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Abstract. We construct a family of small analytic discs attached to Levi non-degenerate hypersurfaces

in Cn+1, which is globally biholomorphically invariant. We then apply this technique to study unique
determination problems along Levi non-degenerate hypersurfaces that are merely of class C4. This method

gives 2-jet determination results for germs of biholomorphisms, CR diffeomorphisms, as well as in the almost

complex setting.

Introduction

For many geometric structures, the automorphisms depend only on a finite number of parameters. For
example, an isometry ϕ : M → M of a connected Riemannian manifold M is uniquely determined by its
value ϕ(p) and its differential dϕp at any given point p ∈ M , that is, by its 1-jet j1

pϕ. In complex analysis,
biholomorphic automorphisms of a bounded domain in Cn are uniquely determined by their 1-jet at any given
point inside the domain [Ca2]. What about the analogous statement if the point is taken on the boundary
of the domain? It is a well-known fact that biholomorphic automorphisms of the unit ball Bn ⊂ Cn extend
holomorphically through the boundary and are uniquely determined by their 2-jets, but not by their 1-jets,
at any given boundary point.

This problem is related with the local equivalence problem for boundaries of domains, or more generally
for real hypersurfaces, which was started on in complex dimension 2 by H. Poincaré. Two real hypersurfaces
Γ and Γ′ are said to be locally equivalent at p ∈ Γ and p′ ∈ Γ′, respectively, if there exist a neighborhood V of
p and V ′ of p′ and a biholomorphic mapping F : V → V ′ so that F (V ∩Γ) = V ′ ∩Γ′. Local equivalence is a
very restrictive condition, since it leads to an overdeterminated inhomogeneous system of partial differential
equations for the biholomorphic mapping. If such an F exists, then how unique is it? To answer this
question, one has to look for sufficiently many invariants attached to the hypersurfaces.

H. Poincaré initiated a study of invariants of a real hypersurface by looking at relations between the
Taylor series coefficients of a defining function and the Taylor series of a transformed equation, in terms of
the coefficients of the Taylor expansion of a local biholomorphic change of variable. This process of finding
invariants from the power series expansion point of view was carried out much later in a significant manner
by J.K. Moser for Levi non-degenerate hypersurfaces. The following local version of H. Cartan’s uniqueness
theorem follows from the classical results of [Ca1, Ta1, Ta2, CM]:

Theorem 0.1. Let Γ be a real-analytic hypersurface through a point p in Cn with non-degenerate Levi form
and let Fj : Uj → Vj, j = 1, 2, be two biholomorphic maps, where Uj , Vj are open subsets in Cn, p ∈ Uj and
Fj(Γ∩Uj) ⊂ Γ for any j. Then, if F1and F2 have the same 2-jet at p, they coincide in a neighborhood of p.

Theorem 0.1 becomes false without any hypothesis on the Levi form, as one can see by considering the
hyperplane =mz0 = 0 in Cn+1, whose automorphism group at 0 is infinite dimensional: every F (z0, zα) =
(z0, zα + f(z0)), for any holomorphic mapping f , is a biholomorphism preserving the hyperplane and fixing
the origin. Note that in C2, Levi-flat hypersurfaces are the only ones (among real-analytic hypersurfaces)
for which local biholomorphisms are not uniquely determined by their jets of any order [ELZ].

Finite jet determination of holomorphic mappings sending one real submanifold to another has attracted
much attention in recent years, as related in the survey articles [BER5] and [Za2]. After Theorem 0.1, other
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situations were investigated: finitely non-degenerate hypersurfaces [BER1, Za1]; hypersurfaces of finite type
in C2 [ELZ, KM]; CR analogues [Ha1, Ha2, BER2, BER4, Pe]. Note that it is always either assumed that
Γ and Γ′ are real-analytic, or the conclusion is that the formal power series of the mapping F is determined
by a finite jet. The only finite jet determination result which applies to merely smooth hypersurfaces and
smooth mappings is due to [Ebe] for smooth k0-non-degenerate hypersurfaces: in the particular case k0 = 1
(corresponding to Levi non-degenerate hypersurfaces), it states that any holomorphic mapping which is
defined locally on one side of a smooth, Levi non-degenerate real hypersurface Γ ⊂ Cn and extends smoothly
to Γ, sending Γ diffeomorphically into another smooth real hypersurface Γ′ ⊂ Cn, is completely determined
by its 2-jet at a point p ∈ Γ.

The aim of the present paper is to enter the finite jet determination problem with a more geometrical
approach. The seminal approach of [CM] is based on finding analytic invariants for real-analytic hypersurfaces
(“normal form”). Here we propose to make use of some well-known invariants for a (sufficiently smooth) real
hypersurface, namely the stationary holomorphic discs, that is, discs glued to the hypersurface and satisfying
some differential condition at the boundary. These particular holomorphic discs were first introduced by L.
Lempert [Lem], as the complex geodesics for the Kobayashi metric for a strongly convex domain. They
are involved in the construction of a “Riemann map” for various domains [Lem, ST] (see also [CGS1] for
an almost complex version): roughly, the parametrization of this special family of holomorphic discs h by
h 7→ (h(0), h′(0)) leads to a similar description for biholomorphic mappings.

The point is to find an analogue at the boundary. A basic observation is that stationary holomorphic discs
glued to the unit sphere are parametrized by their 1-jet at 0, but also by their 2-jet at any boundary point.
Based on the fact that this is still true if one replaces the sphere by any non-degenerate hyperquadric, we take
this as our model case. The general situation of real hypersurfaces will be reduced to a perturbation of this
model case. With this new method, we obtain an improvement of Theorem 0.1 regarding the smoothness,
since we do not need real analyticity, nor C∞-smoothness. More precisely, we get:

Theorem 0.2. Let Γ, Γ′ be two real hypersurfaces of class C4 in Cn+1, and p ∈ Γ. Assume Γ is Levi non-
degenerate at p. Then the germs at p of biholomorphisms F such that F (Γ) = Γ′ are uniquely determined by
their 2-jet at p.

In fact, the proof of Theorem 0.2 only uses the fact that stationary discs glued to Γ are taken by F to
stationary discs glued to Γ′. If the hypersurfaces are strictly pseudoconvex, the real hypothesis is thus that
the holomorphic map (F, dF−1) is defined locally on one side of Γ and extends C1-smoothly to Γ (see remark
2.5). Since a germ of a CR diffeomorphism between two strictly pseudoconvex hypersurfaces admits a local
one-sided extension, we obtain the following result:

Theorem 0.3. Let Γ, Γ′ ⊂ Cn+1 be two strictly pseudoconvex hypersurfaces of class C4, and let p ∈ Γ.
Then the germs at p of CR diffeomorphisms of class C3 between Γ and Γ′ are uniquely determined by their
2-jet at p.

Another situation where this condition occurs near any boundary point is provided by biholomorphisms,
or more generally a proper holomorphic maps, between two bounded strictly pseudoconvex domains with C2

boundary. So we get the following boundary version of the classical H. Cartan’s uniqueness Theorem:

Theorem 0.4. Let Ω, Ω′ ⊂ Cn+1 be two bounded strictly pseudoconvex domains whose boundaries are of
class C4, and let p ∈ ∂Ω. If F1 and F2 are two proper maps from Ω onto Ω′ with the same 2-jet at p, they
coincide.

This statement is in the following of previous results on holomorphic auto-applications F on a domain D.
Let us recall that if D is a connected, smoothly bounded, strongly pseudoconvex domain, and F (z) =
z+O(|z− p|4), then F = id [BK]. If D is strongly convex, the assumption reduces to F (z) = z+ o(|z− p|2)
[Hua]. Finally, see [LM] for some finite jet determination results for proper maps, without convexity but
with real-analytic boundary regularity hypothesis on the domains.
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One of the main interests of a method using holomorphic discs is that it usually extends to the almost
complex setting. In the last section, we explain how to obtain almost complex analogues of Theorems 0.2
and 0.4. Our most significant result in the almost complex case is the following:

Theorem 0.5. Let J and J ′ be two almost complex structures of class C3 defined in R4. Let Γ, Γ′ be two
real hypersurfaces of class C4. Assume Γ is J-Levi non-degenerate at p. Then the germs at p of (J, J ′)-
biholomorphisms F such that F (Γ) = Γ′ are uniquely determined by their 2-jet at p.

Let us finally notice that finite jet determination problem is relevant in higher codimension [Bel, Lam].
We recall that if Γ is a generic real-analytic submanifold of any codimension with non-degenerate Levi form
at p, then its local biholomorphisms are uniquely determined by their 2-jet at p. Since stationary discs play
a role not only for hypersurfaces [Tum], our method could give results even in this case.

This paper is organized as follows. In the first section, we recall some classical facts about Levi non-
degenerate hypersurfaces and stationary discs. Section 2 and Section 3 are devoted to the parametrization of
the family of stationary discs whose boundaries pass through a prescribed point, respectively for the model
case (non-degenerate hyperquadric) and for small perturbations. We then prove Theorem 0.2 and Theorem
0.3 in Section 4. Finally we give in Section 5 the extension to the almost complex situation.

Acknowledgments. The authors would like to thank B. Lamel for getting them interested in the problem and
for stimulating discussions and helpful remarks.

1. A family of biholomorphic invariants

1.1. Levi non-degenerate hypersurfaces. For z ∈ Cn+1 we write z = (z0, zα) where zα = (z1, . . . , zn).
As usual xj = <ezj and yj = =mzj . We deal with real hypersurfaces in Cn+1:

Γ = {(x0, . . . , yn) ∈ Cn+1 | ρ(x0, . . . yn) = 0} = {z ∈ Cn+1 | ρ(z) = 0}

where ρ is a C4 defining function of Γ, that is ρ is of class C4 and dρ does not vanish on Γ. Then the tangent
space at p ∈ Γ is TpΓ = Ker dρp, and the complex tangent space at p (i.e. the biggest complex subspace of
TpΓ) is TC

p Γ = TpΓ ∩ iTpΓ.

Definition 1.1. The hypersurface Γ is Levi non-degenerate at point p ∈ Γ if the restriction to TC
p Γ of the

Hermitian form
∑

0≤i,j≤n
∂2ρ

∂z̄j∂zi
z̄jzi is non-degenerate.

The model cases are non-degenerate hyperquadrics x0 = tzαAzα with A an invertible Hermitian matrix,
which are everywhere Levi non-degenerate.

Pick p ∈ Γ. Up to a linear transformation, then using the implicit function theorem, we can assume that
p = 0 and the tangent space to Γ at 0 is x0 = 0, hence Γ is given by the equation

x0 =

(
real quadratic terms in

y0, x1, . . . , yn

)
+O(|(y0, zα)|3).

