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A NOTE ON THE GEOMETRY OF PSEUDOCONVEX DOMAINS OF FINITE TYPE IN
ALMOST COMPLEX MANIFOLDS

FLORIAN BERTRAND

ABSTRACT. LetD = {p < 0} be a smooth domain of finite type in an almost complex manifait .J) of
real dimension four. We assume that the defining funcgias .J-plurisubharmonic on a neighborhood bt
We study the asymptotic behavior of pseudoholomorphicsdisnitained in the domaib.

INTRODUCTION

A well known problem is to determine which smooth domains & almost complex manifold\/, .J)
are locally complete hyperbolic in the sense of Kobayaslsieeéms natural to make some curvature assump-
tions on such domains as adypseudoconcavity boundary point is at finite Kobayashiadise to the inte-
rior of the domain[[7]. I.Grahani [6] gave asymptotic estiesabf the Kobayashi pseudometric for strictly
pseudoconvex bounded domains i, J,,) and proved the complete hyperbolicity of those domains. In
case(M, J) is any almost complex manifold, similar results were predidy S.Ivashkovich-J.-P.Rosay [7]
and H.Gaussier-A.Sukhov|[5].

The situation is far from being so clear when the domains aakly pseudoconvex as the geometry
of their boundary is much more complicated; and the quesifomhether a smooth weakly pseudoconvex
domain is locally complete hyperbolic or not is still opever in(C?, J,;). However, D.Catlin[[3] obtained
local estimates similar to those obtained[ih [6] on smoo#ugsconvex domains of finite type (02, J,;),
implying their local complete hyperbolicity (see also [1])

In the present paper we study this question for smoefiseudoconvex domains of finite type into a four
dimensional almost complex manifold. [A [2], we describechlly finite type domain® = {p < 0} where
p is a smooth defining function fab and./-plurisubharmonic (see Propositi@rt in [2]]). More precisely,
if D = {p < 0} c C?and if the origin0 € 9D is of finite type2m, we proved that there is a change
of coordinates in a neighborhood of the origin such that thecgire J and the functiorp can be locally
written:

aq b1 0 0
o c1 —aq 0 0 o
(01) J = 0 0 as b2 = 5t+0(’22‘),
0 0 Co —a9
and,
(0.2) p = Rezo + Hop (21,71) + H(21,22) + O (|21 ™+ |20] |22 ™ + |22]?)

where H,,,, is a homogeneous polynomial of degree:, subharmonic which is not harmonic and

m—1
H(z1,22) = Re Z szfzz-
k=1
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In this paper, we suppose that the harmonic té}ml, z9) in the above expressioh (0.2) is identically
zero and we prove:

Theorem 0.1. Let.J be a smooth almost complex structure defined®énLet D = {p < 0} be a domain
of finite type in(R*, .J), wherep is a smooth defining function &, .J-plurisubharmonic in a neighborhood
of D. We suppose that and p satisfy respectively {0.1) anB{D.2). Moreover we assumeHHz1, z) in
(0.2) is identically zero. Then there exists a neighborhbodf the origin for whicho is at infinite distance
from points inD N U.

The proof of this theorem is inspired byl [7] and is based orctrestruction of good-plurisubharmonic
functions whose use is significant in almost complex madgol

Acknowledgments.would like to thank J. Bland and J.-P.Rosay for helpful dssions. | am particularly
indebted to J.-P.Rosay who pointed out an erroneous argumgre previous version of my paper.

1. PRELIMINARIES

We denote byA the unit disc ofC and byA, the disc ofC centered at the origin of radius> 0.

