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Probability and Random Variable (4)

e Lognormal random variable — A stock price model
» A rv Yis said to be lognormal if X = In(Y) is a normal
random variable.
> Alternatively, Y is a lognormal rv if ¥ = ¢*, where X is a

normal rv.
» If X = In(Y) is normal with mean v and variance o, then the
density function of Y'is
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» The mean and variance of Y are given by

E[Y]=¢"""?, var[Y]=e>"" (¢” —1).

> Note that E[Y] # ¢"*1 = ¢” although Y =¢* .


Bacel
Text Box
4


» A popular stock price model based on the lognormal
distribution 1s the geometric Brownian motion model, which
relates the stock prices at time 0, Sy, and time # > 0, S; by the
following relation:

In(S,)=In(S,) +(uu—0’ /2)t+0oz(t) |
where, 1 and o> 0 are constants and z(¢) is a normal rv with
mean 0 and variance ¢ ."

» It follows that In(S, / Sp) is a normal random variable with
mean (1 — 0°/2)¢ and variance ¢’ .

» That is, S;/ S, is a lognormal rv with mean and variance

E[S,/S,]=e" 71212 = gnt

—o? 2
var[S, /S, ] = e T2 (7

2

D =e" (" -1) .
» Note that & can be seen as the stock rate of return assuming

continuous compounding. So uis called the expected return

of the stock.

» In addition, ¢ measures the variability of the stock price. So
o is called the volatility of the stock price.

» Typical values for these parameters are # = 13% and

o= 15% when time 7 is measured in years.

" 2() is called a Brownian motion.



» In practice the expected return, 4, is too difficult to estimate

accurately, while the volatility o can be estimated reasonably
well from historical data.

» The main idea behind the geometric Brownian motion model
is that the probability of a certain percentage change in the
stock price within a time ¢ is the same at all times.

» This is a memoryless or Markovian behavior indicating that
past stock values won’t help in predicting future values.

» In addition, the expected value and variance of the stock price
typically follow an increasing trend, and the as indicated in

this figure.
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e Example 19.

» Microsoft stock price (MSFT) is believed to follow a geometric
Brownian motion with volatility 37% and expected return 35 %.

» If currently MSFT is $100, what is the probability that MSFT drops to
below $95 next week (specifically after 1 week from now)?

» Lett=1 week = 1/52 years, and let S, be MSFT at time ¢. Then,
A =1n(S;/ Sy) is a normal random variable with mean and variance
E[A] = (u— o’/2)t= (0.35—0.37%/2)/52 = 0.004098 , and
var[A] = o’t =0.37°/52=0.002633 . The required probability, is
P{A <In (95/100)} = P{A <—0.051293}

= P{Z <(~0.051293—0.004098)/+/0.002633}
~ P{Z <-1.08} =1—P{Z <1.08} =1—-0.8599 = 0.1401 .

e Conditional probability and conditional expectation
» Consider two discrete rvs X and Y, we define the conditional

mass function of X given that Y=y by

P{X=x,Y =y}

X =P{X =x|Y= =
Fay (1) = PIX =Y =y} ==
» In many situation, in order to determine the distribution of a rv

X 1t is useful to condition on another rv Y, as follows

P{X =x}=> PX=x|Y=p}PY =y} = f ()= frn (x| 1), (0).

ally ally

» For continous rvs, similar definitions can be made

PIX <xp= [ PLX <x|Y =y} f,(0)dy = Fy(x)= [ Fyy (x| 0) f; (0)dy -



» Conditioning can be also applied to find expected values.
» For discrete rvs

E[X]=) E[X|Y=y]P{Y =y}.

ally

> For continuous rvs

0

E[X]= [ E[X|Y = ]f,(»)dy.

> For both cases we can write

E[X]=E[E[X|Y]].

e Example 19
» Each customer who enters Rebecca’s store will buy donuts with
probability p. Suppose that the number of customers who enter the
store in a day is a Poisson rv with mean A .
» What is the probability that & persons buy donuts on a given day?
» Let X be the number of people who buy donuts, and let N be the total

number of people in the store. Then, by conditioning on N,

P{X:k}:iP{X=k|N:n}P{N=n}

n

© (n /1
_ 1= p)* pre
nz_;‘(kj( Pt

:i n! (1 p)n k ko ip o= A1=p) A"k
Skl (n—k)! n!
_ Ap(/Ip) oA p)z (I1-p)" At
k' n=k (n k)'
_ e’ (ip)k e*l(lfp)i (I-p)" A"
k! = m!

e’ (il’)k o H1=P) g2 0-p) _ e (ﬂp)k
k! Kl



e Example 20
» You are waiting on the sea side for a taxicab or a bus to give you a
ride home. From past experience, you estimates that caps (buses)
inter-arrival time is exponentially distributed with rate 4. (4,) .
» What is the probability that you take a taxi back home?
» Let X, (X;) be the inter-arrival times of cabs (buses). Then, the desired
probability is P{X,> X_.}, which can be found by conditioning on X,,

0

P{X,>X,}=[P{X,> X, | X, =x}f, (x)dx,
0

= [P{X, > x.} f, (x.)dx,
0
= 'efﬂ"x%ce%”%dxc = A

o A+ A

c

e Example 21

» The manufacturing of a part is done in two stages. The time to
complete the first stage is uniformly distributed between 15 and 20
minutes, while the time to complete the second is uniformly
distributed between 10 and 15 minutes.

» What is the probability that the part is completed in less than 30
minutes?

» Let X; and X, be the time to complete stages 1 and 2. Then, the
desired probability is P{X; + X; <30}, which can be found by

conditioning as follows.
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e Example 22
» Find the expectation of a geometric random variable, X, with
parameter p using conditioning.
» Conditioning on “the first thing that happens.” Let ¥ =1 if the first
trial is a success and Y = 0, otherwise. Then,
E[X]=E[E[X |Y]]=E[X|Y =1]P{Y =1} + E[X | Y = 0]P{Y =0}
= E[X]=1xp+(A+E[X])(-p)
— pE[X]=1= E[X]=1/p.

e Example 22

» A miner is trapped is trapped in a mine containing three doors. The
first door leads to a tunnel that takes him to safety after two hours
travel. The second door leads to a tunnel that returns him to the mine
after three hours of travel. The third door leads to a tunnel that returns
him to the mine after five hours.

» Assuming that the miner is at all times equally likely to choose one of
the doors, what is the expected length of time until the miner reaches
safety?

» Conditioning on “the first thing that happens.” Let Y =i if the miner
chooses door i, i = 1, 2, 3, on the first trial. Let X be the amount of

time the miner stays trapped in the mine. Then,



E[X]=E[E[X|Y]]=E[X|Y=1]P{Y =1} + E[X | Y =2]P{Y =2}
+E[X|Y =3]P{Y =3}

— E[X]=2(1/3)+ 3+ E[X])(1/3)+(5+ E[X])(1/3)

— (1/3)E[X]=10/3= E[X]=3hours.

e Example 23
» Suppose that the number of accidents per week in Beirut is a rv N.
The number of people injured in accident 7, Y;, are iid random
variables with mean E[Y].
» What is the expected number of car accident injuries in Beirut in a
week?
» Let X be the number of injuries, then
N
X=>7.
i=l1
By conditioning on N,
E[X]=E[E[X|N]]= E{E{ix \ Nﬂ = E[NE[Y]]=E[N]E[Y].
=
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