Instead of grouping terms together according to their degree, we regroup them by weight (see [CM]): a
weight 2 is assigned to z0 and a weight 1 is assigned to zα. We get the second member of the previous
equality decomposed in three parts:

• terms of weight 2: a real quadratic form in zα, that is q(zα) + q(zα) + (Hermitian form in zα) with
q being a complex quadratic form;

• terms of weight at least 3: linear combination of y2
0 , y0xj and y0yj (1 ≤ j ≤ n);

• O(|(y0, zα)|3), which would consist of terms of weight at least 3 if the hypersurface were real analytic.

After the local change of coordinates z0 = z′0 − 2q(zα), zα = z′α, we obtain that the hypersurface Γ is given
in a neighborhood of 0 by the defining function
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(1.1) ρ(z) = x0 − tzαAzα + b0y
2
0 +

n∑
j=1

(bjzj + b̄j z̄j)y0 +O(|(y0, zα)|3).

This depends only on Γ (and on the point p). Notice that b0 = 1
2
∂2ρ
∂y20

(0), bj = ∂2ρ
∂y0∂zj

(0) and A is the Hermitian

matrix A = −
(

∂2ρ
∂z̄j∂zi

(0)
)

1≤i,j≤n
. Hence Γ is Levi non-degenerate at 0 iff the matrix A is invertible. In this

case, Γ is also Levi non-degenerate in a neighborhood of 0.

Afterwards, we assume that functions ρ are under the normal form (1.1), and set Γρ = {z | ρ(z) = 0}:
locally, Γρ “looks like” the hyperquadric of equation x0 = tzαAzα. The Hermitian matrix A is not a
biholomorphic invariant of Γρ, but its signature

(number of positive eigenvalues, number of negative eigenvalues)

is a biholomorphic invariant up to the sign. In particular, if Γρ is Levi non-degenerate at 0 and Γρ
′

is locally
biholomorphic to Γ in a neighborhood of 0, then Γρ

′
is also Levi non-degenerate at 0 (and the signature of

A′ is ± sgnt(A)).

Definition 1.2. For p ∈ Γ, let N∗pΓ := {φ ∈ T ∗pCn+1|<eφ|TpΓ = 0} be the is a real line generated by ∂ρp.
The conormal bundle N∗Γ of Γ is the bundle over Γ whose fiber at p ∈ Γ is N∗pΓ.

In particular, N∗Γ is a real submanifold of dimension 2n + 2 of the complex manifold T ∗Cn+1. We will
need the following characterization due to A. Tumanov:

Proposition 1.3. [Tum] A real hypersurface Γ ⊂ Cn+1 is Levi non-degenerate if and only if its conormal
bundle N∗Γ is totally real out of the zero section.

Let us recall that a submanifold of a complex manifold is totally real at some point if its complex tangent
space at this point is trivial.

1.2. Stationary discs. A holomorphic disc h is a holomorphic function on the open unit disc ∆ ⊂ C. When
h is continuous up to the boundary and h(∂∆) is included in some submanifold, we say that h is glued to
this submanifold.

The first useful case is when the submanifold is a hypersurface, for example the boundary of a domain
D. Then holomorphic discs in D glued to ∂D are invariants of D. The second interesting case is when the
submanifold is maximally totally real, which gives for instance some properties of smoothness for the discs
up to the boundary. In our case, looking at Levi non-degenerate hypersurfaces, we can take advantage of
both situations by using Proposition 1.3. This leads to the study of stationary discs.

Definition 1.4. A holomorphic disc h glued to the real hypersurface Γ is stationary if there exists a
holomorphic lift h = (h, g) of h to the cotangent bundle T ∗Cn+1, continuous up to the boundary, such that
∀ζ ∈ ∂∆, h(ζ) ∈ N Γ(ζ) where

N Γ(ζ) := {(z, ζw) | z ∈ Γ, w ∈ N∗zΓ \ {0}}.
The set of these lifted discs h = (h, g), with h non-constant, is denoted by S (Γ).

Note that if h = (h, ζh∗) ∈ S (Γ) satisfies h(1) = 0, then there exists b ∈ R∗ such that h∗(1) = (b, 0, . . . , 0)
since ∂ρ0 = ( 1

2 , 0, . . . , 0) (the defining equation of Γ being in normal form). We set

S ∗(Γ) := {h = (h, ζh∗) ∈ S (Γ) | h(1) = 0, h∗(1) = (1, 0, . . . , 0)}.
In local coordinates, Definition 1.4 is equivalent to the existence of a continuous function c : ∂∆ → R∗

such that g(ζ) = ζc(ζ)dρh(ζ) on ∂∆ and extends holomorphically to ∆. We will often set g(ζ) = ζh∗(ζ):
then h∗ is meromorphic with at most one pole of order one at 0, and (h, h∗)(∂∆) is included in the conormal
bundle out of the zero section. We actually need to allow the fibered part h∗ to have a pole of order one at
0 (let us notice that holomorphic discs glued to the unit sphere have no holomorphic lift to the cornormal
bundle).
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If Γ = Γρ is Levi non-degenerate, then by Proposition 1.3 N Γ(ζ) is totally real for all ζ ∈ ∂∆. We say
that the holomorphic disc h is attached to the totally real fibration N Γ = {N Γ(ζ)} (see section 3.1 for the
definition of a totally real fibration over ∂∆).

Notice that, in light of Proposition 1.3, the regularity results known for holomorphic discs glued to a totally
real submanifold [Chi] apply to the map h if Γ is Levi non-degenerate. Hence the elements of S (Γ) (and thus
stationary discs and their regular lifts) inherit their regularity to the boundary from the Hölderian regularity
of N∗Γ: since Γ is C4, N∗Γ is C2,ε for any 0 < ε < 1 and the elements in S (Γ) are in Hol(∆)∩C2,ε(∆̄). This
means that every h ∈ S (Γ) satisfies h ∈ C2,ε(∆̄, T ∗Cn+1) or, equivalently, h|∂∆ ∈ C2,ε(∂∆, T ∗Cn+1). The

spaces Ck,ε(∂∆), 0 < ε < 1, k ∈ N are equipped with their usual norm:

‖h‖Ck,ε(∂∆) =

k∑
l=0

‖h(l)‖∞ + sup
ζ 6=η∈∂∆

‖h(ζ)− h(η)‖
|ζ − η|ε

,

where ‖h(l)‖∞ := max
∂∆
‖h(l)‖.

The interest for stationary discs comes from the fact they are biholomorphic invariants. More precisely, if
F is a biholomorphism such that F (Γ) ⊂ Γ′, and h is a stationary disc glued to Γ, then F ◦ h is a stationary
disc glued to Γ′: actually, if h∗ is a regular lift of h, then h∗ · (dFh)−1 is a regular lift of F ◦ h. We denote,
for h = (h, ζh∗) ∈ S (Γ):

F∗h : ζ 7→
(
F (h(ζ)), ζh∗(ζ)(dFh(ζ))

−1
)

and get F∗h ∈ S (Γ′).

Remark 1.5. Assume F is the identity up to order one, that is, F (0) = 0 and dF0 = id. Then for every
h ∈ S ∗(Γ), we get F∗h ∈ S ∗(Γ′).

2. The model situation: biholomorphisms between two hyperquadrics

In this section, we study the following situation. Assume F is a biholomorphism fixing 0 between two
hyperquadrics QA = {rA = 0} and QA

′
= {rA′ = 0} in Cn+1:

rA(z) := <ez0 − tzαAzα

rA
′
(z) := <ez0 − tzαA

′zα,

where the Hermitian matrices A and A′ are assumed to be invertible. We first prove that such biholomor-
phisms are determined by their 2-jet at 0. It suffices to consider the case when QA = QA

′
:= Q and F is

equal to the identity up to order two. Even if the automorphisms of hyperquadrics are easy to determine (see
for instance [CM]), we will not use their explicit expression but only the fact that the family of stationary
discs is a global biholomorphic invariant. This method will be generalized in the following sections.

2.1. Stationary discs glued to Q. Stationary discs glued to a non-degenerate hyperquadric are explicitly
known, and they are actually uniquely determined by their 2-jet at some boundary point. Let us recall that,
based on Propositions 2.1 and 2.3 from [Bl2], we have the following explicit expression for the elements of
S (Q):

Proposition 2.1. The elements h = (h, ζh∗) ∈ S (Q) are exactly under the form

h(ζ) =

(
tv̄Av + 2 tv̄Aw

ζ

1− aζ
+

tw̄Aw

1− |a|2
1 + aζ

1− aζ
+ iy0, v + w

ζ

1− aζ

)
ζh∗(ζ) = b(ζ − a)(1− aζ)× (1/2,− thα(ζ)A)

where a ∈ ∆, v ∈ Cn, w ∈ Cn \ {0}, y0 ∈ R, and b ∈ R∗. Moreover, the map (a, v, w, y0, b) 7→ h is a smooth
parametrization of S (Q), which makes S (Q) smoothly diffeomorphic to ∆× Cn × (Cn \ {0})× R× R∗.

Corollary 2.2. The maps h 7→ h(1) ∈ Q and h 7→ h(1) ∈ N∗Q defined on S (Q) are submersions.
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Proof. According to the previous parametrization of S (Q),

h(1) =

(
tv̄Av + 2 tv̄Aw

1

1− a
+

tw̄Aw

1− |a|2
1 + a

1− a
+ iy0, v + w

1

1− a

)
h∗(1) = b|1− a|2 × (1/2,− thα(1)A)

Assume (a, v, w, y0, b) ∈ ∆ × Cn × (Cn \ {0}) × R × R∗, and let h = (h, ζh∗) be the corresponding element
in S (Q). Notice that

(2.1) (z, t) ∈ N∗Q ⇐⇒ z ∈ Q, t0 ∈ R, tα + 2t0
tzαA = 0

hence

(µ, τ) ∈ T(z,t)(N
∗Q) ⇐⇒

 µ ∈ TzQ
τ0 ∈ R
τα + 2τ0

tzαA+ 2t0
tµαA = 0

We first consider the map φ1 : (a, v, w, y0, b) 7→ h(1) ∈ Q. For every µ ∈ Th(1)Q, that is such that

<e µ0 = thα(1)Aµα + tµαAhα(1), we are looking for some (a′, v′, w′, y′0, b
′) ∈ C×Cn×Cn×R×R such that

dφ1
(a,v,w,y0,b)

(a′, v′, w′, y′0, b
′) = µ. The n last components of this equality give the equation

v′ +
1

1− a
w′ + w

1

(1− a)2
a′ = µα

and we can choose v′ = µα, w′ = 0 and a′ = 0. Since by construction dφ1
(a,v,w,y0,b)

(a′, v′, w′, y′0, b
′) ∈ Th(1)Q,

the first component applied to these values only corresponds to the equation

=m
(

2 tv′Aw
1

1− a

)
+ y′0 = =mµ0

thus we can find a convenient y′0.
Consider now the map φ2 : (a, v, w, y0, b) 7→ h∗(1). Suppose (µ, τ) ∈ T(h(1),h∗(1))(N

∗Q) and choose
v′ = µα, w′ = 0, a′ = 0 and y′0 the convenient value found previously. We are looking for some b′ ∈ R such
that dφ2

(a,v,w,y0,b)
(0, µα, 0, y

′
0, b
′) = (µ, τ). Then b′ = 2

|1−a|2 τ0 is convenient. �

The condition h(1) = 0, h∗(1) = (1, 0, . . . , 0) is equivalent to
w = −(1− a)v
iy0 = − a−ā

1−|a|2
tv̄Av

b|1−a|2
2 = 1

and a straightforward computation gives that the elements of S ∗(Q) are exactly of the following form:

h(ζ) =
1− ζ
1− aζ

(
2

1− a
1− |a|2

tv̄Av, v

)
=

1− ζ
1− aζ

h(0)(2.2)

ζh∗(ζ) =
2

|1− a|2

(
(ζ − a)(1− aζ)

2
, (1− ζ)(1− aζ) tv̄A

)
(2.3)

where a ∈ ∆ and v ∈ Cn \ {0}.