1.1. Almost complex manifolds and pseudoholomorphic discsAn almost complex structuré on a real
smooth manifoldM is a(1, 1) tensor field which satisfieg? = —Id. We suppose thal is smooth. The
pair (M, J) is called aralmost complex manifoldVe denote by/,, the standard integrable structure ©f

for everyn. A differentiable mapf : (M’,J') — (M, J) beetwen two almost complex manifolds is said
to be(.J', J)-holomorphicif J (f (p)) od,f = dpf o J (p), for everyp € M'. In caseM’ = A C C, such
amap is called @seudoholomorphic disdf f : (M, J) — M’ is a diffeomorphism, we define an almost
complex structuref..J, on M’ as the direct image of by f :

£ (@) == dpryf o J (F7 (@) odgf ™,
for everyq € M'.

The following lemma (see [5]) states that locally any almmsinplex manifold can be seen as the unit
ball of C"* endowed with a small smooth perturbation of the standaedjyiable structurdy;.

Lemma 1.1. Let (M, J) be an almost complex manifold, with of classC*, k > 0. Then for every
point p € M and every\, > 0 there exist a neighborhoo@ of p and a coordinate diffeomorphism
z : U — B centered ap (ie z(p) = 0) such that the direct image of satisfiesz..J (0) = Js and

|z« (J) = JstHck(B) < Ao.

This is simply done by considering a local chartU — B centered a (ie z(p) = 0), composing it with
a linear diffeomorphism to insure.J (0) = J,; and dilating coordinates.

So letJ be an almost complex structure defined in a neighbortioad the origin inR2”, and such that
J is sufficiently closed to the standard structure in unifolwnnmon the closuré’ of U. The.J-holomorphy
equation for a pseudoholomorphic disc A — U C R?" is given by

ou ou
1.1 - 20
(11) gy~ W5 =0
According to [8], for everyp € M, there is a neighborhood of zero inT,, M, such that for every € V,
there is a/-holomorphic disa: satisfyingu (0) = p anddyu (0/0z) = v.
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1.2. Levi geometry. Let p be aC? real valued function on a smooth almost complex manifdid .J) . We
denote by the differential form defined by

7p (v) = —dp (Jv),

wherev is a section off'A/. TheLevi formof p at a pointp € M and a vectow € T),M is defined by

Lyp(p,v) := d(djp) (p) (v, J(p)v) = ddjp(p) (v, J(p)v) .

The next proposition is useful in order to compute the Lewuifgsee([7]).

Proposition 1.2. Letp € M andv € T,M. Then

Lip(p,v) = A(pou)(0),
whereu : A — (M, J) is any.J-holomorphic disc satisfying (0) = p anddou (0/9,) = v.

If £;p(p,v) > 0foreveryp € M and every € T, M, we say thap is J-plurisubharmonic It is a well
know fact thatp is .J-plurisubharmonic if and only if for every-holomorphic dise: : A — M, powuis
subharmonic (se€[7]).

1.3. Pseudoconvex domains of finite typeln this section, we recall some facts about pseudoconvex do-
mains of finite type in four dimensional almost complex maldi$ (Seel[2] for more detailed facts).

Let D = {p < 0} is a smooth domain iR*. Assume thap is .J-plurisubharmonic on a neighborhood of
D where the structurd is defined on a fixed neighborhoddof D. Moreover we suppose that the origin is
a boundary point oD.

Definition 1.3. Letu : (A,0) — (R*,0,J) be aJ-holomorphic disc satisfying (0) = 0. The order of
contactdy (0D, u) with 9D at the origin is the degree of the first term in the Taylor exg@mofp o u. We
denote by (u) the multiplicity of « at the origin.

We now define the (D’Angelo) type and the regular type of tta hgpersurfacé D at the origin.

Definition 1.4.
(1) The (D’Angelo) type oD D at the origin is defined by:

50 (aD> u)

6 (u)

The point0 is a point of finite (D’Angelo) typem if A! (9D, 0) = 2m < +oo.
(2) The regular type odD at origin is defined by:
Al (0D,0) = sup{do (dD,u), u: A — (R*,J) J-holomorphic,
u(0) = 0,dou # 0}.

