
Img'(1) = 0. It follows that ¢'(1) = 0, i.e. ¢ = (1 — ()g¢” for some holomorphic
function ¢” continuous up to A (in fact ¢” is at least in A*~! since ¢’ € A*®). We
want to show that ¢” € A% By definition of c{;’a, we have v = (1 — {)v' for some
v € CE®. We can write for ¢ € bA

(1=0)g"(O)+ (1 =0g"(C) =1 —=Ov(C)
and since (1 — ¢) = —((1 — ) for ¢ € bA,
g"(¢) = ¢g"(¢) = v'(C).

Applying the Szego projection P’ : Cé’a — AR to both sides, we conclude that
g' =P'(v') € A¥*. By the discussion above, this finishes the proof of the surjectivity
of T3, at py = (p, co, ho, go)- O

Now, we show that the kernel of 7§, at py = (p, co, ho, go) is finite dimensional:
Lemma 3.5. The kernel of Ty (po) has real dimension 2(ky + o) + 3 = 4ko — d + 3.

Proof. We will revisit the computations performed in Lemma 3.4, and start solving
(T3)y (po)ld, ', ¢'] =P (—%c’) = 0. According to Lemma 2.9, ¢ must be of the
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form (2.3). Thus the projection of ker T} (pg) to the factor C*® has real dimension
2ko + 1.
Next, looking at the expression of (T7)y (po), and taking in account that, as proved

in Lemma 3.4, %Pﬂ(l —(,1 =) € AP for any K € (1 — () A", we see

that for any given ¢’ of the form (2.3), we need to solve for h’ the equation

S E N

where

v——P( S P(l—(l—f)c’)éﬂk’a

s =)t~ ’ ‘

Since any two solutions of (3.2) differ by a solution of its homogenized version (i.e.
with v = 0), it is of course enough to consider the latter. In view of the computations
in Lemma 3.4, this amounts to solving

(3.3) P (t(c)h"—(g)) —0

for b € Ak According to Lemma 2.8, the kernel of P(t.) has complex dimension
lo + 1. Thus the (affine) space of solutions of (3.2) has real dimension 2(¢, + 1), and
in turn that the projection of ker 7{-(py) to the factor C** x (1 — ().A®* has real
dimension 2ky + 20y + 3.

Finally, considering (7%)y, given any A’ which satisfies (3.2) we must solve for
g € (1 —¢) A" the equation

!/

%/Jr%:Pz(l—(,1—Z)h’+Pz(1—(,1—C)h'.

The same proof as in Lemma 3.4, however, shows that the previous equation admits
a unique solution ¢’. By the previous arguments, we conclude that the kernel of
T3 (po) has real dimension 2(ko + ¢p) + 3. O

We have proved that the derivative at the point py = (p, o, ho, go) of T3 (po) :
Y — (CE™)2 x Cp™ is surjective and that its kernel ker T% (po) has real dimension
4ky — d + 3. In particular, the Banach space Y can be decomposed as a direct sum
Y = ker T%(py) @ W, where W is isomorphic to (C&*)? x C*®. According to the
implicit function theorem, there exist open neighborhoods V' of p in X, U of 0 in
ker T3, (pg) ~ R*0=d+3 "and U’ of (cy, fo) in W, and amap v : V x U — U’, such that
T'(r,t®w) = 0 if and only if w = v(r,t). It follows that the C* map F: V xU — Y
defined by F(r,t) =t @ v(r,t) satisfies the properties of Theorem 3.1.
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4. PROPERTIES OF kg-STATIONARY DISCS

Let S = {p = 0} be a model hypersurface of type d

ko
p(z,w) = —Rew + P(z,Z) = —Rew + Z ;27
Jj=d—ko

Let k be an integer and let 0 < o < 1. Fix a kg-stationary disc fo(¢) = (1 — ¢, go)
with ¢g = 1. For n > 0, we denote by &g, the set

Son=A{(c.f) = (e;h,g) €Y [ (¢, f) € Sg, (e, f) = (1, fo)lly < n}-
Let U, V,n>0,and F: U x V — &7, given by Theorem 3.1. We write
F(r,t) = (crp; b, Gre)-
Define a map ® : U x V — R x Cko ~ R2ko+1 by
Q(r,t) = (¢rt.0, Crats ** » Criko)

where ¢,4(C) = >0 CrinC" + Cro + D pao CrenC” With ¢y, = €y —p. With a slight
abuse of notations, we will also write ®(r, ¢, f) = @ (r, F(r,.)"'(c, f)); this notation
will be used in the proof of Theorem 1.2.