2.2. Parametrization.

Proposition 2.3. Let Q be a non-degenerate hyperquadric in Cn+1. Then S ∗(Q) is a (2n+2)-real param-
eter family. Moreover:

i) the elements h = (h, g) ∈ S ∗(Q) are smooth up to the boundary;

ii) the map h 7→ h(0) is a smooth diffeomorphism from {h = (h, g) ∈ S ∗(Q) | thα(0)Ahα(0) 6= 0} onto the
open set {(γ tv̄Av, v) | v ∈ Cn, tv̄Av 6= 0, <e(γ) > 1};

iii) the map h 7→ (h′α(1), h′0(1)g′0(1)) is a smooth diffeomorphism from {h ∈ S ∗(Q) | thα(0)Ahα(0) 6= 0}
onto its image.

Item iii) implies that the map h 7→ h′(1) defined on {h ∈ S ∗(Q) | thα(0)Ahα(0) 6= 0} is one-to-one.
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Remark 2.4. We could also check that the map h 7→ (h′α(1), th′α(1)h′′α(1)) defined on S ∗(Q) is a smooth
diffeomorphism onto its image, hence non-constant stationary discs h glued to Q such that h(1) = 0 are
uniquely determined by their 2-jet at point 1.

Proof. According to Corollary 2.2, S ∗(Q) is a submanifold of real dimension (4n + 4) − (2n + 2) of(
C1,ε(∂∆)

)2n+2
, given by the one-to-one parametrization ∆× (Cn \ {0}) 3 (a, v) 7→ h.

Using this parametrization of S ∗(Q), we are able to localize the centers of such discs by looking at the

map (a, v) 7→
(

2 1−a
1−|a|2

tv̄Av, v
)

. The function a 7→ 2(1−a)
1−|a|2 is a bijection from the unit disc ∆ onto the half

plane {<eζ > 1} whose inverse is given by ζ 7→ 2ζ−ζ2
|ζ|2 . Since we consider discs such that the parameter

v = hα(0) satisfies tv̄Av 6= 0, this implies that the map is a smooth diffeomorphism. As a direct consequence,
we obtain (ii).

To prove (iii), let h = (h, g) ∈ S ∗(Q). We have

h′(1) =
−1

1− a

(
2(1− a)

1− |a|2
tvAv, v

)
=

(
−2

1− |a|2
tvAv,

−1

1− a
v

)
,

g′(1) =
2

|1− a|2

(
1 + |a|2 − 2a

2
, (a− 1) tvA

)
=

(
1 + |a|2 − 2a

|1− a|2
,
−2

1− a
tvA

)
.

We have to consider the map h 7→ (h′α(1), h′0(1)g′0(1)). Since h′α(1) = −1
1−ahα(0) and we assume

thα(0)Ahα(0) 6= 0, it is equivalent to look at

h 7→

(
−h′α(1),

−1

2 th′α(1)Ah′α(1)
h′0(1)g′0(1)

)
.

Using the parametrization of h ∈ S ∗(Q) by (a, v), we set for any (a, v) ∈ ∆× (Cn \{0}) such that tvAv 6= 0,

ψ(a, v) =

(
1

1− a
v,

1 + |a|2 − 2a

1− |a|2

)
∈ Cn+1.

Note that ψ(a, v) =
(

1
1−av,−1 + 2(1−a)

1−|a|2

)
: once more, the properties of the function a 7→ 2(1−a)

1−|a|2 prove that

ψ is a smooth, one-to-one immersion. We conclude the proof by using of the inverse function theorem.
�

Let us see how it leads to the unique determination of F by its 2-jet at the origin. Assume F is a
biholomorphism of Cn+1 such that F (0) = 0 and F (Q) ⊂ Q, with the same 2-jet than the identity. Let
z ∈ Ω := {(γ tv̄Av, v) | v ∈ Cn, tv̄Av 6= 0, <e(γ) > 1}: by (ii) there exists a unique h = (h, g) ∈ S ∗(Q) such
that h(0) = z. Since F (0) = 0 and dF0 = id, the disc F∗h is still in S ∗(Q). Moreover (F∗h)′(1) = h′(1), so
by (iii) we get F∗h = h and hence F ◦ h = h, and F (z) = z. This is true for any z in the open set Ω so F
is equal to the identity. This can be resumed in the following commuting diagram:

F : h(0) 7→ F ◦ h(0)
l 	 l

j1
0(F, tdF−1) : h′(1) 7→ (F∗h)′(1).

where j1
0(F, tdF−1) denotes the 1-jet at 0 of (F, tdF−1).

Remark 2.5. Note that if Q is strictly pseudoconvex (i.e. the Hermitian matrix A is positive definite), then
non-constant discs h glued to Q remain on the same side of the hyperquadric. Indeed, the map −r ◦ h is
subharmonic and one can conclude by using the maximum principle. Hence in this case the previous diagram
is still valid if the map (F, tdF−1) is only defined on one side of Q, and of class C1 up to the boundary.
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3. Discs attached to a perturbation of N Q

The aim of this section is to generalize Proposition 2.3 to the case of a small perturbation of the hyper-
quadric Q. The method consists in using a theorem of J. Globevnik [Gl1]: given a totally real fibration E and
a disc f attached to E , and under the conditions that some integers depending on E and f are non-negative,
the holomorphic discs near f attached to a small perturbation of E form a κ-parameter family, where κ is
the Maslov index of E along f . In our situation, we choose N Q as the totally real fibration and we fix a
disc h ∈ S ∗(Q). This will give a local description of S ∗(Γ) for a small perturbation Γ of Q.

3.1. The result of J. Globevnik. Let 0 < ε < 1. Consider the following situation:

• B ⊂ CN is an open ball centered at the origin and r̃1, . . . , r̃N are in C1,ε(∂∆, C3(B,R))
• f is a map of class C1,ε from ∂∆ to B
• for every ζ ∈ ∂∆,

i) E (ζ) := {ω ∈ B|r̃j(ζ)(ω) = 0, 1 ≤ j ≤ N} is a maximal totally real submanifold in CN ,
ii) f(ζ) ∈ E (ζ),

iii) ∂ω r̃1 ∧ . . . ∧ ∂ω r̃N does not vanish on ∂∆× B.

Such a family E := {E (ζ)} of manifolds is called a totally real fibration over ∂∆. A disc glued to a fixed
totally real manifold (E is independent of ζ) is a special case of a totally real fibration.

Denote by GLN (C) the group of all invertible (N ×N) matrices with complex entries. Let ζ ∈ ∂∆ and

consider the matrix G(ζ) :=

(
∂r̃i
∂z̄j

(f(ζ))

)
i,j

∈ GLN (C). For any (N ×N) matrix A(ζ) whose columns span

T (ζ) := Tf(ζ)(E (ζ)), any row of G(ζ) is orthogonal to any column of A(ζ):

<e(G(ζ)A(ζ) = 0⇐⇒ G(ζ)A(ζ) = −G(ζ)A(ζ) =⇒ A(ζ)A(ζ)
−1

= −G(ζ)
−1
G(ζ).

Set B(ζ) = A(ζ)A(ζ)
−1

= −G(ζ)
−1
G(ζ) for all ζ ∈ ∂∆. Hence the matrix B(ζ) depends only on T (ζ) and

not on a particular choice of defining functions. Moreover, one can find a Birkhoff factorization of B (see
[Bir]), i.e. some continuous functions B+ : ∆̄→ GLN (C) and B− : (C ∪∞) \∆→ GLN (C) such that

∀ζ ∈ ∂∆, B(ζ) = B+(ζ)

 ζκ1 (0)
. . .

(0) ζκN

B−(ζ)

where B+ and B− are holomorphic on ∆ and C \∆ respectively. The integers κ1 ≥ . . . ≥ κN do not depend
on this factorization. They are called the partial indices of B (see [Vek, CG] for more details) or the partial

indices of E along f . The Maslov index of E along f is the sum
∑N

1 κj .
The following result was stated in [Gl1] for a fibration given by equations in Cε(∂∆, C2(B)N ), but the

arguments remain valid for C1,ε(∂∆, C3(B)N ) (the crucial point is to get Lemma 11.2 with C1,ε instead of Cε
which requires to increase the regularity of the equations).

Theorem 3.1. ([Gl1], Theorem 7.1) Assume that the previous conditions hold. For every ρ̃ =
(ρ̃1, . . . , ρ̃N ) ∈ C1,ε(∂∆, C3(B)N ) in a neighborhood of r̃ = (r̃1, . . . , r̃N ), we set for all ζ ∈ ∂∆

Eρ̃(ζ) := {ω ∈ B|ρ̃j(ζ)(ω) = 0, 1 ≤ j ≤ N}.

Assume that the partial indices of E = Er̃ along f are non-negative, and denote by κ the Maslov index of E
along f . Then, there exist some open neighborhoods V of r̃ in C1,ε(∂∆, C3(B)N ), U of the origin in Rκ+N ,

W of f in C1,ε(∂∆,B), and a map F̃ : V × U → C1,ε(∂∆,B) of class C1 such that

i) F̃(r̃, 0) = f ,
ii) for all (ρ̃, t) ∈ V × U , the map ζ 7→ F(ρ̃, t)(ζ)− f(ζ) is the boundary of a holomorphic disc attached to

the totally real fibration Eρ̃,

iii) ∀ρ̃ ∈ V , the map F̃(ρ̃, .) is one-to-one,
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iv) if g ∈ W satisfies g(ζ) ∈ Eρ̃(ζ) on ∂∆ for some ρ̃ ∈ V and is such that g − f extends holomorphically

to ∆, then there exists t ∈ U such that g = F̃(ρ̃, t).