The type condition as defined in part 1 of Definition] 1.4 wasoidticed by J.-P.D’Angeld [4] who proved

that this coincides with the regular type in complex mauwi$odbf dimension two. It was proved inl[2] that
the (D’Angelo) type and the regular type coincide in four dimsional almost complex manifolds.

Al (0D,0) = Sup{ , u: A — (R*,J) J-holomorphic nonconstant (0) = 0} .

In the next proposition, we describe locally the almost clexgtructure and the defining functiomp
(seel[2] for a proof).
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Proposition 1.5. Let D = {p < 0} is a smooth domain iR*. Assume thap is .J-plurisubharmonic on

a neighborhood oD where the structure/ is defined on a fixed neighborhodd of D. We suppose that
the origin 0 € partialD is a point of finite type€m. Then there is a local change of coordinates in a
neighborhood of the origin such that, in the new coordinates

aj bl 0 0
c1 —aip 0 0

1.2) J = 0 0 ay by =Jsa+0(|]22]),
0 0 Cy —Qao
(1.3) p = Reza + Hom (21,71) + H(z1,22) + O (|21 "™ + |20][21|™ + |22]%)

where Hs,,, is a homogeneous polynomial of degie, subharmonic which is not harmonic and

zl, z9) = Re g pkzl Z.

A crucial tool for the study of pseudoholomorphic curvesipSeudoconvex domains of finite type is the
local peakJ-plurisubharmonic functions which existence was provef@jn

Theorem 1.6.LetD = {p < 0} be a domain of finite type in an almost complex manifalfl .J) of dimen-
sion four. We suppose thatis a smooth defining function @1, J-plurisubharmonic on a neighborhood of
D. Letp € 9D be a boundary point. Then there exist a functignand a neighborhood’ of p such that
p is continuous up td N U and satisfies:

(1) ¢p is J-plurisubharmonic oD N U,

() ¢p(p) =0,
(3) ¢, <00onDNU\{p}.

Such a function is called a local peakplurisubharmonic function gt.

1.4. The Kobayashi pseudometric. The existence of local pseudoholomorphic discs proved]ial[8ws
to define theKobayashi pseudometrik’y;, ;) for p € M andv € T,,M :

1 .
K,y (p,v) := inf {; > 0,u: A — (M,J) J-holomorphic, u (0) = p, dyu (0/0x) = rv} .

Letd(yy, ) be the integrated pseudodistanceQf; ) defined by:

dar.sy (0 mf{/ Ko ( '<t>>dt,v:[o,1mM,v<o>=p,v<l>=q}.
We thus define :

Definition 1.7. (1) The manifold (M, J) is Kobayashi hyperbolic if the integrated pseudodistance
dnr,g) 1S a distance.
(2) LetD C M be a domain in an almost complex manifglti/, .J). A pointp € 9D is said to be
at finite distance frong € D if there is a sequence of poingg € D converging top and whose
Kobayashi distanceg p, 7)(g;, ¢) to ¢ stay bounded. Otherwise we say that the distance is infinite.
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2. PROOF OFTHEOREMI[O. 1

In order to prove this theorem, we need the two following leasmwhere the dimension assumption is
meaningful as it allows to find a coordinate system where ithesiz; = ¢} and{z; = ¢’} are almost
complex submanifolds.

Lemma 2.1. Let) be an open subset ¢R*, J) and let.J be an almost complex structure satisfying{1.2).
Let K be a compact subset 6f. There existd > 0 such that: for every- € [0, 1) there exists a positive

constantC' > 0 such that ifu = (u1,u2) : A — Qis aJ-holomorphic disc withu(A) C K, then
[Vur (O < Csupgen fua(t) — ua(0)], and,[Vua ()] < Csupgen fua(t) — u2(0)];

if supyealfu(t) —u(0)]] < dand¢ € A,.

This lemma is an anisotropic version of a result obtained .byaShkovich, J.-P.Rosay inl[7].