Lemma 4.1. Shrinking the neighborhoods U and V if necessary, the map ® is a
submersion.

Proof. According to the proof of Lemma 3.5 and Lemma 2.9, the derivative %—‘f(p, 0)

is of rank 2ky+ 1. Thus for r in a neighborhood of p and t sufficiently small, the rank
of 22(r,t) is also 2ko+ 1. This proves that for a fixed p, the map ®(p,.) : V — R2ko*!
is a submersion. U

We define a real 2-dimensional submanifold I' of R x C* in the following way:

T ={(Co.-,Cr) ER X CR| c(b) = (B + 1+ b0)% = S Tl + e+ 31 e,

n=

beC,lb <1/2},
An easy computation shows that

co(b) = 1+0(|bP),
ci(b) = kob+O(Jb]?),

ca(b) = O(|b|?) for 2 < n < k.
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It follows that the tangent space of I' at the point ¢y = 1 is generated by the vectors
(0,1,0,...,0) and (0,7,0,...,0). Using Lemma 4.1, the set ®1(I") is a smooth
submanifold of U x V', and, for r € U, the submanifold

M; =8, N F(@ (D))

has real dimension 20y +4 = 2ky —d + 4 = 4kg — d + 3 — (2ko — 1). Henceforth, we
will restrict our attention to the submanifold Mj and we will study the properties
of discs in that submanifold.

Remark 4.2. Notice that the point py = (p,co, ho,go) belongs to M7. More in
general, for b € C such that |[b] < 1/2, define p(b) = (p, ¢(b), h(b), g(b)) with ¢(b) =

(bC+1+4bC)k0, h(b) = ﬁ where a(b) = AV U V;)_W and g(b) is uniquely determined
by h(b). Then p(b) belongs to M for all b € C with [b] < 1/2. We will use this special

family of kg-stationary discs alongside with Lemma 3.5 to compute the tangent space
of Mf at po.

Define 7 : Y — (1 — () A" x (1 — ).AP* to be the projection on the (h, g) factor
and 7 : Y — (1 — () A" to be the projection on the h factor.

Lemma 4.3. The restrictions of 7' and of m to T;,, M} are injective.

Proof. We first note that, as follows from the proofs of Lemmas 3.4 and 3.5), for any
(¢,h',g') € Ty, My we have that ¢’ is uniquely determined by A’. It immediately
follows that 7 is injective if and only if 7’ is injective, and in the rest of the proof we
can ignore the factor relative to ¢'.

We start by computing the tangent space of the real 2-dimensional submanifold of
MY given by the parametrization p(b) defined above, at py = p(0). Developing c(b)
and h(b) up to first order in b and taking in account that a(b) = —b+O(|b|?), we get

c(b) = b+ 1+bC+O(|b?),

h(b) = (1= =0b¢)+O(bP).