Notice that if f is the boundary map of a holomorphic disc, then this theorem describes all nearby discs
attached to Eρ̃ for some ρ̃ close to r̃.

3.2. Discs glued to a small perturbation of N Q . Let Q be the hyperquadric in Cn+1 defined by

r(z) = <ez0 − tzαAzα

for some invertible Hermitian matrix A, and fix h ∈ S ∗(Q). For all ζ ∈ ∂∆ we have h(ζ) ∈ N Q(ζ). Hence
h|∂∆ is the boundary map of a disc attached to the totally real fibration N Q.

Moreover, (z, w) ∈ N Q(ζ) if and only if r(z) = 0 and ζ−1w ∈ spanR{∂rz}, which gives the equation
(2.1). Separating real and imaginary parts, we obtain 2n+ 2 equations for N Q(ζ):

(3.1)



r̃0(ζ)(z, w) = z0+z0
2 − tz̄αAzα = 0,

r̃1(ζ)(z, w) = iwoζ − iζw0 = 0,

r̃2(ζ)(z, w) = (w1 − 2w0∂z1r(z)) +
(
w1 − 2w0∂z1r(z)

)
= 0,

...
...

...

r̃n+1(ζ)(z, w) = (wn − 2w0∂znr(z)) +
(
wn − 2w0∂znr(z)

)
= 0,

r̃n+2(ζ)(z, w) = i (w1 − 2w0∂z1r(z))− i
(
w1 − 2w0∂z1r(z)

)
= 0,

...
...

...

r̃2n+1(ζ)(z, w) = i (wn − 2w0∂znr(z))− i
(
wn − 2w0∂znr(z)

)
= 0,

where actually only r̃1 depends on ζ. The (2(n+ 1)× 2(n+ 1)) matrix G(ζ) has the following expression



1/2 −L1zα . . . −Lnzα 0 0 . . . 0
0 0 . . . 0 −iζ 0 . . . 0
0 2w0a1,1 . . . 2w0an,1 2L1zα 1
...

...
...

...
. . .

0 2w0a1,n . . . 2w0an,n 2Lnzα 1
0 2iw0a1,1 . . . 2iw0an,1 −2iL1zα −i
...

...
...

...
. . .

0 2iw0a1,n . . . 2iw0an,n −2iLnzα −i


where Lj denotes the jth row of the matrix A = (ai,j)1≤i,j≤n.

Right multiplication by the constant matrix

 2 0 0
0 tA−1 0
0 0 In+1

 does not change the partial indices,

and gives us the matrix
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1 −z1 . . . −zn 0 0 . . . 0
0 0 . . . 0 −iζ 0 . . . 0
0 2w0 2L1zα 1
...

. . .
...

. . .

0 2w0 2Lnzα 1
0 2iw0 −2iL1zα −i
...

. . .
...

. . .

0 2iw0 −2iLnzα −i


Permuting the rows leads to

1 −z1 −z2 . . . −zn−1 −zn 0 0 0 . . . 0 0
0 2w0 0 . . . 0 0 2L1zα 1 0 . . . 0 0
0 2iw0 0 . . . 0 0 −2iL1zα −i 0 . . . 0 0
...

...
0 0 0 . . . 0 2w0 2Lnzα 0 0 . . . 0 1
0 0 0 . . . 0 2iw0 −2iLnzα 0 0 . . . 0 −i
0 0 0 . . . 0 0 −iζ 0 0 . . . 0 0


and by permuting the columns, we get a triangular by block matrix

1 −z1 0 . . . 0 −zn 0 0
0 2w0 1 . . . 0 0 0 2L1zα
0 2iw0 −i . . . 0 0 0 −2iL1zα
...

...
0 0 0 . . . 0 2w0 1 2Lnzα
0 0 0 . . . 0 2iw0 −i −2iLnzα
0 0 0 . . . 0 0 0 −iζ


with (z, w) = h(ζ), ζ ∈ ∂∆. According to (2.3), setting b = 2

|1−a|2 , we have 2w0 = bζ|1− aζ|2 with ζ ∈ ∂∆.

By multiplying the even columns, except the last one, by 1
b(1−āζ̄) and the odd columns, except the first one,

by 1− āζ̄, we do not change the partial indices and we obtain the following matrix:

G1(ζ) :=


1

P (∗)
. . .

(0) P
−iζ


where P =

(
ζ(1− aζ) 1− āζ̄
iζ(1− aζ) −i(1− āζ̄)

)
. So P−1 =

(
1

2ζ̄(1−āζ̄)
i

2ζ̄(1−āζ̄)
1

2(1−aζ)
−i

2(1−aζ)

)
. It follows that we are reduced

to compute the partial indices of the matrix

(3.2) B1(ζ) := −G1(ζ)−1G1(ζ) = −


1

P−1P (∗)
. . .

(0) P−1P
−ζ2

 = −


1

R (∗)
. . .

(0) R
−ζ2
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where R =

(
0 ζ
ζ 0

)
. We need the following factorization lemma:

Lemma 3.2. ([Gl1], Lemma 5.1) Let A : ∂∆ → GL2n+2(C) of class Cε (0 < ε < 1), and denote by κ1 ≥
. . . ≥ κ2n+2 the partial indices of the map ζ 7→ A(ζ)A(ζ)−1. Then there exists a map Θ : ∆̄ → GL2n+2(C)
of class Cε, holomorphic on ∆, such that

∀ζ ∈ ∂∆, Θ(ζ)A(ζ)A(ζ)−1 =

 ζκ1 (0)
. . .

(0) ζκ2n+2

Θ(ζ).

By applying this lemma to the matrix A = iG1(ζ)−1, we obtain a continuous map Θ : ∆̄→ GL2n+2(C),
holomorphic on ∆ such that

∀ζ ∈ ∂∆, Θ(ζ)B1(ζ) =

 ζκ0 (0)
. . .

(0) ζκ2n+2

Θ(ζ).

Denote by l = (l1, . . . , l2n+2) the last row of the matrix Θ. It follows that for all ζ ∈ ∂∆

(3.3) l(ζ)B1(ζ) = ζκ2n+2 l(ζ)

• If l1 6≡ 0 then (3.3) gives −l1(ζ) = ζκ2n+2 l1(ζ) and by holomorphy of Θ we get κ2n+2 ≥ 0.

• If l1 ≡ 0 then (3.3) gives two equations −ζl3(ζ) = ζκ2n+2 l2(ζ) and −ζl2(ζ) = ζκ2n+2 l3(ζ).
– If l2 6≡ 0 then l3 6≡ 0 we obtain κ2n+2 ≥ 1 by holomorphy.

– If l2 ≡ 0 then l3 ≡ 0 then we obtain two new equations −ζl5(ζ) = ζκ2n+2 l4(ζ) and −ζl4(ζ) =

ζκ2n+2 l5(ζ) from (3.3).

Continuing this process we reach the first nonzero element of l, say l2p for p ≥ 3. If 2p < 2n+ 2 then (3.3)

gives −ζl2p+1(ζ) = ζκ2n+2 l2p(ζ) and −ζl2p(ζ) = ζκ2n+2 l2p+1(ζ) which imply that κ2n+2 ≥ 1. If 2p = 2n+ 2

then (3.3) gives the equation −ζ2l2n+2(ζ) = ζκ2n+2 l2n+2(ζ) implying κ2n+2 ≥ 2. Since κ1 ≥ . . . ≥ κ2n+2, we
have proved:

Lemma 3.3. The partial indices of N Q along h|∂∆ are nonnegative, hence Theorem 3.1 applies to our
situation.

And more precisely, we have that the Maslov index of N Q along h|∂∆ is 2n + 2. This is a direct
consequence of the following Lemma (see for instance [Bl2] for a proof)

Lemma 3.4. Assume that the determinant detB is of class C1 on ∂∆. Then the Maslov index of B is given
by

InddetB(∂∆)(0) =
1

2πi

∫
∂∆

(detB)′(ζ)

detB(ζ)
dζ.

Since h is smooth, Theorem 3.1 gives open neighborhoods Ṽ of r̃ in C1,ε(∂∆, C3(B)2n+2), U of the origin

in R4n+4, W̃ of h|∂∆ in C1,ε(∂∆, T ∗Cn+1), and a map F̃ : Ṽ × U → C1,ε(∂∆, T ∗Cn+1) of class C1 such that

• F̃(r̃, 0) = h|∂∆,

• for all (ρ̃, t) ∈ Ṽ × U , the map ζ 7→ F̃(ρ̃, t)(ζ) is the boundary of a holomorphic disc attached to

Eρ̃ = {Eρ̃(ζ) := {ω ∈ B|ρ̃j(ζ)(ω) = 0, 1 ≤ j ≤ N}} ,

• for every ρ̃ ∈ Ṽ , the map F̃(ρ̃, .) is one-to-one,

• if f ∈ W̃ is the boundary of a holomorphic disc attached to Eρ̃, then there exists t ∈ U such that

f = F̃(ρ̃, t).

Let B ⊂ Cn+1 be an open ball centered at the origin. If the hypersurface Γρ is given by a defining
function ρ in a neighborhood of r for the C4(B)-topology, then the equation ρ̃ of the fibration N Γρ is in a
neighborhood of the equation r̃ of N Q for the C1,ε(∂∆, C3(B× B)2n+2)-topology. Thus we get:
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Theorem 3.5. Let Q = {r = 0} where r(z) = <ez0 − tz̄αAzα and A is an invertible Hermitian (n × n)
matrix. Fix h ∈ S ∗(Q) and an open ball B ⊂ Cn+1 such that h(∂∆) ⊂ B × B. Then for any 0 < ε < 1,
there exist some open neighborhoods V of r in C4(B) and U of 0 in R4n+4, δ > 0, and a map F : V × U →
Hol(∆, T ∗Cn+1) ∩ C1,ε(∆̄, T ∗Cn+1) of class C1 with respect to the C1,ε(∂∆)-topology, such that:

i) F(r, 0) = h|∂∆,
ii) for all ρ ∈ V , the map F(ρ, ·) : U → {f ∈ S (Γρ) | ‖f − h‖C1,ε(∂∆) < δ} is one-to-one and onto.

For a fixed h ∈ S ∗(Q), Theorem 3.5 describes all nearby discs in S Γρ as soon as ρ is close to r (note
that the neigborhoods depends on the choice of h, and of course of Q). Since the map F is of class C1, most
properties of the discs in S (Q) remain true for the discs in S (Γρ). Let us state more precise results.