Proof. Depending on(0) € K, one can make a linear change of variables such that in theoewlinates
J(u(0)) = Jg. Seta; := sup;ep |ui(t) — ui(0)] for i = 1,2 and consider the scaling mapfrom R* into
itself defined byA (21, 29) := (a; (21 — u1(0)), a5 (22 — u2(0))). Notice that the\.,..J-holomorphic disc
A o u satisfiesA o u(A) € A x A. If ay anday are small enough theh, J is close toJ,; as the structure
J has a diagonal form. It follows from Proposition 2.3.6 [in,[8jat for |z| < r one gets fori = 1,2,
|V(A ou);(2)] < C for some positive constaidt. Hence|Vu;(z)| < Cay;, as desired. O

A straightforward computation leads to this very useful hean

Lemma 2.2. Assume thay/ is an almost complex structure @t satisfying [T.2). Then the Levi form of
Rezy at z andv = (X1, Y7, Xo, Ya) is equal to

LiRezy (z,v) = _(al —ag) (z)g—z(z) — 02(2)2—221(2) + cl(z)g—x(z)] X1 X9+
_(al + az) (Z)S—Z(z) — bg(z)g—Z(z) + 01(2)2—2(2)] X1Ys +
_ (a1 + a2) (z)g—cyli(z) + bl(z)g—Zj(z) — 02(2)2—2(2)] Y1Xo +

:(az — ) (52 ) + b S 2) - bz<z>‘§—gj<z>] YiYs +

(2)] (c2(2) X3 — 2a(2) X2Ya — ba(2)Y5) .

Proof of Theoreri Ol1Let U be a neighborhood dfin R*. We assume that, dif, the structure/ satisfies
(1.2) and that the defining function has the local expression

(2.2) p = Rezo + Hoppy (2172’_1) + 0 (’21‘2m+1 + ‘Zz”zﬂm + ‘22’2)

whereH,,, is a homogeneous polynomial of degtse, subharmonic which is not harmonic.
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Consider for a positive numbér> 0, the following anisotropic polydisc:
Q(0,8) == {z € C2 || < 677, |25| < 8},

Notice that since the defining functignsatisfies[(Z11), then for a sufficiently smalk< 1, if z € Q(0,4)
then we havelist (z,0D) < ¢6 for some positive constaiat> 0.

Letq' = (¢},q5) € 9D NU be a boundary point and let, be a local peal’-plurisubharmonic function
at the point;’. There is a positive consta6; such that
(2.2) —Cillz =] < pg (2) < —C2¥y (2),
where
Uy (2) =21 = 4" + |22 — o + |21 — @4 [P|22 — a5
is a.J-plurisubharmonic function oy, shrinkingU if necessary.

Letu : A — D nNU be aJ-holomorphic disc such that(0) € Q(0,9) is sufficiently close to the
origin. In order to prove that the originis at infinite distance from points i N U, we want to provide the
following estimates

IVup (0)| < C63m and |Vus (0) | < C6
for a positive constant’ > 0.

Letq = (¢}, 45) € D be the unique boundary point such that «(0) + (0, 4, ) for some positive’,.
Notice thats,, is asymptotically equivalent tdist (u (0) ,0D). According to the/-plurisubharmonicity of
VU, we have forf¢| < r where0 < r < 1:

Ty (u(C) < % /0 - Uy (u(re)) ao,

for an appropriate positive consta#it Hence usind (2]2) and theplurisubharmonicity of the peak function
p, We obtain:

2T
¥y Q) € ~gog [ e (u(re”)) b < ~Fey (wl0).
Since
42 () — dhf° < Uy (u(0))

and according td(212) and to the fact thja{0) — ¢|| = d,, is asymptotically equivalent tdist (u (0) ,9D),
we obtain for a positive constaot:

[us (€) — b2 < Cidist (u (0), D).