It follows that the (projection to the (¢, h) factor of the) tangent space of the sub-
manifold parametrized by p(b) at py is generated over R by (¢ + ¢, —(1 — ¢)¢) and
(—i¢ +i¢,i(1 — ¢)¢). In view of the proof of Lemma 3.5, the elements of (the pro-
jection to the (c, h) space of) T, M} are the vectors given by

(4.1) (261ReC — 26Im ¢, (1= €) - ((—t + ita)C + H(C)) )

for t1,t2 € R and where A" is a solution of (3.3) for v = 0.
Define now the linear subspace H” C A8 as the span over C of ¢ and of ho-

mogeneous solutions of (3.3). Moreover, set H' = (1 — ()H” C (1 — ()A**. By
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(4.1), it follows that #H' is the image of the restriction of 7' to T, M}, and 7’
is injective if and only if the function ¢ is not a solution of (3.3). Recal that

t(¢) = Hio+1§j§2k0—d(qj — (). We have

PH(C)C) = Hi0+1§j§2kod qj'

Since none of the roots of ¢ is equal to zero we have P(¢(¢)¢) # 0.
U

In particular, notice that dimp H' = 26, + 4.
Define now, for any n € N, n < k, the n-jet map at 1 as the complex linear map

jn : (1 —(¢)AR® — C given by
in(h) = (W'(1),h"(1),...,ht”(1))
for any h € (1 — ) A",
Proposition 4.4. Let S = {p = 0} be a model hypersurface of finite type d. Fiz a
ko-stationary disc fo(¢) = (1 — ¢, g0(C)) with ¢co = 1, attached to S. Then

i) There exists a sufficiently small 0 € R such that the derivative of the evaluation
map ¢ : 7' (Mp) = C* defined by o(h) = (h(0),9(0)), at the point he(#) =
(1 —)e®, is surjective.

ii) Shrinking the neighborhood U of p, and n > 0, given in Theorem 3.1, forr € U,
for by = ko —d/2, the restriction of jy 2 to @' (M) is a diffeomorphism onto its
image.

In particular, point ) of Proposition 4.4 implies that the set {(h(0),¢(0)) €
C?|(h, g) € m(M2)} € {(h(0),g(0)) € C*|(c, h,g) € S§} contains an open set.
4.1. Proof of i) of Proposition 4.4. Define the composed map
¢ (ME) = m(MP) — C?
defined by ¢ : h+ (h, g) — (h(0), g(0)). Recall that (h,g) € S satisty for ¢ € bA
Re g(¢) = P(h(¢), h(())-

Thus, from ¢(1) = 0 and from classical facts on Cauchy transform (see Lemma 3 in
[36]), we have

1 [ Reg(QdC 1 [ P(h(C),h(Q)) d¢
g(O)—, a1 —¢ C_W/ba 1-¢ C'
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We consider the subset M’ := {h € m'(MP)| h(() = v aeAve C*}. Notice

1—a(
that for such a disc h, the tangent disc b’ € T, M’ can be written
1-— 1—
h/(g) — ( g)g Ua/+ C /

(T-a " 1-al
where (a’,v") € C2. Consider the disc hy € M’ given by he(¢) = (1 — ()e? € M’ for
0 sufficiently small. The derivative of ¢ at hy € M’ is given by

dpyp(h') = (W'(0), dn,g(0) ()

o L [ PO RO dC 1 [ PelhalQ), RalC)F Q) d
(hw)_/m S R ?)'

am
where I/ € Ty, M'. Now we fix (Z,W) € C? and we solve dj,,0)(I') = (Z,W). The
first component gives v = Z and the second component leads to

W = /bA P, (hg(C),F(C)) Z% + /bA P, <h9(C),W> ei9a/d<
—Aﬁz@aqaﬁﬂig—Z;QQMQEXSP%W%.

sahwpahp4m@mmoyxwdmm:—ﬁﬂgomqmqﬁg.nm-
lows that dy,,1(h') is surjective if and only if [I;(0)[> # |I(0)|?. A straightforward
computation leads to

k
1, (0) = — - d—1 . i(2j—d—1)0
1()— Z d—1—j Joge .