3.3. Discs tied to the origin. The following statement is the analogue of Proposition 2.3:

Theorem 3.6. Let Q = {r = 0} where r(z) = <ez0 − tz̄αAzα and A is an invertible Hermitian (n × n)
matrix. Fix h ∈ S ∗(Q), and an open ball B ⊂ Cn+1 such that h(∂∆) ⊂ B × B. Then for any 0 < ε < 1,
there exist ε > 0 and δ > 0, both depending on Q and h, such that if ‖ρ − r‖C4(B) < ε (with ρ in normal
form), the set

S ∗h,δ(Γ
ρ) := {f = (f, g) ∈ S ∗(Γρ) |‖f − h‖C1,ε(∂∆) < δ}

forms a (2n+2)-real parameter family. Moreover, if thα(0)Ahα(0) 6= 0, one can reduce the neighborhoods in
order to get:

i) the discs f ∈ S ∗h,δ(Γ
ρ) are in C2,ε and satisfy f(∆) ⊂ B× B;

ii) the map f 7→ f(0) is a diffeomorphism of class C1 from S ∗h,δ(Γ
ρ) onto its image;

iii) the map f 7→ (f ′α(1), f ′0(1)(g0)′(1)) is a diffeomorphism of class C1 from S ∗h,δ(Γ
ρ) onto its image.

Item iii) implies that the map f 7→ f ′(1) defined on S ∗h,δ(Γ
ρ) is one-to-one.

Proof. Let F : V × U → Hol(∆, T ∗Cn+1) ∩ C1,ε(∆̄, T ∗Cn+1) be the C1-map given by Theorem 3.5, and
φ be the C1-map from V × U to T ∗Cn+1 defined by φ(ρ, t) := F(ρ, t)(1). The map (ρ, t) 7→ ∂

∂tφ(ρ, t) is

continuous from V ×U to the Banach space Lc(T ∗Cn+1) of continuous linear maps. According to Corollary
2.2, ∂

∂tφ(r, 0) is of rank 2n + 2. For ρ in a neighborhood of r and t sufficiently small, ∂
∂tφ(ρ, t) is thus

of rank at least 2n + 2. This proves that for a fixed ρ, φ(ρ, ·) : U → N∗(Γρ) is a submersion and hence
φ(ρ, ·)−1{(0, . . . , 0, 1, 0, . . . , 0)} is a submanifold of codimension 2n+2 of the open set U . This exactly means
that S ∗h,δ(Γ

ρ) is a (4n+4)−(2n+2)-parameter family which proves the first part of the theorem. Statement

i) comes from the regularity results mentioned in section 1.2, since N∗Γρ is of class C1,ε.
Let ψ be the C1 map from V × U to Cn+1 defined by ψ(ρ, t) := π ◦ F(ρ, t)(0), where π is the canonical

projection onto the first n+ 1 components. According to Proposition 2.3, ∂
∂tψ(r, 0) is an isomorphism since

we have assumed thα(0)Ahα(0) 6= 0. Hence for ρ sufficiently close to r with respect to the C4-topology, we
still get that ∂

∂tψ(ρ, 0) is of maximal rank and obtain the result by the inverse function theorem.

For iii), we define the corresponding ϕ(ρ, t). This map is of class C1 since the linear map f 7→ f ′(1)
is smooth on Hol(∆, T ∗Cn+1) ∩ C1,ε(∆̄, T ∗Cn+1) for the C1,ε(∂∆)-topology. According to Proposition 2.3,
∂
∂tϕ(r, 0) is invertible, so we conclude by arguments similar to those of ii). �

The proof of ii) by means of the implicit function theorem also gives:

Corollary 3.7. In Theorem 3.6, let Ω := {v = (v0, vα) ∈ Cn+1 | tvαAvα 6= 0}, and assume h(0) ∈ Ω.
Then we can restrict ε and δ such that there exists an open neighborhood O of h(0) satisfying O ⊂ Ω and
O ⊂ {f(0) | f ∈ S ∗h,δ/2(Γρ)} as soon as ‖ρ− r‖C4(B) < ε.

4. 2-jet determination of biholomorphic mappings

Let us notice first that if G and H are two germs of biholomorphisms mapping Γ to Γ′ with the same 2-jet
at point p, then F = H−1 ◦G is a germ of biholomorphism equal to the identity up to order 2 and F (Γ) = Γ.
Hence it is sufficient to prove the theorem with the hypothesis Γ = Γ′ and F is equal to the identity up to
order 2.
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Assume also that p = 0 and that Γ is given by the defining function ρ in normal form (1.1):

ρ(z) = x0 − tzαAzα + b0y
2
0 +

n∑
j=1

(bjzj + b̄j z̄j)y0 + φ(y0, zα) with φ(y0, zα) = O
(
|(y0, zα)|3

)
.

Since F (0) = 0 and dF0 = id, S ∗(Γ) is invariant by F . Theorem 3.6 gives hence a globally invariant
family, with a finite number of parameters, associated to Γ with the picked point 0. We use this fact to get
Theorem 0.2.

Consider the non-degenerate hyperquadric QA = {z | r(z) = 0} where r(z) = <ez0− tz̄αAzα. By means of
the scaling method (originally introduced in [Pin]) we reduce the situation to the one of small perturbations
of QA.

4.1. Dilations. Let us recall that z0 is given a weight 2 and zα a weight 1: for t > 0, we consider the
biholomorphism Λt : (z0, zα) 7→ (t2z0, tzα). This inhomogeneous dilation leaves QA invariant.

In the following, we make the restrictions t ∈ (0; 1] and z ∈ B, for some open ball B ⊂ Cn+1 centered at
the origin.

4.1.1. Dilation of the hypersurface. Since φ is of class C4, we can decompose it as the sum of a polynomial
P (y0, zα) of degree 3 and some function φ̃ = O

(
|(y0, zα)|4

)
. There exists a constant C > 0 such that for all

z ∈ B, ∀k = 0, . . . , 4,

‖dkφ̃(y0,zα)‖ ≤ C‖(y0, zα)‖4−k.

Set Γt := Λ−1
t (Γ) and ρt := 1

t2 ρ ◦ Λt. We have

ρt(z) = x0 − tz̄αAzα + b0t
2y2

0 +

n∑
j=1

(bjzj + b̄j z̄j)ty0 +
1

t2
P (t2y0, tzα) +

1

t2
φ̃(t2y0, tzα).

There exists a constant C ′ such that ‖b0t2y2
0 +

∑n
j=1(bjzj + b̄j z̄j)ty0 + 1

t2P (t2y0, tzα)‖C4(B) ≤ C ′t.
Moreover, since ‖φ̃(y0, zα)‖ ≤ C‖(y0, zα)‖4, one can check that

∥∥∥ 1
t2 φ̃(t2y0, tzα)

∥∥∥
C4(B)

≤ Ct. Hence Γt =

Γρt where the defining function ρt satisfies ‖ρt − r‖C4(B) ≤ (C + C ′)t. The constant (C + C ′) only depends
on ρ and B. In particular:

Lemma 4.1. Let V be a neighborhood of r in C4(B). Then there exists t0 > 0 such that ρt ∈ V for all
0 < t ≤ t0.

This means that for t sufficiently small, the hypersurface Γt is simultaneously in the equivalence class of
Γ and in a neighborhood of QA.

4.1.2. Dilation of the germ of biholomorphism. Since F is the identity up to order 2, we get F (z) = z+ψ(z)
and a constant C1 > 0 such that for all z ∈ B,

‖ψ(z)‖ ≤ C1‖z‖3, ‖dψz‖ ≤ C1‖z‖2, ‖d2ψz‖ ≤ C1‖z‖, ‖d3ψz‖ ≤ C1

and similarly F−1(z) = z + ϑ(z) gives a positive constant still denoted by C1 such that for all z ∈ F (B),

‖ϑ(z)‖ ≤ C1‖z‖3, ‖dϑz‖ ≤ C1‖z‖2, ‖d2ϑz‖ ≤ C1‖z‖, ‖d3ϑz‖ ≤ C1.

The constant C1 only depends on B and F .

Set Ft := Λ−1
t ◦ F ◦ Λt.

Lemma 4.2. There exists a constant K, depending only on B and F , such that for all f = (f, g) ∈
C1,ε(∆̄, T ∗Cn+1) with f(∆) ⊂ B× B,

∀t ∈ (0, 1], ‖Ft∗f − f‖C1,ε(∂∆) ≤ tK‖f‖3C1,ε(∂∆).
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Proof. Let t ∈ (0, 1] and f = (f, g) with f(∆) ⊂ B× B. We set M := ‖f‖C1,ε(∂∆). By definition

Ft∗f : ζ 7→
(
Ft(f(ζ)), g(ζ)(dFtf(ζ))

−1
)
.

Set B := Ft − id. Since F (z) = z + ψ(z) and Ft = Λ−1
t ◦ F ◦ Λt, we have

Ft(z) = z + Λ−1
t ◦ ψ ◦ Λt(z) =⇒ ‖B(z)‖ ≤ tC1‖z‖3.

We also get

dFtz = id + Λ−1
t ◦ dψΛt(z) ◦ Λt =⇒ ‖dBz‖ ≤ tC1‖z‖2

and

d2Ftz(v, w) = Λ−1
t

(
d2FΛt(z)(Λt(v),Λt(w))

)
=⇒ ‖d2Bz‖ ≤ tC1‖z‖.

Thus

‖B ◦ f‖∞ ≤ tC1‖f‖3∞ ≤ tC1M
3.

Since (B ◦ f)′(ζ) = dBf(ζ) · f ′(ζ) we have,

‖(B ◦ f)′‖∞ ≤ tC1‖f‖2∞‖f ′‖∞ ≤ tC1M
3.

Moreover, for every ζ 6= η ∈ ∂∆,

‖(B ◦ f)′(ζ)− (B ◦ f)′(η)‖ ≤ ‖
(
dBf(ζ) − dBf(η)

)
· f ′(ζ)‖+ ‖dBf(ζ) · (f ′(ζ)− f ′(η)) ‖

≤ max
z∈B̄(0,‖f‖∞)

‖d2Bz‖ × ‖f(ζ)− f(η)‖ × ‖f ′‖∞ + tC1‖f‖2∞‖f ′(ζ)− f ′(η)‖

≤ 2tC1M
3|ζ − η|ε.

This implies that

(4.1) ‖Ft ◦ f − f‖C1,ε(∂∆) = ‖B ◦ f‖C1,ε(∂∆) ≤ tKM2

for some positive constant K > 0 depending only on B and F .

For the lift part, we have to consider

(dFtz)
−1 = d(F−1

t )Ft(z) = Λ−1
t ◦ d(F−1)Λt◦Ft(z) ◦ Λt = Λ−1

t ◦ d(F−1)F (Λt(z)) ◦ Λt.