Hence, for some other positive constéfiitwe have:

[SIE

(2.3) |ug (€) — u2(0)] < Cydist (u (0),0D)2,

for |(] < rwhere0 < r < 1.
For the same reason, we obtain the following estimate whidth for |¢| < » < 1:

(2.4) lup (€) — u1(0)] < Cydist (u (0), dD) 2 .
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According to Lemma&a2]1, inequalitiels (P.3) ahd {2.4) imply:

(2.5) [Vus(¢)| < Bsup |ug (t) —uz (0) | < C3Bdist (u (0) ,OD)% < Cy03.
[t]<r
and,
(2.6) |[Vuq(0)| < Bsup |ug (t) —ug (0) | < C3Bdist (u (0) ,8D)ﬁ < Cyom.
[t|<r

for positive constant®? andC. Notice that[(2.6) is the desired tangential estimate.

In order to obtain the normal estimaf€u2(0)|, we will construct a negative harmonic function. To
achieve this, we first need to contfktus(¢) and|ARe ua(C)| by 9.
From [2.3) and[{2]4) we obtain fo¢| < r:

(2.7) 1 (€)] < Jur (€) — w1 (0)] + |ur (0)] < Cadist (u (0),dD)2m + d2m < Cydam.
and,
(2.8) [us(€)] < [uz (¢) — ua(0)] + [ua(0)| < Cadist (u (0),0D)3 + 6 < Cs67.

for a positive constanf’s. According to these estimates, and since the defining fumatatisfies[(2]1), we
obtain

29)  Reus(Q) < |Ham ((0).11(0)) | + O ([ur ()™ + uaQ) s (O + us(©)[) < Cio.
if || < r, whereCs > 0. Due to Proposition 112 applied to the functiiaz,, we have:

9,
(2.10) Ae Q) = LReza (u(6). 340 ).
According to Lemm&a2]2[{2.5), (2.8) and to the fact thiat) = Js; + O(|22]), this implies

(2.11) |A§R€ ’LL2(<)| < C76

if || < r, and a positive constaut;.
We still denote byARe uo, the function equal td\Re us on A,., and0 elsewhere. And consider the
following harmonic function

212) 0(0) = Ren(§) — |5 1ul¢] ARe ua (€) = (Co + C)t
From [2.11), we have

'ilnm * Afte uy | < C76.
2m

Thus g is a negative function anfy(0)| < 2(Cs + C7)d. The classical Schwarz Lemma for negative
harmonic functions givegvg(0)| < 2|¢(0)|. Hence we obtain the following estimate:

[VRe uz(0)| < [Vg(0)| + Sup [ARe uz| < 2[g(0)[ + C7d < (4C5 + 5C7)6.
Moreover, the/-holomorphy equation for the discimplies:

OReus 0SSmus _ OReuy
aau(0) T (0) + bafu(0) 520 = T (0)
OReus 0SSmus OSSmus

ea(u(0) 2 (0) — an(u(0) =52 (0) = =),
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so that
|VSm ug(0)] < Cg|VRe ug(0)],
for some positive constadfs.
We finally get the normal estimate:

(2.13) IVus(0)] < C6.

Let us show how[(Z]6) and (2113) imply that the origiris at infinite distance from points i N U.
Consider the function:

X(2) = 21" + |22
Sinceu(0) € Q(O,X(u(o))%), it follows from the estimate$ (2.6) and (2113) th&liu, (0)] < C’X(u(o))ﬁ
and|Vuz(0)| < Cx(u(o))% for some positive constaut and thus:
Vxouw(O)] < 4m|Vur(0)[ur (0)[*"~" +2[Vua(0)[[u2(0)|
< 4mCx((0)) 7 (x(u(0)) 7)™ + 20X (u(0))
< (4mC +2C)(x o u)(0)

I
o=

x(u(0))

which achieves the proof of Theorém10.1 by an integrationrment (see Lemma 1.1 inl[7]).
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