Jj=d—ko
= d-1
o= X (050 )@= pager
j=d—ko

if d—3 < kg, and

ko
_ d—1 . i(25—d+1)0
Lo)= ) (d — j)aye :

d—3—j

otherwise. The highest degree term of the trigonometric polynomial |I;(6)|* is given
by

d=1\( d=1 \. me
I(0) = ko(d — ko) gy Wa—ro (k’o B 1) (d o ko)]aje (4ko—2d)0
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In case ko < d — 3, the highest degree term of the trigonometric polynomial |I5(6)]?
is given by

d=1\[ d=1 \. me
I(0) = ko(d — ko) gy o (lfo B 3> (d s k0>]06j€ (4ko—2d)0

Since (,i:ll) ( d_df_lko) < (&:13) ( dfl;_lko), there exist a sufficiently small 6 such that

|11(0)|? # | I2(0)]%. Finally if d—3 < ko, the degrees of the trigonometric polynomial of
|I5(0)|? and |I,(0)]? are different and therefore |1,(0)|? # |I5(6)|* for some sufficiently
small 6. O

4.2. Proof of ii) of Proposition 4.4. In order to prove the second part of Proposi-
tion 4.4. it is sufficient to show that the restriction of jg19 to 7'(T,, M?) is injective.

We first compute explicitly the tangent space of M# at py. Recall that the elements
of (the projection to the (¢, h) space of) T, M# are given by

(2t1Re ¢ = 2toIm ¢, (1 =€) - ((—t1 + it2)¢ + 1"(C)) )
for t1,t2 € R and where h” is a solution of (3.3) for v = 0. We need to describe
explicitly the solutions h” of (3.3) for v = 0. If () = 1 put ¢, = 0, otherwise write
t(¢) = ., t:¢* where £ is defined in Lemma 3.4 and t; € C. We need to find

R'(C) = 37,50 ha¢™ such that t(¢)h”(¢) € A This translates into the following
recursion:

(42) t@oﬁg_'_fo —|— ce tlﬁ:;+1 -+ toﬁz - O
for all n > 1. Therefore, we must examine the solutions of (4.2). Let r1,...,7, be
the distinct roots of the polynomial ¢(¢), with, respectively, multiplicity my, ..., my,,

so that 251:1 m; = £y. Moreover, put 79 = 0, mo = 1. The general solution of (4.2)
is then given by h! = Z?:o Q;(n)r?

we set (r9)° = 1 and where each ij is a polynomial of degree at most m; — 1 with
complex coefficients. Put R;(() = > -, 7;(" = 171?],4. It is easy to see that, for
any fixed polynomial Q; of degree m; — 1, there exist g;o, ..., qjm;—1 € C such that
> om0 Qi(M)TFCT = Z;ijo_l qj,iCiRy)(C). Hence for the general solution h”((¢) of the

homogeneous version of (3.3) we get

" - i - Fj' CZ
n'( —}:}:QJ E:E:QNCR E:E: G o

7=0 n>0 7=0 =0 7=0 =0
for ¢;; € C. Note that, forall 1 <j </¢;,0<i<m; —1

S (e SR V19 S Ve 4 1
(L=7¢) (=70 2D <'f) (1 =7Q)+t

k=0

n > 0, where with a slight abuse of notation
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hence we can also write the general solution as

¢ mi—1 1
(4.3 WO = 500 D0 D susr m gy

j=1 i=0

for s;, € C. It follows that the elements of (the projection to the (¢, h) space of)
Ty, M are the vectors given by

(2t1Re ¢ = 2t2Im ¢, (1 = ) - ((—t1 +it2)¢ + 1(C)) )

for t1,t, € R and h”(¢) as in (4.3).
Let H' = n'(T,M?) be the (2{y + 4)-dimensional space introduced in Lemma 4.3,
and set

=6 (= )
U =1, 1 =6, YW= 77— i1 .