For every z ∈ B, we set L(z) := (dFtz)
−1− id = Λ−1

t ◦
(
d(F−1)F (Λt(z)) − id

)
◦Λt (the map L takes its values

in the set of linear maps), and ‖dF‖∞ := max
z∈B̄
‖dFz‖. We have

‖L(z)‖ = ‖Λ−1
t ◦ dϑF (Λt(z)) ◦ Λt‖ ≤

1

t2
‖dϑF (Λt(z))‖t ≤

1

t
C1‖F (Λt(z))‖2

with ‖F (Λt(z))‖ ≤ ‖dF‖∞‖Λt(z)‖ ≤ ‖dF‖∞t‖z‖, so

(4.2) ∀z ∈ B, ‖L(z)‖ ≤ tC‖z‖2.

for some positive constant C > 0 depending only on B and F . Since

dLz(v) · w = Λ−1
t ◦ d2(F−1)F (Λt(z))

(
dFΛt(z)(Λtv),Λtw

)
,

we also have

‖dLz‖ ≤
1

t2
‖d2ϑF (Λt(z))‖ × ‖dFΛt(z)‖t

2 ≤ C1‖F (Λt(z))‖ × ‖dF‖∞
and thus

(4.3) ∀z ∈ B, ‖dLz‖ ≤ tC‖z‖.

for some positive constant still denoted by C depending only on B and F . We also have to compute d2L:

d2Lz(h, v) · w = Λ−1
t ◦ d2(F−1)F (Λt(z))

(
d2FΛt(z)(Λth,Λtv),Λtw

)
+Λ−1

t ◦ d3(F−1)F (Λt(z))

(
dFΛt(z)(Λth), dFΛt(z)(Λtv),Λtw

)
.
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Thus

‖d2Lz‖ ≤
1

t2
‖d2(F−1)F (Λt(z))‖ × ‖d

2FΛt(z)‖t
3 +

1

t2
‖d3(F−1)F (Λt(z))‖ × ‖dFΛt(z)‖t‖dFΛt(z)‖t

2

≤ tC1‖F (Λt(z))‖tC1‖z‖+ tC1‖dF‖2∞
≤ tC1‖dF‖2∞t2‖z‖2 + tC1‖dF‖2∞.

So we get

(4.4) ∀z ∈ B, ‖d2Lz‖ ≤ tC
for some positive constant still denoted by C depending only on B and F .

Now we want to estimate ‖g · (dFtf )−1 − g‖C1,ε(∂∆) = ‖g · L ◦ f‖C1,ε(∂∆). In view of (4.2) we get

‖g · L ◦ f‖∞ ≤M‖L ◦ f‖∞ ≤ tCM‖f‖2∞ ≤ tCM3.

Finally, (g · L ◦ f)′(ζ) = g′(ζ) · L ◦ f(ζ) + g(ζ) · dLf(ζ)f
′(ζ) and

‖(g · L ◦ f)′‖∞ ≤ M‖L ◦ f‖∞ +M2‖dLf‖∞
≤ tCM3 +M2tC‖f‖∞
≤ 2tCM3.

For every ζ 6= η ∈ ∂∆,

‖g′(ζ) · L ◦ f(ζ)− g′(η) · L ◦ f(η)‖ ≤ ‖ (g′(ζ)− g′(η)) · L ◦ f(ζ)‖+ ‖g′(η) · (L ◦ f(ζ)− L ◦ f(η)) ‖
≤ M |ζ − η|εtCM2 +M max

z∈B̄(0,‖f‖∞)
‖dLz‖ × ‖f(ζ)− f(η)‖

≤ tCM3|ζ − η|ε + tCM3|ζ − η|ε

≤ 2tCM3|ζ − η|ε,
and similarly

‖g(ζ) · dLf(ζ)f
′(ζ)− g(η) · dLf(η)f

′(η)‖ ≤ ‖ (g(ζ)− g(η)) · dLf(ζ)f
′(ζ)‖+ ‖g(η) ·

(
dLf(ζ) − dLf(η)

)
f ′(ζ)‖

+‖g(η) · dLf(η) (f ′(ζ)− f ′(η)) ‖
≤ M |ζ − η|εtC‖f‖∞M +M max

z∈B̄(0,‖f‖∞)
‖d2Lz‖M |ζ − η|εM

+MtC‖f‖∞M |ζ − η|ε

≤ 3tCM3|ζ − η|ε

by means of (4.3) and (4.4). Hence

‖(g · L ◦ f)′‖Cε(∂∆) ≤ 5tCM3.

This finally gives

(4.5) ‖g · (dFtf )−1 − g‖C1,ε(∂∆) = ‖g · L ◦ f‖C1,ε(∂∆) ≤ tKM3

for some positive constant still denoted by K depending only on B and F . We conclude by means of (4.1)
and (4.5). �

4.2. Proof of Theorem 0.2. Fix some point z ∈ Ω = {(γ tv̄Av, v) | v ∈ Cn, tv̄Av 6= 0, <e(γ) > 1} and
let h = (h, ζh∗) ∈ S ∗Q be the unique holomorphic disc satisfying h(0) = z. Let B ⊂ Cn+1 be an open ball
centered at the origin, such that h(∆) ⊂ B× B.

By Theorem 3.6, there exist ε > 0 and δ > 0 (depending only on r and h) such that if ‖ρ̃− r‖C4(B) < ε,
then the set

S ∗h,δ(Γ
ρ̃) = {f ∈ S ∗(Γρ̃) |‖f − h‖C1,ε(∂∆) < δ}

is a (2n+ 2)-parameter family parametrized by f 7→ f(0), and the map

S ∗h,δ(Γ
ρ̃) → Cn+1 × Cn+1

f 7→ f ′(1)
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is well-defined and one-to-one. Let O be an open neighborhood of z given by Corollary 3.7.

Let K be the constant given by Lemma 4.2 and set M := ‖h‖C1,ε(∂∆). In view of Lemma 4.1, there exists

t0 > 0 such that for all 0 < t ≤ t0, ‖ρt − r‖C4(B) < ε, and we can ask for t0 <
δ

2K(M+1)3 . Assume that

0 < t ≤ t0 and let us prove that Ft = Λ−1
t ◦ F ◦ Λt is equal to the identity on O. Since O is an open set and

Ft is holomorphic, this will force Ft to be the identity, and so F = id.
Let w ∈ O. According to the choice of O, there exists a unique f = (f, ζf∗) ∈ S ∗h,δ/2(Γρt) such that

f(0) = w. Then Ft∗f ∈ S ∗(Γρt) since Ft(0) = 0 and (dFt)0 = id. Moreover, according to Lemma 4.2 and
to the choice of t

‖Ft∗f − h‖C1,ε(∂∆) ≤ ‖Ft∗f − f‖C1,ε(∂∆) + ‖f − h‖C1,ε(∂∆) ≤ tK‖f‖3C1,ε(∂∆) +
δ

2
< δ.

It follows that Ft∗f ∈ S ∗h,δ(Γ
ρt). But then Ft∗f and f are both in S ∗h,δ(Γ

ρt). Since Ft is the identity up to
order 2, Ft∗f and f have the same derivative at 1, which gives Ft∗f = f . In particular F ◦ f = f and thus
Ft(w) = Ft(f(0)) = f(0) = w. This concludes the proof.

�

4.3. Proof of Theorem 0.3. Let Γ, Γ′ ⊂ Cn+1 be two strictly pseudoconvex hypersurfaces of class C4.
Consider a germ at p = 0 ∈ Γ of a CR diffeomorphism F of class C3 satisfying F (Γ) = Γ′. Let ρ (resp.
ρ′) be a C4 local defining function of Γ (resp. Γ′). According to Lewy’s CR extension Theorem for Levi
non-degenerate hypersurfaces [Lew], there is an open neighborhood U of p in Cn+1 such that F can be

extended as a holomorphic mapping F̂ on {ρ < 0} ∩ U and continuous up to Γ. The extension F̂ inherits

the smoothness of it boundary values and thus F̂ ∈ C3
(
{ρ < 0} ∩ U

)
(see Theorem 7.5.1 in [BER3]).

Moreover F̂ is C1 up to the boundary Γ and holomorphic on one side, so its 1-jet at 0 only depends only
on the 1-jet at 0 of F̂|Γ = F , and dF̂0 is invertible. Hence F̂ is a biholomorphism from {ρ < 0} ∩ U onto

{ρ′ < 0} ∩ U ′ for some open neighborhood U ′ of F (p). Since dF̂ is C1 up to the boundary and holomorphic

on one side, d2F̂0 only depends on dF̂0 and d2F0. It follows that if Ĝ is another biholomorphic extension
of F , then F̂ and Ĝ have the same 2-jet at 0. As observed in the introduction, the proof of Theorem 0.2
carries over to the one sided situation in the strictly pseudoconvex case and therefore the rest of the proof
of Theorem 0.3 follows the proof of Theorem 0.2.

�

5. Almost complex case

We refer to [Sik] for definitions and basic properties related to almost complex manifolds. In the following,
we suppose that R2n+2 is endowed with an almost complex structure J of class C3. In this section, we denote
by Jst the standard complex structure on R2n+2 and by J the set of almost complex structures on R2n+2 of
class C3 equipped with the C3-topology.

Regarding the smoothness, let us recall the following statement, which will allow us to introduce the 2-jet
of germs of pseudo-biholomorphisms:

Proposition 5.1. [Lee] Let (M2n, J) and (M ′2m, J ′) be two almost complex manifolds endowed with Cr
almost complex structures, r > 1, r /∈ N. Then, pseudoholomorphic maps from M to M ′ are Cr+1-smooth.

Proposition 5.1 is given in [Lee] in the C∞-smooth case, but the proof goes through the Hölderian setting.
The statement originally concerned pseudoholomorphic discs (that is, M is the standard unit disc) [Sik].

5.1. Real submanifolds in almost complex manifolds. Let ρ be a smooth real valued function on(
R2n+2, J

)
. We denote by dcJρ the differential form defined by dcJρ (v) := −dρ (Jv). The Levi form of ρ at

a point p ∈ R2n+2 and a vector v ∈ TpR2n+2 is defined by LJρ (p, v) := ddcJρ(p) (v, J(p)v) .

Definition 5.2. A hypersurface Γ = {ρ = 0} is J-Levi non-degenerate at a point p ∈ Γ if the restriction to
T Jp Γ := TpΓ ∩ J(p)TpΓ of the Levi form LJρ (p, v) is non-degenerate.
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We need to define an almost structure on the cotangent bundle. The following construction is due to I. Sato
[Sat]. We denote by (x1, · · · , x2n+2) the canonical coordinates on R2n+2 and by (x1, · · · , x2n+2, q1, · · · , q2n+2)
the canonical coordinates on the cotangent bundle T ∗R2n+2. We consider the almost complex structure
defined on the cotangent bundle by:

(5.1) J =

(
J ij 0

M i
j Jji

)
with M i

j =

2n+2∑
k=1

qk
2

(
∂Jki
∂xj
−
∂Jkj
∂xi

+ Jks J
q
i

∂Jsj
∂xq
− Jks J

q
j

∂Jsi
∂xq

)
.