T et s
By definition, a basis of ' is then given by (1 — ()ug, (1 — ¢)uy and (1 — {)u;,.
By the Leibniz rule, for every v(¢) = (1 — {)u(¢) and n > 1 we have v™(¢) =
(1 —Ou™ —nu=1((), so that v (1) = —nu™ 1 (1). Since

d"” 1 B (1 +n)! ri
dcn ((1 _ eriH) - '

i =g

it follows that, for every n > 2, the expression of j,, in the given basis is

1 N S e 1
1—ry (1-r1)? (1—re, )"0
My Te
0 2 2" 9__2r1 .. o Mharh
(1-r1)? (1-r1)3 (1—7"@1)m21+;
2,’,.2 67"2 mgl (mgl—ﬁ—l)rz
(=1)- (1=r1)3 (1—=r1)* (1—rg)"1
00 (n—1)lr7 =t nlrn 1 R, (mey +n—2)!7"?1_1
(177’1)” (177"1)"+1 (mgl—l)!(l—Tgl)mél +n—1

Taking n = ¢y + 2, the one above is a square matrix of size ¢y + 2. Put now

X; = 1T_—Jr After a suitable sequence of scalar multiplications of the row/columns,
J
we can transform the previous matrix into the following one:
11 1 1 1
01 xi 2x1 meﬁéel
00 xi 3x7 e (M)
N : lo+1 ) m e: Lo+1
0 0 X (Lo+2x o (Ma )Nt
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Next, performing a sequence of subtractions of columns and keeping in account the
properties of the binomial coefficients, we get

11 1 -2 e 1 —2 s (=)™ (my, + 1)
01 xi —X1 e Xa —X& (=)™t g,
00 X% 0 Xi 0 0

00 Xi” X XD X?l 0

00 A (G- DX e X (= DX (gfomlel)xﬁ‘f“

Finally, a further sequence of column multiplications gives

11 L =2 U =2 (D" g 1) (g, —1)!
X7 X7 X7, Xz, ’%“

01 L -1 L -1 T gt (meg, ~1)!
X1 % Xe, X7, XZh

00 1 0 1 0 0

00 xi 1 Xt 1 0

. lo—1 . lo—2 . lo—1 . lo—2 . (£o—1)! . Lo—my

00 XO (bo—1xa"" - Xe(f (lo—1xy" " - G- X0

The ¢y x ¢y minor obtained by erasing the first two rows and columns of the
previous matrix is a confluent Vandermonde matrix: it is a well-known fact that its
determinant does not vanish. It follows that the determinant of the whole matrix is
in turn non-vanishing, hence jy 42 is injective as claimed.

O

5. APPLICATION TO FINITE JET DETERMINATION

5.1. Dilation. Let & be a neighborhood of 0 in C?, and let 7 : &/ — R be a real
valued function of class C#*+3 that can be written as (3.1), namely

d
’I"(Z,U)) = p(Z,UJ) + Z (Z ZJ sz() Z Z z ZJ Imw)l : rijl(z,lmw)

i+j=d+1 I=1 i+j=d—1

for suitable r;;0 € C('é+3, Tiji € Cé“’. Moreover, let H : / — C? be a local CR-
diffeomorphism of class C¥+9+2 tangent to the identity, and preserving {r = 0}. We
still denote by H its local one-sided extension which is of class C¥*4+2 up to {r = 0}.
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We can write H = (Hy, Hs), where
Hi(z,w) = 243, Aw H (2, w),

Hy(z,w) = w+) ., Aw HiN(z,w),
where H' and HJ' are of class CF+9.
Lemma 5.1. We have Ho(2,0) = O(|z]4™).

Proof. Setting s(z, Imw) = r(z,w) — Rew, we can locally write {r = 0} as {Rew =
s(z,Imw)}. The fact the hypersurface is invariant under H translates into the map-
ping equation
Re Hy(z, s(z, Imw)+ilmw) = s(Hy(z, s(z, Imw)+ilm w), Im Hy(z, s(z, Im w)+ilm w))
which, computed along Imw = 0, gives
(5.1) Re Hy(z,5(2,0)) = s(Hy(z,5(2,0)), Im Ho(z, s(z,0))).
Suppose, by contradiction, that for some x < d the monomial of smallest order
appearing in the Taylor expansion of Hy(z,0) is 2. Then since Re Ha(z, w) = Rew+
O(2), the left-hand-side of (5.1) can be expressed as

Re Hy(2,5(2,0)) = Re (a2") + P(z,%) 4+ O(|z|mnt=d+1)
for some a # 0. Taking in account that Im Hy(z, s(2,0)) = Im (a2") + O(]z]*!) and
the expression of r, we can expand the right-hand-side as

s(Hi(z,5(2,0)),Im Hy(2,5(2,0))) = P(2,2) + O(|z[" =D+
which immediately gives a contradiction if x < d. 0
For t > 0, denote by ¢; the linear map
oz, w) = (tz, t"w),

and let 7, = 47 o ¢ and H, = ¢, o H o ¢, be the direct images of, respectively,
r and H, under ¢;. The purpose of using a dilation method is to ensure that the
scaled hypersurface {r, = 0} is close enough to the model hypersruface and that H;
is a small perturbation of the identity as ¢ — 0. This allows to use the results of the
previous sections to obtain a jet determination for H;, and thus for H.

For any ¢ > 0, if ¢ > 0 is small enough, we have ¢, <5_A2> C U, hence H, is defined

on 6A” and 1, € X (see Section 3 for the definition of the space X). Although the
following lemma is a classical fact, we include the proof because of the nonstandard
choice of the norm ||.||x.

Lemma 5.2. We have ||r, — pl|x = 0 as t — 0.
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Proof. Indeed,

ri(z,w) = p(z,w) + Z (2'27) - rlo(2) + Z Z 27 (Imw)" - 7l (z, Imw)

i+j=d+1 I=1 itj=d—I
with
rio(z) = trgo(tz),
ri(z,w) = @ Drg(tz, t mw) for 1> 1,
It is clear that ||T§jl||ck+3(ﬂ2) — 0 ast — 0, and the claim of the lemma follows from
the definition of the norm in the space X. 0

We will employ now the notation Z = (1 — ¢)A»* x (1 — ¢)A** and the norm

||(h,9)||z = ||h||(1—§)Akﬁa + ||9||(1—g),4k»a-
We also need to show that

Lemma 5.3. Forall f = (h,g) € Z and t > 0 small enough we have Hyo f € Z and
IH, o f = fllz < tK max(L, || fl77?)
for some constant K > 0.
Proof. Indeed we have H;(z,w) = (Hi(z,w), H}(z,w)), with
Hi(z,w) =2+ =it I (t2, 1),

Hi(z,w) =w+ 3,1 titd=d gyl /I (b2, t%w).
Posing h = (1 — )h, g = (1 — ¢)g, with h, §j € A¥ we get
Hi(h,g) = h+(1=()° 2t WG H] (11 = (b, t'(1 = ()g),
Hi(h,g) = g+ (1= X WG HY (H(1 = Oh,t'(1 = (7).
It follows that
|, g) = hllagane = ||(1 =€) Xy PH R H (1 = OB, 11 = )3)

)

k,a
C(C

IH3(h,9) = gllaase = |[(1 =€) L jpuma 4 hIG B (11 = ), 14(1 = ©)3)

Note that in the previous sum, if [ # 0 then j +1Id —d > 1. If [ = 0, we have to
consider the summand

ko
C(C

272 HY (¢(1 — Oh, t'(1 — )g).



26 FLORIAN BERTRAND AND GIUSEPPE DELLA SALA

since by Lemma 5.1 we can express H22 Y as
H(z,w) = 24721 (2) + woa(z, w)

where ¢; and ¢, are of class C¥*!, we can write the summand as

(1= Q)" R gy (H(1 — Oh) + (1 = OR2Gea(t(1 — b, t'(1 = ()g)

The estimate of the lemma then follows from the previous expressions, using the facts
that the norm of (1 — () in Ay, is finite, and that the C*® norm of a composition is
estimated by a constant times suitable powers of the C¥® norms of the maps which
are composed. 0

5.2. Proof of Theorem 1.2. Let M be a real hypersurface of class C%?t#0+5 whose
defining function r is locally written as in Theorem 1.1 and let H be a germ at 0
of CR-diffeomorphism of class C%?+*0+3 such that H(0) = 0 and H(M) = M. We
assume that H is tangent to the identity up to order ¢y + 2 = ko — d/2 + 2. We
denote by H its local one-sided extension, of class C¥?T%+3 up to M.