By construction J is an almost complex structure and has the following invariance property: if F is a
biholomorphism between (R2n+2, J) and (R2n+2, J ′), then its lift to the cotangent bundle is a biholomorphism
between (T ∗(R2n+2),J) and (T ∗R2n+2,J ′). Also, notice that since J is of class C3 then J is of class C2.

Definition 5.3. The conormal bundle N∗JΓ of a real hypersurface Γ ⊂ R2n+2 is the real subbundle of T ∗(1,0)M

defined by
N∗JΓ := {φ ∈ T ∗(1,0)R

2n+2|<eφ|TΓ = 0}.

The conormal bundle N∗JΓ of Γ can be identified with any of the following subbundles {φ ∈
T ∗R2n+2|φ|TΓ = 0} and {φ ∈ T ∗R2n+2|φ|JTΓ = 0}. The following result is the generalization of Propo-
sition 1.3 in the almost complex setting:

Proposition 5.4. [GS] A real hypersurface Γ ⊂ R2n+2 is Levi non-degenerate if and only if its conormal
bundle N∗JΓ (out of the zero section ) is a totally real submanifold of (T ∗R2n+2,J) of dimension 2n+ 2, i.e.
TN∗JΓ ∩ JTN∗JΓ = {0}.

5.2. Pseudoholomorphic discs attached to a deformation of a non-degenerate hyperquadric.
We follow here the approach used in [CGS1] for smooth deformations of the unit sphere. Let us recall that
for a structure J sufficiently close to the standard complex structure, the J-holomorphy equation for a disc
f : ∆→ (R2n+2, J) is given by

(5.2) ∂̄Jf :=
∂f

∂ζ̄
+Q0(J, f)

∂f

∂ζ
= 0

where the conjugate linear operator Q0(J, f) =
[
(J + Jst)

−1(J − Jst)
]
◦ f satisfies Q0(Jst, ·) ≡ 0.

The J -holomorphy equation for a disc f = (f, g) : ∆→ (T ∗R2n+2,J) is given by

(5.3) ∂̄Jf :=

(
∂̄Jf,

∂ḡ

∂ζ
+Q1(J, f)

∂ḡ

∂ζ̄
+Q2(J, f)ḡ

)
= 0

where the operators Q1 and Q2 satisfy Q1(Jst, .) = Q2(Jst, .) = 0. More precisely, we have Q1(J, f) =

( tJ(f) + tJst)
−1( tJ(f)− tJst) and Q2(J, f)ḡ = ( tJ(f) + tJst)

−1M(f, ḡ)∂f∂x where M is defined in (5.1).

Definition 5.5. A J-holomorphic disc f glued to a real hypersurface Γ is J-stationary if there exists a
J -holomorphic lift f = (f, g) of f to the cotangent bundle T ∗R2n+2, continuous up to the boundary, such
that ∀ζ ∈ ∂∆, f(ζ) ∈ NJΓ(ζ) where

NJΓ(ζ) := {(z, ζw) | z ∈ Γ, w ∈ N∗z,JΓ \ {0}}.
The set of these lifted discs f = (f, g), with f non-constant, is denoted by SJ(Γ).

We also set
S ∗J (Γ) := {f = (f, g) ∈ SJ(Γ) | f(1) = 0, g(1) = (1, 0, . . . , 0)}.

Regularity for pseudoholomorphic discs glued to a totally real submanifold has been studied by Coupet-
Gaussier-Sukhov (Proposition 4.7 in [CGS2], see also Theorem 1 in [Bl1]). Under our hypotheses (Γ is a
Levi non-degenerate hypersurface of class C4, J is of class C3), discs f ∈ SJ(Γ) are in C1,ε(∆̄) for any ε > 0.

Let Q be the hyperquadric in Cn+1 defined by

r(z) = <ez0 − tzαAzα

for some invertible Hermitian matrix A, and fix h = (h, g) ∈ S ∗(Q) such that h(∆̄) ⊂ B×B for some open
ball B ⊂ R2n+2 centered at the origin. We want to describe, for J sufficiently close to the standard structure
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Jst, the family of J-stationary discs glued to a small perturbation of the hyperquadric Q and close enough
to h.

Let Eρ̃ = {Eρ̃(ζ) := {ω ∈ B|ρ̃j(ζ)(ω) = 0, 1 ≤ j ≤ 2n+ 2}} be a totally real deformation of the totally
real fibration N Q. A J -holomorphic disc f ∈ C1,ε(∆̄, T ∗Cn+1) is attached to Eρ̃ if and only if it satisfies: ρ̃(ζ)(f(ζ)) = 0, ζ ∈ ∂∆

∂̄Jf(ζ) = 0, ζ ∈ ∆.

Let U be a neighborhood of (f , r̃, Jst) in the space C1,ε(∆̄, T ∗Cn+1)× C1,ε(∂∆, C3(B× B)2n+2)× J (where
r̃ is the equation of NJstQ as in Section 3.2), and define the map

(5.4)
Φ : U → C1,ε(∂∆,R2n+2) × Cε(∆)

(f , ρ̃, J) 7→ ( vf ,ρ̃ , ∂̄Jf )

where vf ,ρ̃ : ∂∆→ R2n+2 is defined by vf ,ρ̃(ζ) = ρ̃(ζ)(f(ζ)). The first component of Φ is the map previously
introduced for the standard case. The second component of Φ checks the pseudoholomorphy condition, and
is of class C1 according to the explicit expression of ∂̄Jf and the following lemma:

Lemma 5.6. Let ψ : Bn → C be of class C2 on an open ball Bn ⊂ Cn and Bk be a ball in Ck. Then the map

Cε(I,Bk)× C2(Bk,Bn) → Cε(I,C)
(f, g) 7→ ψ ◦ g ◦ f

is of class C1 (I is a bounded subset of the complex plane).

Note that this is the reason why we need the almost complex structures to be C3.

Proof. Setting A(g) = ψ ◦ g and B(f, h) = h ◦ f , we get ψ ◦ g ◦ f = B(f,A(g)). The map A : C2(Bk,Bn)→
C2(Bk,C) is of class C1 ([HT], Lemma 5.1-a with k = 2, α = 0, s = 1). So it remains to prove that the map
B : Cε(I,Bk)×C2(Bk,C)→ Cε(I,C) is of class C1. This follows from Lemma 6.1 in [Gl1], but since our case
is simpler, we give the proof for completeness.

For any fixed f ∈ Cε(I,Bk), the map g 7→ g ◦ f is linear continuous from C2(Bk,C) to Cε(I,C), hence of
class C1 and d2B(f,g) · g : x 7→ g ◦ f(x). Since

(5.5) g ◦ (f + f)(x)− g ◦ f(x) =

∫ 1

0

dgf(x)+tf(x) · f(x) dt,

we get ‖g ◦ (f + f)− g ◦ f‖ε . ‖g‖C2‖f‖ε. Thus the partial differential d2B is continuous at any point.
The first partial map f 7→ g ◦ f is of class C1 from Cε(I,Bk) to Cε(I,C) for any fixed g ∈ C2(Bk,C) ([HT],

Lemma 5.1-a with k = 0, s = 1), and the corresponding partial differential is given by d1B(f,g) · f : x 7→
dgf(x) · f(x) for any f ∈ Cε(∂∆,Bk). Moreover,

‖d1B(f+f,g+g) − d1B(f,g)‖ . ‖d(g + g)f+f − dgf‖ε ≤ ‖dgf+f − dgf‖ε + ‖dgf+f‖ε.
The first part tends to 0 when ‖f‖ε → 0 according to [HT], Lemma 5.1-a with k = 0, s = 0, since dg is of class
C1. The second part is uniformly bounded in ‖f‖ε by ‖dg‖C1 by (5.5). Hence ‖d1B(f+f,g+g)− d1B(f,g)‖ → 0

when (f, g)→ 0 in Cε(I,Bk)× C2(Bk,C), and the map d1B is continuous at point (f, g).
Hence B admits continuous partial differentials d1B and d2B. �

The differential d1Φ(h, r̃, Jst) is the continuous linear map from C1,ε(∆̄, T ∗Cn+1) to C1,ε(∂∆,R2n+2) ×
Cε(∆) defined for every u ∈ C1,ε(∆̄, T ∗Cn+1) by

d1Φ(h, r, Jst)(u) =

(
2<e(Ḡu)

∂u
∂ζ̄

)
.

We recall that for ζ ∈ ∂∆, G(ζ) =

(
∂r̃i
∂z̄j

(h(ζ))

)
i,j

, and G is smooth since r̃ and h are of class C∞.

As noticed in [CGS1], it follows easily from the resolution of the classical ∂̄-problem in the unit disc that
if the linear map u 7→ 2<e(Ḡu) from Hol(∆, T ∗Cn+1) ∩ C1,ε(∆̄, T ∗Cn+1) to C1,ε(∂∆,R2n+2) is onto then
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d1Φ(h, r̃, Jst) is onto. In that case, according to the implicit function Theorem, the set of J-stationary discs
glued to a hypersurface Γ is locally a N dimensional manifold providing that Γ is a small C4-perturbation of
the hyperquadric and that J is a small C3-perturbation of the standard structure, where N is the dimension
of the kernel of u 7→ 2<e(Ḡu).

In [Gl2] (Theorems 3.1 and 6.1), it is proved that if the partial indices of the totally real fibration NQ
along h|∂∆ are nonnegative then the linear map u 7→ 2<e(Ḡu) from Cε(∆̄) to Cε(∂∆) is onto and has a
N = 2n+ 2 + κ dimensional kernel, where κ is the Maslov index of NQ along h|∂∆. Partial indices and the
Maslov index of NQ along h|∂∆ have been already computed in subsection 3.2 (see Lemma 3.3 and Lemma
3.4). Moreover, usual properties of the Cauchy transform give that if v ∈ C1,ε(∂∆), then the solution u
satisfying 2<e(Ḡu) = v constructed in [Gl2] is actually in C1,ε(∆̄), thus the map u 7→ 2<e(Ḡu) from C1,ε(∆̄)
to C1,ε(∂∆) is still onto (and still has a 2n+ 2 + κ dimensional kernel). We obtain:

Theorem 5.7. Let Q = {r = 0} where r(z) = <ez0 − tz̄αAzα and A is an invertible Hermitian (n × n)
matrix. Fix h ∈ S ∗(Q) and an open ball B ⊂ Cn+1 such that h(∂∆) ⊂ B × B. Then for any 0 < ε < 1,
there exist an open neighborhood V of r in C4(B), λ > 0 and δ > 0 such that for any ρ ∈ V and any almost
complex structure J satisfying ‖J − Jst‖C3(B) < λ, the set of discs f ∈ SJ(Γρ) such that ‖ f −h ‖C1,ε(∆̄)≤ δ
forms a (4n+ 4)-real parameter family.