Let 0 < a < 1. According to the first point of Proposition 4.4, for every sufficiently
small € > 0 there exists a kg-stationary disc f € Z attached to the model hypersurface
S = {p = 0} with coefficient ¢ € C**2* such that ||(c, f) — (1, fo)|ly < € and the
restriction of the evaluation map ¢, as a map from M7 to C?, to the tangent space of
M?E at (c, f) is onto. As a consequence we have the following: for every sufficiently
small € > 0, there exists ¢ > 0 such that for all » € X with ||r — p||x < € there exists
a ko-stationary disc f € Z attached to {r = 0} with coefficient function ¢ € Cf+2
such that |[(c, f) — (1, fo)||y < € and the restriction of the evaluation map ¢ to the
tangent space of M7 at (c, f) is onto.

Fix now € > 0 such that e < 7/2, where 1 is defined in Theorem 3.1. Using
Lemma 5.2, we can find ¢ > 0 such that r, € V and ||r; — p|| < €, where V is
neighborhood of p in X identified in Theorem 3.1. We can further require that
t < /200 | fol| LT with K as in the statement of Lemma 5.3. In view of the
previous paragraph, we can find a kg-stationary disc (¢p, f1) € Mt such that the
evaluation map ¢ is locally surjective in a neighborhood (¢, f1).

Hence, we can find a neighborhood O’ of (¢y, f1) in M?* such that ¢(O’) = O is
an open subset of the bidisc (6A)2%. Choose any ¢ € O, and let (¢, f,) € O' C M
be such that f(0) = ¢. Note that ||f,llz < || follz + € < 2||follz if € is small enough.
Since H; is tangent to the identity, we can apply Lemma 5.3 to get

(5.2) |Hio f, — fillz < tKquHcgreoH < tK2d+éo+4||f0”d+éo+4 <e

by the choice of £. On the other hand, by Proposition 2.4 the disc H; o f, is again
a stationary disc attached to {r; = 0}, with coefficient function ¢,, and tied to the
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origin. Moreover, from (5.2) follows that

[(cq, Hi o fy) = (co, fo)lly < 2e <.
Thus (¢, Hi o f,) € Sy, and since O(ry, ¢, Hy o f,) = ®(r4, ¢4, fy) € T' we deduce

0,m

that (¢, Hyo f,) € M;ﬁn
Since H, is tangent to the identity up to order ¢, + 2, we also have that the
holomorphic disc H; o f,(¢) is tangent to f,(¢) at ¢ = 1 up to order ¢, + 2. The
second point of Proposition 4.4 then implies that H; o f, = f,, and computing at
¢ = 0, we get in particular H;(q) = ¢. Since this holds for any ¢ belonging to the open

set O, we conclude that H;, and therefore H, coincides with the identity map. [

5.3. A remark on Theorem 1.3. We note that Theorem 1.3 is in the vein of some
previous boundary rigidity results involving smooth hypersurfaces. D. Burns and S.
Krantz [8] proved that if D C C™ is a smooth bounded and strongly pseudoconvex
domain, then if H : D — D is holomorphic and satisfies H(Z) = Z + o(|Z — p|3)
as Z — p € bD, then H coincides with the identity. As shown by X. Huang [29],
in case D is strongly convex, the assumption reduces to H(Z) = Z + o(|Z — p|?).
Moreover, if D C C™ is a smooth bounded convex domain of finite type, then there
exists a number /¢, depending only the geometric properties of bD near p, such that
if HZ)=Z+o(|Z —p|™) as Z — p € bD, then H coincides with the identity; for
instance in C2, the number ¢ can be taken to be 5d + ¢ for some € > 0, where d is
the type of bD at p. As a matter of fact, we point out that the methods developed
in [8, 29] were based on Lempert’s theory [34] of extremal discs for the Kobayashi
metric in convex bounded domains.
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