In the above Theorem, it is important to notice that according to Proposition 5.4, since ρ and J are small
deformations of r and Jst, the conormal bundle is NJΓρ is a totally real deformation of NQ. We also obtain
an almost complex analogue of Theorem 3.6 and Corollary 3.7:

Theorem 5.8. Assume that the conditions of Theorem 5.7 are satisfied. Then

S ∗h,δ,J(Γρ) := {f = (f, g) ∈ S ∗J (Γρ) |‖f − h‖C1,ε(∂∆) < δ}

forms a (2n+2)-real parameter family. Moreover, if thα(0)Ahα(0) 6= 0, one can reduce the neighborhoods in
order to get:

i) the discs f ∈ S ∗h,δ,J(Γρ) satisfy f(∆) ⊂ B× B;

ii) the map f 7→ f(0) is a diffeomorphism of class C1 from S ∗h,δ,J(Γρ) onto its image;

iii) the map f 7→ f ′(1) defined on S ∗h,δ,J(Γρ) is one-to-one.

iv) if h(0) ∈ Ω = {v = (v0, vα) ∈ Cn+1 | tvαAvα 6= 0} then there exists an open neighborhood O of h(0)
satisfying O ⊂ Ω and O ⊂ {f(0) | f ∈ S ∗h,δ/2,J(Γρ)} as soon as ‖ρ− r‖C4(B) < ε.

This is basically obtained by following the proof of Theorem 3.6 and introducing the J-holomorphy
equation as a second member of the studied maps as it was done in (5.4).

5.3. 2-jet determination in the almost complex case. Let J be an almost complex structure of class
C3 defined on R2n+2, and Γ be a real hypersurface of class C4. Assume Γ is J-Levi non-degenerate at p, and
that F is a (J, J)-biholomorphism such that F (Γ) ⊂ Γ. As in the standard case, we use the description of
stationary discs given in Theorem 5.8 to get a finite jet determination result. In the following, we only point
out the modifications we need in order to adapt the proof given in the standard case.

We first reduce to p = 0 and J(0) = Jst. Then, following the proof of Theorem 0.2 in Section 4, we can
assume that the hypersurface Γ is given in a neighborhood of the origin by the defining function

ρ(z) = x0 − tzαAzα + b0y
2
0 +

n∑
j=1

(bjzj + b̄j z̄j)y0 +O(|(y0, zα)|3)

which is the normal form (1.1). Since this equation is obtained after a holomorphic change of variable, we
still have J(0) = Jst and we can write

J(z) =

(
J1
st +A(z) B(z)
C(z) Jnst +D(z)

)
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where J1
st (resp. Jnst) denotes the standard structure of R2 (resp. R2n) and A, B, C, D are of class C3 and

vanish at 0. In particular the (2× 2n) matrix B has the following form

B(z) =

n∑
k=0

(B2kxk +B2k+1yk) +O(‖z‖2).

Fix some point z ∈ Ω = {(γ tv̄Av, v) | v ∈ Cn, tv̄Av 6= 0, <e(γ) > 1} and let h = (h, ζh∗) ∈ S ∗Q be
the unique holomorphic disc satisfying h(0) = z. Let B ⊂ Cn+1 be an open ball centered at the origin, such
that h(∆) ⊂ B × B. By Theorem 5.8, there exist ε > 0, λ > 0 and δ > 0 such that if ‖ρ − r‖C4(B) < ε and
‖J − Jst‖C3(B) < λ then the set

S ∗h,δ,J(Γρ) = {f ∈ S ∗J (Γρ) |‖f − h‖C1,ε(∆̄) < δ}

is a (2n+ 2)-parameter family parametrized by f 7→ f(0), and the map

S ∗h,δ,J(Γρ) → Cn+1 × Cn+1

f 7→ f ′(1)

is well-defined and one-to-one.
As in Section 4, we use an inhomogeneous dilation in order to reduce to a sufficiently small perturbation

of the model case Γ = Q, J = Jst. We underline the fact that “sufficiently” is given by Theorem 5.8 and
thus depends on the choice of h (that is, of our choice of point z). Let us use the same notations as in the
standard case: Λt : (z0, zα) 7→ (t2z0, tzα) is the inhomogeneous dilation, Γt := Λ−1

t (Γ) and ρt := 1
t2 ρ ◦ Λt

defines the dilated hypersurface, and Ft := Λ−1
t ◦F ◦Λt is the dilated map. We also set Jt := Λ−1

t ◦J(Λt)◦Λt
the dilated almost complex structure:

(5.6) Jt =

(
J1
st +A ◦ Λt

1
t B ◦ Λt

t C ◦ Λt Jnst +D ◦ Λt

)
.

Notice that Ft = Λ−1
t ◦ F ◦ Λt is a (Jt, Jt)-biholomorphism.

We already know (see Lemmas 4.1 and 4.2) that there exists some t0 > 0 such that for any 0 < t < t0,
‖ρ − r‖C4(B) < ε and Ft∗f is in S ∗h,δ,Jt(Γ

ρt) for any f ∈ S ∗h,δ,Jt(Γ
ρt). Hence it only remains to check the

convergence of the dilated almost complex structures Jt as t tends to 0. According to (5.6), the sequence
(Jt) converges with respect to the C3-topology on any compact subset of R2n+2 to the model structure J0

defined by

J0(z) :=

(
J1
st b(zα)
0 Jnst

)
,

where b(zα) =
∑n
k=1(B2kxk +B2k+1yk) is the linear part of B in the last n coordinates. It follows that one

can choose t0 > 0 so that for any 0 < t < t0, the condition

‖Jt − J0‖C3(B) < λ

is also satisfied.

Assume 2n > 4. In case the model structure J0 is sufficiently close to Jst, the same proof than in the
standard case gives that Ft is equal to the identity on the open set O, and thus F is equal to the identity
on some open set. We conclude by using the following result, which is certainly well-known:

Proposition 5.9. Let F and G be two pseudoholomorphic maps between almost complex manifolds (M,J)

and (M ′, J ′). Assume that (M,J) is of class Cr, r > 1 and (M,J) is of class Cr′ , r′ > 0. If M is connected
by path and F and G coincide on an open set, then they coincide everywhere.

Proof. Assume that F and G coincide on some neighborhood of some point a. Pick b and some continuous
path between a and b. According to Proposition A1 in [IR], for any z on this path, there exists some R(z) > 0
such that for any points α, β ∈ B(z,R(z)), one can construct a J-holomorphic disc u satisfying u(0) = α,
u( 1

2 ) = β. We take a finite covering of the path by such balls B(z0, R(z0)), . . . ,B(zk, R(zk)), with z0 = a and
zk = b. We can assume that two successive balls intersect, and that F and G coincide on B(z0, R(z0)).
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Pick α0 ∈ B(z0, R(z0))∩B(z1, R(z1)). For any β ∈ B(z1, R(z1)), there exists a J-holomorphic disc u passing
trough α0 and β. The discs F ◦u and G◦u coincide on the nonempty open set u−1(B(z0, R(z0))∩B(z1, R(z1))).
It then follows from the unique continuation property of pseudoholomorphic discs (see Proposition 3.2.1 in
[Sik]) that F ◦ u coincide with G ◦ u on ∆. Thus F (β) = G(β) and so F and G coincide on B(z1, R(z1)).
Gradually, this gives that F and G coincide on B(zk, R(zk)) and so F (b) = G(b). �

Therefore we obtain:

Proposition 5.10. Let J and J ′ be two almost complex structures of class C3 defined on R2n+2. Let Γ, Γ′

be two real hypersurfaces of class C4. Assume Γ is J-Levi non-degenerate at p, and that J is sufficiently close
to the standard structure Jst with respect to C1-topology. Then the germs at p of (J, J ′)-biholomorphisms F
such that F (Γ) = Γ′ are uniquely determined by their 2-jet at p.

Of course, this result only holds under the assumption that the model structure J0 is close enough to Jst.
In the general case, we would obtain a small perturbation of the hyperquadric Q equipped with a model
structure J0 (see [GS] for the study of these special almost complex structures). So our method would need
to determine the J0-stationary discs glued to Q, and to compute the partial indices in this case.

Assume 2n = 4. The situation is rather different and we do not need to consider only perturbations of
the standard structure. We use the following

Lemma 5.11. If n = 2, we can always assume that J0 = Jst.

Proof. In R4 one can choose coordinates centered at the origin such that the structure J has the form

J =

(
J1
st +A 0

0 J1
st +D

)
, where A and D are two (2×2) matrices vanishing at 0, and where the equation

of Γ is given by

x0 + <e(cz2
1)− a|z1|2 + b0y

2
0 + (b1z1 + b̄1z̄1)y0 +O(|(y0, z1)|3) = 0.

After the local change of coordinates z0 = z′0 − cz2
1 , z1 = z′1, the hypersurface Γ is given by the defining

function

ρ(z) = x0 − a|z1|2 + b0y
2
0 + (b1z1 + b̄1z̄1)y0 +O(|(y0, z1)|3)

and the structure, still denoted by J , has the form J =

(
J1
st +A B

0 J1
st +D

)
, where B(z) = O(|z1|‖z‖).

We thus obtain that Jt = Λ−1
t ◦ J(Λt) ◦ Λt converges to the standard structure Jst. �

Hence this proves Theorem 0.5 and we get a finite jet determination result in a four dimensional almost
complex manifold.

5.4. Boundary version of the uniqueness Theorem. In the almost complex setting, the following
analogue of H. Cartan’s uniqueness Theorem is due to [Lee]: let F : M →M be a pseudoholomorphic map,
where (M,J) is a smooth almost complex manifold assumed to be connected and Kobayashi hyperbolic; if
F (p) = p and dFp = Id, then F is the identity mapping.

The proof of Theorem 0.5 actually gives a boundary version of this result. As in the standard case, we
only used the fact that the pseudoholomorphic map (F, dF−1), even defined locally only on one side of Γ,
extends C1-smoothly to Γ. This is the case if F is a pseudo-biholomorphism, or more generally a proper
pseudoholomorphic map, between two bounded strictly pseudoconvex regions with C4 boundary. So we
obtain:

Corollary 5.12. Let J and J ′ be two almost complex structures of class C3 defined in R4. Let Ω (resp.
Ω′) be a bounded strictly J-convex region (resp. a bounded strictly J ′-convex region) in R4. Assume the
boundaries of these domains are of class C4 and let p ∈ ∂Ω. If F1 and F2 are two proper (J, J ′)-holomorphic
maps from Ω to Ω′ with the same 2-jet at p, they coincide.

We recall that a strictly J-convex region Ω of class C4 is a domain admitting a global defining function of
class C4 whose Levi form is positive definite in a neighborhood of Ω.
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Laboratoire Paul Painlevé, Université Lille 1, 59655 Villeneuve d’Ascq Cédex, France

E-mail address: lea.blanc-centi@math.univ-lille1.fr


